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C=@U=Lt Qo}O |=ypOt
Other Models of Computation 13

"OvQ=O OwHw x@U=Lt |=Q@ R}v |Qo}O |=ypOt ’nv} QwD u}W=t R= Q}e
xOWXNWt =t= ’OvUQ|t Q_v x@ nv} QwD u}W=t =@ Cw=iDt |=xW} Q Qw] x@ pw= x=ov QO =ypOt u}=

"OvDUy pO=at =ypOt u}= |xty xm CU=
"CU= 1940 =D 1930 |=yp=U x@ \w@ Qt xv}tR u}= QO x}rw= |=yQ=m QDW}@

"CW=Po Q}F=D C=}[=} Q pm swyit Q@ xmr@ |m}v=mt C=@U=Lt swyit Q@ =yvD xv xOt; CUO x@ G}=Dv
"CW=Ov OwHw |Q=HD QDw}Bt=m I}y u=tR u; QO xm OW QWDvt 1936 p=U QO nv} QwD Q=m

|=Q@ |rwY= uOQm sy=Qi w= |rY= hOy =t= ’OW syt Q=}U@ QDw}Bt=m sra QO s=Hv=QU nv} QwD Q=m xJQo =
"OOQo|tQ@ u=QwO u; QO C=}[=} QC}a[w x@ ’Ow@ u; p=@vO x@ |w xJv; "Ow@v p=D}H}O |=yQDw}Bt=m |xar=]t
"CU= xOw@ |Oq}t syORwv uQk QN=w= QO =yu=O}[=} Q |rY= hOy ’C=@F= p@=k |[=} Q sDU}Ul} uDi=}

%Ow@ x=Qty |v=Qov wO =@ hOy u}=

=@ w |DUQO =ys=o R= xr=@vO l} =@ xm OW=@ OwHwt |=xQ=Ro O}=@v "(consistency) |Q=oR=U •

"OwW C=@F= u; |DUQO=v Qo}O |=xr=@vO

p@=k O}=@ sDU}U QO u=}@ p@=k |xQ=Ro Qy |DUQO=v =} |DUQO "(completeness) uOw@ pt=m •
"OW=@ C=@F=

pt=W O}=@ |va}” OW=@ pt=m =v O}=@ Q_v OQwt Q=oR=U sDU}U Qy xm Ovm|t u=}@ pOwo uOw@v pt=m |x}[k
"“1931” “OW=@ C=@F= p@=k Q}e |}=yxQ=Ro

C=@F= p@=k Q}e |=yxQ=Ro R= C=@F= p@=k |=yxQ=Ro =}; xm CU= u}= OWv xO=O MU=B pOwo \UwD xm |WUQB
=Q C=@F= |DUQO Ovv=wD@ xm CW=O OwHw |}=yO}t= =yu=O}[=} Q |=Q@ Rwvy ’‘k=w QO #OvDUyX}NWD p@=k

"Ovvm |UQ=w |m}v=mt Qw] x@
"OW x�=Q= u=Qo}O w u}r*m ’CU)B ’IQJ ’nv} QwD \UwD |irDNt |QwY |=ypOt p=-wU u}= x@ MU=B |=Q@

"OvDUy pO=at ’OvW=@ xOQDUo |i=m |xR=Ov= x@ xm |D=@U=Lt |=ypOt |xty %IQJ RD

‘@=D Qy Ovv=wD|t ’OvW=@ xOQDUo |i=m |xR=Ov= x@ xm |D=@U=Lt |=ypOt |xty %nv} QwD » IQJ RD
"OvDUy nv} QwD u}W=t =@ pO=at =Pr w Ovvm x@U=Lt =Q |Q}PBx@U=Lt

