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|D=@U=Lt |oO}J}B Q@ |=xtOkt
An Introduction to Computational Complexity 14

sD} Qwor= s}W=@ QO=k O}=@ xmr@ ’CU= pL p@=k xr�Ut s}v=O@ xm s} Q=O R=}v =yvD xv ’|ak=w C=@U=Lt |=Q@
"s} R=U@ u; |=Q@ =Q |Ot;Q=m

"Ov} wo|t (tractable) |vOWs=Q ’OQm pL Ot;Q=m CQwY x@ =Q =yv; u=wD|t xm |r�=Ut x@
%CU= u=tR w =[i |=yR=}v ’|};Q=m |=yx@vH u} QDsyt

|D=@U=Lt |oO}J}B w |}=[i |oO}J}B %|oO}J}B |x} Q_v

C=@U=Lt |Ot;Q=m 1»14

%CU= sRq |D=@U=Lt |oOBJ}B XwYN QO EL@ |=Q@ Q} R C=}[Qi

"CU= “xQ=wvOvJ” nv} QwD u}W=t ’=t |xar=]t OQwt |D=@U=Lt pOt “1

"OwW|t xO=OV}=tv n =@ xr�Ut |xR=Ov= “2

,qwtat "s}Ovtxkqa |rm Q=DiQ R= QDtm X=N \}=QW QO u; OQmrta x@ ,qwtat ’sD} Qwor= p}rLD QO “3
OQwt ‘@=vtV}=Ri=” OQ=O C}ty= =t |=Q@ OwW|t nQR@ xr�Ut |xR=Ov= xm |v=tR QO sD} Qwor= Q=DiQ

"“n OWQ =@ R=}v

u}W=t R= xO=iDU= =@ xr�Ut |xR=Ov= R= |a@=D CQwY x@ xr�Ut |v=tR R=}v uOQw;CUO x@ %|rY= hOy
"pOt u=wva x@ nv} QwD

"s} Q}o|t Q_v QO |v=tR OL=w l} =Q nv} QwD u}W=t CmQL Qy %nv} QwD u}W=t QO u=tR swyit
"OwW|t s=Hv= xm CU= |D=mQL O=OaD ’x@U=Lt l} u=tRTB

"s} Q}o|t Q_v QO =Q Cr=L u} QDO@ ,qwtat
|xR=Ov= =@ |=xr�Ut Qy |x@U=Lt |va} ’CU= T (n) |v=tR |oO}J}B |=Q=O |=x@U=Lt s}} wo|t |Dkw

"OUQ|t s=Hv= x@ nv} QwD u}W=t l} \UwD CmQL T (n) s=Hv= =@ n

|oO}J}B wnv} QwD u}W=t 2»14

"CU}v KQ] p@=k nv} QwD |=yu}W=t ‘=wv= u}@ |RQ=sy Qo}O ’OwW|t |oO}J}B R= C@LY xm |v=tR

H
p=Ft

"O} Q}o@ Q_v QO =Q L = {anbn : n ≥ 1} u=@ R |=Q@ “xQ=wv l}” nv} QwD u}W=t

1



|oO}J}B w nv} QwD u}W=t 2

"CU= sRq Q_=vDt b =@ a Qy j}@]D CyH s=o 2n OwOL w = anbn |=Q@
"OQ=O R=}v O(n2) u=tR x@ x@U=Lt pm u}=Q@=v@

%xQ=wvwO nv} QwD u}W=t =@
’s}vm|t |Bm swO Q=wv |wQ =Q =ya |xty =OD@=

"s}yO|t j}@]D pw= Q=wv |wQ |=yb =@ =Q =yv;TBU
’OwW|t s=Hv= O(n) u=tR QO j}@]D w |Bm pta wO Qy

"OQ=O R=}v u=tR O(n) |xR=Ov= x@ xQ=wv wO nv} QwD u}W=t =@ x@U=Lt pmTB

N

H
p=Ft

%uDt R= pkDUt |=yu=@ R QO C} w[a |xr�Ut
’s} Q}o@ Q_v QO n =Q xr�Ut |xR=Ov= w xDWQ pw] =Q w Qo =

