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More Applications

of

the Pumping Lemma



The Pumping Lemma:

- Given a infinite regular language L

* there exists an infeger M

» for any string We L with length |w|>m
- we canwrite W=XYZ

cwith  |[XYy| <mMand [Yy]| 21

* such that: Xyi Z € L 1=0,1, 2,...



Non-regular languages L :{WWR We X*}

Regular languages




Theorem: The language
L :{WWR weX*} X={a,b}

is not regular

Proof: Use the Pumping Lemma



L:{WWR We X*}

Assume for contradiction
that L is a reqular language

Since L isinfinite
we can apply the Pumping Lemma



L:{WWR:WEZ*}

Let M be the integer in the Pumping Lemma

Pick a string W such that: w € L

length |W|[=m

pick w=a"h"bMa"



write a"b"b"a™ =x vy z

From the Pumping Lemma
it must be that length | XYy[<m, |y[]z1




We have: Xyz=a"b"bMa"

From the Pumping Lemma: X yi Z € L
1=0,1, 2, ...
2
Thus: Xy~ z € L

Xy’ z=xyyz=a" p"pMaM < L
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Therefore: gMtkpMpMaM |

BUT: L :{WWR WeX*}

|

aMkpMpMaM & |

CONTRADICTIONII
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Therefore:

Conclusion:

Our assumption that L
is a regular language is not true

L is not a reqular language
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Non-regular languages

L={a"b'c™: n,I>0

Regular languages
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Theorem: The language
L={a"b'c": n,1>01

is not regular

Proof: Use the Pumping Lemma
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L={a"b'c": n,1>0

Assume for contradiction
that L is a reqular language

Since L isinfinite
we can apply the Pumping Lemma
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L={a"b'c™: nI>0

Let M be the integer in the Pumping Lemma

Pick a string W such that: w € L

length |W|[=m

pick W= ammeZm
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Write aMpMc2m

=XYZ

From the Pumping Lemma

it must be that length | XYy|<m, |y[>1
m
.
aMpMc2™ — 5. aa..aa...ab..bc...cC...C
B "
X Yy Z
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We have: XY Z=
y=a",

From the Pumping Lemma:

Thus: XyOZ e L

xylz=xz=

ammeZm

k>1

xfz e L
1=0,1 2, ...

aMKpMe2m - |
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Therefore:

BUT:

aMKpMe2m o |

L={a"b'c™: n,I>0

|

aM—KpMe2m o |

CONTRADICTIONII
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Therefore: Our assumption that L
is a regular language is not true

Conclusion: L is not a regular language
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Non-regular languages L =

Regular languages
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Theorem: The language L :{an! - n>0}

is not regular
n=1.2---(n=1)-n

Proof: Use the Pumping Lemma
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L ={a": n>0}

Assume for contradiction
that L is a reqular language

Since L isinfinite
we can apply the Pumping Lemma
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L={a": n>0}

Let M be the integer in the Pumping Lemma

Pick a string W such that: w € L

length |W|=m

pick  w=a™
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Write

|
a'lt=XYzZ

From the Pumping Lemma

it must be that length | X y|<m,

I
am

y=a",

m ml—-m

N \ﬁ_J\___\
—a .ad...ad...ad...ad...d
_/

S
Xy

VA

1<k<m

|y =1
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We have: X y 7 — am!

k

y=a , 1<k<m

From the Pumping Lemma:

Thus: xy%z e L

Xy’ z=xyyz=a

xyi Z € L
1=0,1 2, ...
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Therefore:

And since:

Thereis P

mi+k = p!

1<k<m
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However:

m+k <mkHm for m>1

<mk+m!
<mim+m!
=ml(m+1)
=(Mm+1)!

1 |

m+k < (m+1)!

1 |

mH+k = p! forany P
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ml+k

Therefore: a el

BUT:

L={a™: n>0} and 1<k<m

|

CONTRADICTIONII
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Therefore:

Conclusion:

Our assumption that L
is a regular language is not true

L is not a reqular language
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Closure under Other
Operations
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Homomorphism

Suppose 2 and I are alphabets.

Then a function
f: XTI

is called a homomorphism.
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Homomorphism

Extended definition (for strings):

f 2" >I"
W =aa,...a
htw) =h(aa,...a,) =h@)h(,)...h(,)
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Homomorphism

If L is alanguage on %, then its
homomorphic image is defined as:

h(L)={h@ ):w L}
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Homomorphism

If L is alanguage on %, then its
homomorphic image is defined as:

h(L)={h@ ):w L}
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Example

> ={ab] ={ab,c}
h(a) =ab
|h(b) =bbe

h(aba) =abbbcab
L ={aa,aba}=> h (L )={abab,abbbcab}
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Homomorphism

If L is the language on Z of a regular
expressionr,

then

the regular expression for h(L) is
obtained by applying the homomorphism
to each X symbol of r.
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Example

¥»={a,b} I'= {b,c,d}

'h(a) =dbec
3
h

(b) =hdc
r = (a+bh*)(aa)*
L=L(r)

h (r) = (dbcc + (bdc)*)(dbccdbcc) *



Homomorphism

The family of reqular languages is closed
under homomorphism:

If L is regular, then so is h(L).

Proof:

Let L(r) = L for some regular expression r.
Prove: h(L(r)) = L(h(r)).
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Right Quotient

Let L, and L, be languages on the same
alphabet.

Then the right quotient of L, with L,is
defined as:

L, /L, ={X:Xy eL, Ay eL,}
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Right Quotient

L, /L, ={X:Xy eL, Ay €L,}

Xy el

X y
el, /L, el,




Right Quotient

L, ={a"b™ |n>1,m >0}U{ba}
L, ={H" [m =1}
L./L,={a'b™ |n>1 m >0}

Xy el

X y
EL1/L2 ELZ




Example

L,={a"b™ |n >1,m >0}U{ba}
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Example

L,={a"b™ |n >1,m >0}U{ba}

L, =" m >3

6*(0y,X) =0,
0*(@,,y)eF and y L,
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Example

6*(0y,X) =0,
0*(@,,y)eF and y L,

L,/L,={a"b™ |n>1, m >0}
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Right Quotient

The family of regular languages is closed
under right quotient:

IfL,and L, are regular, thensois L, /L,.
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Proof

IfL,and L,are regular, we can find a dfa
for L, /L,:

M =@Q,%,,q9,,F) accepts L,
M :(Q,Z,d,qo,lf) accepts L,/L,

If yelL,and 6*(q,,y)eF
Then: add g, to F

M =Q.%,6,q,,F) L(M)NL,=D
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L, =L(abaa")

Example

L /L, ="?

L, =L(ab")
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Example

L, =L (a’baa”) L,=L(ab")

L(My) N L, =9
L(My) N L, = {a}
L(Mz) N L, = {a}
LM3)n L, =T
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Example

L, =L (a’baa”) L,=L(ab")

L(My) N L, =9
L(My) N L, = {a}
L(Mz) N L, = {a}
LM3)n L, =T
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