1



|DWoR=@ ‘@=wD 2

|DWoR=@ ‘@=wD 1»13

QDtm Qo}O |NQ@ w CU= pw=ODt Q=}U@ =yv; R= |NQ@ xm OQ=O OwHw ‘@=wD h} QaD |=Q@ |irDNt |=yVwQ
"CU= f(n) = n2 + 1 Ovv=t |a@=D |Q=PoO=tv R= xO=iDU= =vW; VwQ l} "OQ}o|t Q=Qk xO=iDU= OQwt

|}=OD@= |DWoR=@ ‘@=wD 1»1»13

O=Oa= |xawtHt ’I =yv; OQ@ w xvt=O xm s} Q}o|t Q_v QO =Q |=xQ}eDt wO =} l} ‘@=wD EL@ |oO=U |=Q@
"CU= ’|ivt=v K}LY

"CU= z(x) = 0 ’x ∈ I Qy |=Q@ xm ’z ’(zero) QiY ‘@=D •

|va} ’Ov=OQo|tQ@ =Q xr=@vO QO |Oa@ OOa ’x ∈ I Qy |=Q@ xm ’s ’(successor) Oa@=t ‘@=D •
"CU= s(x) = x + 1

"CU= pk(x1, x2) = xk xm ’k = 1, 2 |=Q@ pk ’(projector) QoQ}wYD ‘@=D •

%OQ=O OwHw ‘@=wD u}= |wQ R= QDxO}J}B ‘@=wD CN=U |=Q@ x=Q wO

%OwW|t xDN=U ’xOW h} QaD h w g2 ’g1 |wQ R= f u; QO xm ’(composition) ?}mQD •

f(x, y) = h(g1(x, y), g2(x, y))

CQwY x@ Ov=wD|t ‘@=Dl} u; |xr}Uw x@ xm ’(primitive recursion) |�=OD@= CWoR=@ •
%OwW h} QaD |DWoR=@

f(x,0) = g1(x)

f(x, succ(y)) = h(g2(x, y), f(x, y))

H
p=Ft

%add(x, y) |ivt=v K}LY OOa wO ‘tH ‘@=D

add(x,0) = x

add(x, y + 1) = add(x, y) + 1

N

H
p=Ft

mult(x, y) |ivt=v K}LY OOa wO ?Q[ ‘@=D

mult(x,0) = 0
mult(x, y + 1) = add(x,mult(x, y))
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3 C=@U=Lt Qo}O |=ypOt

"OvDUy |�=OD@= ‘@=wD z(x) = 0 w p1(x, y) = x xm O}vm xHwD

N

H
p=Ft

(monus) |@=UL j} QiD pta

x
.
− y =







x − y , x ≥ y

0 , x < y

%s} Q=O |@=UL j} QiD ‘@=D h} QaD |=Q@ pred(y + 1) = y w pred(0) = 0 p@k=t ‘@=D h} QaD =@

subtr(x,0) = x

subtr(x, y + 1) = pred(subtr(x, y))

N

w (s) Oa@=t ’(z) QiY |x}=B ‘@=wD |wQ R= Ov=wD@ Qo = \ki w Qo = OwW|t xO}t=v |�=OD@= |DWoR=@ ‘@=D l} h} QaD
"OwW xDN=U |�=OD@= CWoR=@ w ?}mQD |xr}Uw x@ (pk) QoQ} wYD

|�=OD@= CWoR=@ w ?}mQD =@ xOW h} QaD f CQwY u}= QO ’OvW=@ s=D ‘@=wD h w g2 ’g1 Qo = QmPD ◭
"Ow@ Oy=wN s=D I × I =} I |wQ Q@ R}v

"OvW=@|tv|�=OD@=|DWoR=@ xm OvQ=O OwHw ‘@=wD|NQ@ OwHw u}= =@ ’OvDUy|�=OD@=|DWoR=@ pw=ODt ‘@=wD QFm =

xm OQ=O OwHw F QO |a@=D CQwY u}= QO "OW=@ I x@ I R= ‘@=wD |xty |xawtHt F xm O}vm ZQi x}[k
"CU}v |�=OD@= |DWoR=@