’“CU= Qt=Qo x@ xDU@=w M xm ” CU= O(nM ) |oO}J}B |=Q=O ‘t=H |wHDUH •

CU= O(n3) |oO}J}B |=Q=O CYK sD} Qwor= •

"OvDUy |a]k |=ysD} Qwor= wO Qy xm
TOL” TOL =Q OvwW xO=iDU= w j=kDW= |=Q@ O}=@ xm |Oa=wk ’xr�Ut u}= |=Q@ |a]kQ}e sD} Qwor=l}
sD} Qwor= w n = |w| QFm =OL j=kDW= pw]Ckw u; ’OW=@ xm} w |yD Oa=wk Ok=i Qt=Qo Qo = "OvR|t “K}LY

"Ow@ Oy=wN O(n) |oO}J}B |=Q=O |a]kQ}e

N

H
p=Ft

"(satisfiability) “|Q}PBjOY” |Q}PB=[Q= |xr�Ut
OQ=O OwHw xn ’. . . ’x2 ’x1 |=yp=QD}r R= |Q}O=kt =}; ’OW=@ (CNF) |i]a p=tQv sQi QO e CQ=@a Qo =

#OW=@ CUQO e =yv; |=R= x@ xm
CUQO =Q e1 Q=Okt x3 = 1 w x2 = 1 ’x1 = 0 x=ou; e1 = (x̄1 ∨ x2) ∧ (x1 ∨ x3) Qo = ,qFt
"“Ovvm|t CUQO=v =Q e2 =y?=UDv= s=tD” CU= Q}PB=v=[Q= e2 = (x1 ∨ x2)∧ (x̄1 ∨ x̄2) =t= "Ovvm|t
|oO}J}B u}=Q@=v@ Ovm|t|UQQ@ =Q =yQ}eDt |=Q@ umttCr=L 2n ’|Q}PB=[Q=|UQQ@ |=Q@|a]k sD} Qwor=

"CU= |}=tv n x@ C@Uv xm Ow@ Oy=wN O(2n) u; |v=tR
Qy Q=Okt x=ou; ’OW=@ Q}PB=[Q= e Qo = xm Ovm|t pta ?}DQD u}= x@ xr�Ut u}= |=Q@ |a]kQ}e sD} Qwor=

"CU= O(n) sD} Qwor= l} u}= "Ovm|t |@=} RQ= =Q e ’xOR TOL =Q =yxi R= l}

N

"CU= xO=iDU= OQwt nv} QwD u}W=t ‘wv R= QF=Dt |oO}J}B |=yVUQB x@ MU=B xH}Dv

"CU= syt Q=}U@ C}a]k sOa p@=kt QO C}a]k |xr�Ut ’xwqa x@
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|R=Uxt=vQ@ |=yu=@ R QO xm OW=@ |R}J u; x@l}ORv Q=}U@CU= umtt xQ=wvOvJ u}W=t x@ \w@ Qt s}DQwor=
"s}vm|t xO=iDU= pOt u=wva x@ xQ=wvOvJ nv} QwD u}W=t l} R= ’u}=Q@=v@ "s} Q=O

|oO}J}B |=yTqm w =yu=@ R |=yxO=wv=N 3»14

Q@ =D=twD; Tqm Qy w OvwW|t \@DQt =D=twD; |=yTqm =@ =yu=@ R |=yxO=wv=N ’|mUt=J ?D=QtxrUrU QO
"OwW|t h} QaD u; Ckwt |x_i=L Ca}@] T=U=

|oO}J}B uDiQo Q_v QO =@ X=N ‘wvl} R=nv} QwD u}W=tl} R= xO=iDU= ’=yu=@ R |Ov@xDUO Qo}O x=Q
"CU= R}=tD pt=a u=wva x@

’OQ}PB|t T (n) u=tR QO =Q L u=@ R ’M nv} QwD u}W=t l} xm s}} wo|t "u=@ Rl} |v=tR |oO}J}B h} QaD
"OwW xDiQ}PB CmQL O(T (n)) QO |w| ≤ n =@ w ∈ L Qy Qo =

pw] x@ C=mQL R= xr=@vO l} pk=OL ’w ∈ L Qy |=Q@ xm CU=vat u=O@ u}= ’OW=@ |a]kQ}e M Qo =
"OwW|t xDWQ VQ}PB x@ QHvt xm OQ=O OwHw O(T (|w|))

OwHwt xQ=wvOvJ |a]knv} QwD u}W=tl} x=oQy ’s}} wo|t DTIME(T (n))Tqm w[a =Q L u=@ R h} QaD
"OQ}PB@ T (n) u=tR QO =Q L xm OW=@

OW=@ OwHwt |a]kQ}env} QwD u}W=tl} x=oQy ’s}} wo|t NTIME(T (n))Tqm w[a =Q L u=@ R h} QaD
"OQ}PB@ T (n) u=tR QO =Q L xm

xm CU=XNWt
DTIME(T (n)) ⊆ NTIME(T (n))

w
T1 ∈ O(T2(n)) iff DTIME(T1(n)) ⊆ DTIME(T2(n))

"OQ}o|t Q@ QO =Q |QDW}@ |=yu=@ R ’OwW QDoQR@ T (n) xJQy

s} Q=O k C@Ft K}LY OOa Qy |=Q@ x}[k

DTIME(nk) ⊂ DTIME(nk+1)
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sD} Qwor= I}y =yv; |=Q@ |rw OvwW xDiQ}PB n2 u=tR QO Ovv=wD|t xm OvQ=O OwHw |}=yu=@ R xH}Dv

"OQ=Ov OwHw |]N C} w[a
. . . w OvDU}v DTIME(n2) QO =t= OvDUy DTIME(n3) QO xm OvQ=O OwHw |}=yu=@ R

OwHw DTIME(T (n)) R= GQ=N |R}J xQ=wty ’Ovm OWQ sy ‘} QU QOk xJ Qy T (n) |oO}J}B ‘@=D
"OQ=O

OwHw ’OW=@ DTIME(f(n)) QO |DWoR=@ u=@ R Qy xm |Qw] x@ f(n) nv} QwD Q}PBx@U=Lt s=D ‘@=D x}[k
"OQ=Ov

H
p=Ft

’OwW xDiQ}PB |OwQw pw] =@?U=vDt |v=tR QO |a]k |y=vDt uwD=twD;l} \UwD Ov=wD|t s_vt u=@ R Qy
TB

LREG ⊆ DTIME(n)

"OQ}PB|t LREG R= QD=Qi =Q |OOaDt |=yu=@ R DTIME(n) =t=
"OwW xO=OX}NWD O(n) u=tR QO Ov=wD|t xm {anbn : n ≥ 0} uDt R= pkDUt u=@ R Ovv=t

N

H
p=Ft

"CU= NTIME(n) QO L = {ww : w{a, b}∗} uDt R= pkDUt Q}e u=@ R
%OQm |}=U=vW =Q u=@ R u}= x@ jraDt |=yxDWQ u=wD|t Q} R |a]kQ}e sD} Qwor= =@ =Q} R

"O}vR@ TOL =Q xDWQ \Uw |a]k Q}e Qw] x@ "O}vm |Bm 1 Q=wv |wQ |OwQw p}=i R= =Q |OwQw “1

"O}vm |Bm 2 Q=wv |wQ =Q swO CtUk “2

"O}vm xU}=kt l} x@ l} 2 Q=wv s}qa =@ =Q 1 Q=wv |wQ s}qa “3

"L ∈ NTIME(n)TB ’O=O s=Hv= O(|w|) u=tR QO u=wD|t =Q jwi |=ysOk |t=tD xm CU= uWwQ
xm O=O u=Wv u=wD|t ’s} R=U@ O(n) u=tR QO xDWQ \Uw uOQm =O}B |=Q@ |a]k |tD} Qwor= s}v=wD@ Qo =
VQ=tW C@F w 1 Q=wv |wQ Ctqa Qy x@ uOQm x=ov =@ u=wD|t =Q Q=m u}= "CU= L ∈ DTIME(n)