"C=@F= ◭
pt=W |=@ir= |wQ |y=vDt |xDWQ l} =@ |�=OD@= |DWoR=@ ‘@=D Qy "OwW|t s=Hv= |R=U|Q]k VwQ =@
=yxDWQ |*xty |xawtHt xm |}=Hv; R= "OwW|t |}=tvR=@ xDU@ w R=@ RDv=QB Ovv=t |t�qa w =yQorta ’O=Oa=
|�=OD@= |DWoR=@ ‘@=D xDWQ s=Om xm OQm u}}aD u=wD|t x} RHD sD} Qwor=l} =@ w CU= =Q=tW =@ir= u}= |wQ
"CU= =Q=tW |xawtHt l} ’|�=OD@= |DWoR=@ ‘@=wD |xty |xawtHtTB ’Q}N s=Om w OyO|t u=Wv =Q

uwJ |@}DQD u=wD|tTB ’OW=@ =Q=tW ’F umtt ‘@=wD |xty |*xawtHt s}vm|t ZQi p=L

f1, f2, f3, . . .

%s} R=U|t Q} R CQwY x@ =Q g ‘@=DTBU "CiQo Q_v QO ‘@=wD u}= |=Q@ =Q

gi(i) = fi(i) + 1 , i = 1, 2, . . .
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|DWoR=@ ‘@=wD 4

|Q]k C}akwt QO =yfi |xty =@ g =t= ’OQ=O Q=Qk F QO =Pr w CU= h} QaDVwN g xm CU=XNWt
Ovm|t C@=F Q}N= |xH}Dv wO ?}mQD "OW=@ =Q=tW Ov=wD|tv F xm OyO|t u=WvZk=vD u}= "CU= Cw=iDt

"CU}v |�=OD@= |DWoR=@ xm OW=@ OwHwt O}=@ F QO |a@=D xm

�

|DWoR=@ xm OvQ=O OwHw |Q}PBx@U=Lt ‘@=wD xmr@ ’OvDU}v |�=OD@= |DWoR=@ xm OvQ=O OwHw |a@=wD =yvD xv
"OvW=@|tv |�=OD@=

OwHw C QO |a@=D CQwY u}= QO "OW=@ I x@ I R= s=D Q}PBx@U=Lt ‘@=wD |xty |xawtHt C xm O}vm ZQi x}[k
"CU}v |�=OD@= |DWoR=@ xm OQ=O

"C=@F= ◭
u}= "CU= =Q=tW |�=OD@= |DWoR=@ ‘@=wD |xty |xawtHt ’|r@k |x}[k QO xOW s=Hv= EL@ T=U= Q@

CQwY x@ =Q ‘@=wD
r1, r2, r3, . . .

CQwY x@ =Q g ‘@=D w s}vm|t |Q=Pot=v

g(i) = ri(i) + 1

=t= &CU}v |�=OD@= |DWoR=@ xH}DvQO w CU= Cw=iDt =yri |xty =@ ‘@=D u}= xm CU=XNWt "s} R=U|t
"Ovm|t C=@F= =Q x}[k p=Ft u}= w CU= Q}PBx@U=Lt g xm CU=XNWt Kw[w x@

�

Q} R \@=wQ =@ xm CU= A : I × I → I ’(Ackermann’s function) utQm ; ‘@=D utQm ; ‘@=D
%OwW|t h} QaD

A(0, y) = y + 1
A(x,0) = A(x − 1, 1)

A(x, y + 1) = A(x − 1, A(x, y))

"CU}v |�=OD@= |DWoR=@ ‘@=D u}= =t= ’CU= s=D w Q}PBx@U=Lt ‘@=D l} A
xO=iDU= A h} QaD R= s}kDUt Qw] x@ s}v=wD|tv ’CU}v |�=OD@= |DWoR=@ ‘@=D u}= s}yO u=Wv xm u}= |=Q@
‘@=D xm s}yO u=Wv w s} Q}o@ Q_v QO =Q |�=OD@= |DWoR=@ ‘@=wD Tqm |twta C=}YwYN O}=@ xmr@ ’s}vm