"O=O s=Hv= =yO=tv u=}t QO l} VQ=tW =@ 2 Q=wv |wQ

N

H
p=Ft

T=UL |=yu=@ R |xO=wv=N u=wva x@ LCS w uDt R= pkDUt |=yu=@ R |xO=wv=N u=wva x@ LCF h} QaD =@
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%s} Q=O ’uDt x@

LCF ⊆ DTIME(n3)

LCF ⊆ NTIME(n)

"CU= umtt R}v ‘t=H |wHDUH =@ x} RHD ’uDt x@ T=UL |=yu=@ R |xO=wv=N QO
u=tR QO Ov=wD|t n pw] x@ xDWQ Qy ’CU= p=ta= p@=k Oa=wk R= |OwOLt O=OaD sOk Qy QO uwJ
Cio w OW p}=k M |wQ Q@ |}q=@ OL u=wD|tv xD@r= "“CU= Qt=Qo x@ xDU@=w M ” OwW V} wB nM

"LCS ∈ DTIME(nM )

N

T=UL w uDt R= pkDUt ’s_vt |=yu=@ R |=yxO=wv=N R= |QDW}@ Q=Okt ’O@=}V}=Ri= T (n) xJ Qy
"OwW|t xO=OVWwB uDt x@

"CU}v K[=w u=OvJ ’|oO}J}B |=yTqm w |mUt=J ?D=QtxrUrU u=}t \=@DQ=

NP w P |oO}J}B |=yTqm 4»14

u}W=t pOt x@ =Q} R ’OvQ=Ov |U=U= Cw=iD DTIME(n2) w DTIME(n) |oO}J}B |=yTqm
QDw}Bt=m |=Q@l}s=Om xm CU}vXNWt Kw[w x@ w “. . . w =yQ=wv O=OaD” Ov=xDU@=w xO=iDU= OQwtnv} QwD

"CU= QD?U=vt |ak=w
%OwW|t QHvt P |oO}J}B Tqm |UQQ@ x@ EL@ u}=

P =
⋃

i≥1
DTIME(ni)

xHwD uwO@” |=xrtHOvJ u=tR QO |a]knv} QwD u}W=tl} =@ xm CU= |}=yu=@ R s=tD pt=W Tqm u}=
TB "OvwW|t xDiQ}PB “|=xrtHOvJ |xHQO x@

LREG ⊂ P, LCF ⊂ P

|oO}J}B Tqm ’CU= |U=U= |a]kQ}e w |a]k |oO}J}B |=yTqm u}@ R}=tD xm =Hv; R=

NP =
⋃

i≥1
NTIME(ni)

xm CU= |y}O@ "s}vm|t |iQat =Q
P ⊆ NP

"Q}N =} CU=ZLt ’pwtW |x]@=Q u}= =}; xm CU= u}= ’CU= xOWv xDN=vW xJv; =t=

lwm RD” "OwW|t xOv=wN (tractable) |vOWs=Q ,=Lq]Y= ’OW=@ P QO xm |=xr�Ut Qy xDmv ◭
“AQm »
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xvwtv OvJ %NP p�=Ut 6

xvwtv OvJ %NP p�=Ut 5»14

"OvwW|t pL |=xrtHOvJ u=tR QO |a]kQ}e sD} Qwor= l} =@ xm OvDUy |}=yv; NP p�=Ut

|Q}PB=[Q= |xr�Ut •

h=Qo l} QO |vwDr}ty |=yQ}Ut |xr�Ut •

h=Qo QO Clique |xr�Ut •

Cw=iDt ,qt=m Qo}O |NQ@ w OvDUy jwi |=yp=Ft x}@W =yv; R= |NQ@ xm OvQ=O OwHw |OOaDt NP p�=Ut
%OvDUy lQDWt xDmv wO QO |oty =t= ’OvDUy

"OvDUy |a]kQ}e |xO=U |=ypLx=Q |=Q=O NP p�=Ut |xty “1

xm CU= xOWv xDN=vW =t= ’OvDUy |}=tv |v=tR |oO}J}B =@ |}=ypLx=Q |=Q=O p�=Ut u}= |xty “2
"“Q}N =} OvQ=O |=xrtHOvJ |a]k sD} Qwor= |va}” Q}N =} OvDUy |vOWs=Q =};

|=xrtHOvJfflu=tRVy=m 6»14

Qo = OwW|t xOv=wN L2 u=@ R x@ (polynomial-time reducible) |=xrtHOvJ Q}PBVy=m L1 u=@ R h} QaD
QO w2 x@ |=xrtHOvJ u=tR QO Ov=wD@ L1 |=@ir= R= w1 Qy xm OW=@ OwHwt |a]k nv} QwD u}W=t l}

xm |Qw] x@ ’OwW p}O@D L2 |=@ir=

w1 ∈ L1 ⇔ w2 ∈ L2

x=ou; ’L2 ∈ P w OW=@ L2 x@ Q}PBVy=m |=xrtHOvJ u=tR QO L1 Qo = xm OwW|t xH}Dv h} QaD u}= R=
"L1 ∈ P

"L1 ∈ NP x=ou; L2 ∈ NP Qo = x@=Wt Qw] x@

R=@ p�=Ut w uOw@ pt=mfflNP 7»14

|=xrtHOvJ u=tR QO L′ ∈ NP Qy w OW= @ L ∈ NP Qo = ’OQ=O s= v NP-complete ’L u= @ R h} QaD
"OW=@ L x@ Q}PBVy=m

u=tR QO w L1 ∈ NP−complete xm OW=@ OwHwt L1 l} Qo = xm O};|t CUO x@ h} QaD u}= R=
"CU= NP-complete sy L2 x=ou; ’OW=@ L2 x@ Q}PBVy=m |=xrtHOvJ
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NP-complete u=@ Rl} |=Q@ |=xrtHOvJ » u=tR sD} Qwor=l} s}v=wD@ Qo = xm OwW|t xH}Dvh} QaDu}= R=
"NP = P CQwY u}= QO w Ow@ Oy=wN P QO u}vJty NP x@ jraDt u=@ R Qy x=ou; ’s}@=}@

H
p=Ft

=Q =yxDWQ XNWt |=yxvwtv "OwW xO}O u=@ R l} |xr�Ut u=wva x@ Ov=wD|t |Q}PB=[Q= |xr�Ut
xr�Ut u}= "OW=@ Q}PB=[Q= CQ=@a u; xm OwW xDiQ}PB |DQwY QO xDWQ l} xm s}vm|t Om |=xvwo x@

"CU= NP-complete

N

"CU= NP-complete |Q}PB=[Q= |xr�Ut "lwm |x}[k x}[k

u}= R= l} Qy |=Q@ "OQ=O OwHw NP-complete |xr�Ut |O=} R O=OaD ’|Q}PB=[Q= |xr�Ut Q@ xwqa
» u=tR sD} Qwor= |Um =yv; R= l} I}y |=Q@ =t= ’Ci=} |}=tv » u=tR |=ysD} Qwor= u=wD|t p�=Ut
=t= ’P 6= NP ,q=tDL= xm CU= xOv=UQ O=kDa= u}= x@ =Q =t =yCUmW u}= "CU= xOQmv =O}B |=xrtHOvJ
I}y Ovmv C@=F |Um xm |Dkw =D =} OW=@v P QO xm Ovm O=H}= NP QO |ak=w u=@ Rl} |Um xm |Dkw =D

"Ov=t|t R=@ xr�Ut u}= ’OQ=Ov OwHw \QW u}= =@ |v=@ R
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