"OQ=Ov =Q C=}YwYN u}= R= |m} utQm ;
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5 C=@U=Lt Qo}O |=ypOt

OWQ CaQU |=Q@ ’i → ∞ |Dkw "CU= OWQ MQv |�=OD@= |DWoR=@ ‘@=wD |=Q@ C=}YwYN u}= R= |m}
"Ovm|t OWQ ‘} QU Q=}U@ utQm ; ‘@=D %Ovm|tZkv =Q OL u}= utQm ; ‘@=D w OQ=O OwHw |OL

xm |Qw] x@ OQ=O OwHw n K}LY OOa CQwY u}= QO "OW=@ |�=OD@= |DWoR=@ ‘@=D l} f xm O}vm ZQi x}[k
s} Q=O i = n, n + 1, . . . Qy |=Q@

f(i) < A(n, i)

"CU}v |�=OD@= |DWoR=@ utQm ; ‘@=D xm OwW|t xOy=Wt |oO=U x@ xH}Dv u}= VQ}PB =@

"CU}v |�=OD@= |DWoR=@ utQm ; ‘@=D x}[k

"C=@F= ◭
‘@=D

g(i) = A(i, i)

j@] CQwY u}= QO ’=t= "CU= xvwou}ty R}v g x=ou; ’OW=@ |�=OD@= |DWoR=@ A Qo = "s} Q}o|t Q_v QO =Q
i Qy |=Q@ xm OW=@ xDW=O OwHw n l} O}=@ |r@k |x}[k

g(i) < A(n, i)

Zk=vD x@ ’i = n s}yO Q=Qk Qo = =t=

g(n) = A(n, n) < A(n, n)

"OW=@ |�=OD@= |DWoR=@ Ov=wD|tv ATB "s}vm|t OQwNQ@

�

|DWoR=@ » µ ‘@=wD 2»1»13

Oa=wk x@ O}=@ ’Q}PBx@U=Lt ‘@=wD Qo}O w utQm ; ‘@=D uO=O VWwB |=Q@ |DWoR=@ ‘@=wD |xO}= VQDUo |=Q@
=} µ Qorta |iQat Q=m u}= x=Q l} "OvwW xDN=U Ovv=wD@ |a@=wD u}vJ u; =@ xm s}}=Ri}@ =Q |R}J CN=U

|x]@=Q =@ xm CU= “minimalization” |R=Ust}v|t Qorta

µy(g(x, y)) = smallest y such that g(x, y) = 0

"OW=@ s=D ‘@=D l} g xm OwW|t ZQi h} QaD u}= QO "OwW|t h} QaD

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



CUB |=ysDU}U 6

H
p=Ft

|xH}Dv ’OW=@ x ≤ 3 Qo = CQwY u}= QO "OW=@ s=D ‘@=D l} g(x, y) = x + y − 3 xm O}vm ZQi
"Ow@ Oy=wN y = 3− x |R=Up=t}v|t

u}=Q@=v@ "OW=@ x + y − 3 = 0 xm OQ=Ov OwHw y ∈ I I}y CQwY u}= QO ’OW=@ x > 3 Qo = =t=

µy(g(x, y)) =







3− x , x ≤ 3
undefined , x > 3

N

|�RH ‘@=D l} CU= umtt µy(g(x, y)) =t= ’CU= s=D ‘@=D l} g(x, y) xJQo = xm OwW|t xOy=Wt
"OW=@

h} QaD CQOk =t= ’Ovm|t sy=Qi |DWoR=@ CQwY x@ =Q |�RH ‘@=wD h} QaD u=mt= |R=Up=t}v|t Qorta
"OOQo pt=W =Q Q}PBx@U=Lt ‘@=wD |xty xm OyO|t VQDUo |=xvwo x@ =Q s=D ‘@=wD

|=xr=@vO |xr}Uw x@ w x}=B ‘@=wDltm x@ Ov=wD@ Qo = OwW|t xO}t=v (µ-recursive) |DWoR=@ » µ ‘@=Dl} h} QaD
"OwW xDN=U |�=OD@= CWoR=@ w ?}mQD p=ta= w µ Qorta |Q}oQ=m@ R=

"OW=@ Q}PBx@U=Lt Qo = \ki w Qo = CU= |DWoR=@ » µ ‘@=D l} x}[k

"OyO|t =t x@ |tD} Qwor= C=@U=Lt |=Q@ Qo}O pOt l} |DWoR=@ » µ ‘@=wD u}=Q@=v@

CUB |=ysDU}U 2»13

w =@ir= l} R= CU= pmWDt xm CU= O}kt=v Qt=Qo l} x}@W Q=}U@ (Post system) CUB sDU}U l}
|=xOta |=yCw=iD =t= &OvwW jDWt Ovv=wD|t |B QO |B |=yxDWQ =yv;ltm x@ xm O}rwD |xOa=k |O=OaD

"OQ=O OwHw =yv; O}rwD Oa=wk |Q}oQ=m@ VwQ QO

u; QO xm OwW|t h} QaD Π = (C, V,A, P ) |xr}Uw x@ Π CUB sDU}U l} h} QaD
’“xv=}=BC@=wF” CT w “xv=}=B=vC@=wF” CN |=RHt |xawtHt wO R= pmWDtC@=wF R= |y=vDt |=xawtHt C

’=yQ}eDt R= |y=vDt |=xawtHt V
w OQ=O s=v (axioms) ‘w[wt pwY= xm C∗ R= |y=vDt |=xawtHt A

"CU= O}rwD Oa=wk R= |y=vDt |=xawtHt P
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7 C=@U=Lt Qo}O |=ypOt

pmW x@ O}=@ =yv; |xty "Ovm =[Q= =Q |Y=N |=yC}OwOLt O}=@ CUB sDU}U l} QO O}rwD Oa=wk

x1V1x2 . . . Vnxn+1 → y1W1y2 . . . Wmym+1 (1»13)

Ov=wD|t Q}eDt Qy xm OQ=O Q=Qk C}OwOLt u}= Q@=Q@ QO Vi,Wi ∈ V w xi, yi ∈ C∗ u; QO xm OvW=@
u}=Q@=v@ "OwW Qy=_ AJ CtU QO x@DQt l} QFm =OL

Vi 6= Vj for i 6= j

|va} ’OwW Qy=_ AJ CtU QO O}=@ CU=Q CtU QO Q}eDt Qy xmv}= w
m
⋃

i=1
{Wi} ⊆

n
⋃

i=1
{Vi}

|=yxDWQQ} R u; QO xm OW=@ OwHwt x1w1x2w2 . . . wnxn+1 pmW x@ =yxv=}=B=v R= |=xDWQ xm O}vmZQi
’w1 = V1 u}}aD =@ s}v=wD|t CQwY u}= QO "OW=@ wi ∈ C∗ w 1»13 |=yxDWQ =@ Q_=vDt . . . ’x2 ’x1
Vi l} W Qy uwJ "s}vm u} Ro}=H 1»13 CU=Q CtU QO =yW |=Q@ =Q Q}O=kt u}= ’. . . w w2 = V2
O}rwD O}OH |xDWQ w OwW|t xO=O C@Uv u=O@ =Dm} Q=Oktl} ’CU= xOW Qy=_ AJ CtU QO xm CU=

%OwW|t
x1w1x2w2 . . . xn+1 ⇒ y1wiy2wj . . . ym+1

"s}vm C@LY CUB sDU}U l} \UwD xOW jDWt u=@ R OQwt QO s}v=wD|t ’Qt=Qo l} Ovv=ty

R= CU= CQ=@a Π = (C, V,A, P ) CUB sDU}U \UwD xOW O}rwD u=@ R h} QaD

L(Π) = {w ∈ C∗

T : w0 ⇒∗ w for some w0 ∈ A}

H
p=Ft

%O} Q}o@ Q_v QO =Q Q} R CUB sDU}U

CT = {a, b} CN = ∅ V = {V1} A = {λ}

O}rwD |xOa=k =@
V1 → aV1b

%OQtW|t R=Ht =Q Q} R j=kDW= xm
λ ⇒ ab ⇒ aabb

x@ y2 = b w W1 = V1 ’y1 = a ’x2 = λ ’V1 = λ ’x1 = λ u}}aD =@ =Q 1»13 ’pw= s=o QO
=Q Q=m u}= Qo = "Ovv=t|t |k=@ |r@k CQwY u=ty x@ Q}O=kt Q}=U w V1 = ab ’swO s=o QO "s} Q}o|tQ=m
"CU= {anbn : n ≥ 0}X=N CUB sDU}U u}= =@ xOW O}rwD u=@ R xm s} wW|t xHwDt s}yO xt=O=

N
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CUB |=ysDU}U 8

H
p=Ft

%O} Q}o@ Q_v QO =Q Q} R CUB sDU}U

CT = {1,+,=} CN = {∅} V = {V1, V2, V3} A = {1+ 1 = 11}

O}rwD Oa=wk =@

V1 + V2 = V3 → V11+ V2 = V31
V1 + V2 = V3 → V1 + V21 = V31

%OR=U|t umtt =Q Q} R j=kDW= sDU}U u}=

1+ 1 = 11⇒ 11+ 1 = 111⇒ 11+ 11 = 1111

Ov=wD|t j=kDW= u}= ’u}=Q@=v@ "CU= K}LY O=Oa= |v=o} |}=tvR=@ u=wva x@ =y1 R= pmWDt |=yxDWQ Q}@aD
%OwW xDWwv R}v Q} R CQwY x@

1+ 1 = 2⇒ 2+ 1 = 3⇒ 2+ 2 = 4

2+ 2 = 4 Ovv=t K}LY O=Oa= ‘tH |=y|w=UD |xty |xawtHt CUB sDU}U u}= =@ xOW O}rwD u=@ R
"CU= xOW jDWt 1+ 1 = 2 ‘w[wt pY= R= xm CU=

N

"Ovm O}rwD =Q u; xm OW=@ xDW=O OwHwCUB sDU}Ul} Qo = \ki w Qo =CU= |DWoR=@ Q}PBVQ=tW u=@ Rl} x}[k

"C=@F= ◭
nv} QwD u}W=t l} =@ Ov=wD|t ’CU= |m}v=mt ,qt=m CUB sDU}U l} =@ j=kDW= xm =Hv; R= ’CUNv
"CU= |DWoR=@ Q}PBVQ=tW u=@ R l} ’CUB sDU}U l} =@ xOW O}rwD u=@ R Qy u}=Q@=v@ "OwW s=Hv=

OwW|t O}rwD G O}kt=v Qt=Qo l} =@ |DWoR=@ Q}PBVQ=tW u=@ R Qy xm s} Q=O Q]=N x@ x}[k Tma |=Q@
Qt=Qo Qy uDW=O =@ "CU= x, y ∈ (V ∪ T )∗ u; QO xm OW=@|t x → y pmW x@ u; Oa=wk |xty xm

u; QO xm s} R=U|t Π = (VΠ, C,A, PΠ) CUB sDU}U l} G O}kt=v

A = {S} CT = T CN = V VΠ = {V1, V2}

OwHw CUB sDU}U QO V1xV2 → V1yV2 O}rwD |xOa=k ’Qt=Qo QO x → y O}rwD |xOa=k Qy |=Q@ w
"OQ=O

Π CUB sDU}U \UwD Ov=wD|t w |xDWQ l} s}yO u=Wv xm Ow@ Oy=wN xO=U Q=}U@ CQwY u}= QO
"OW=@ xDW=O Q=Qk G \UwD xOW O}rwD u=@ R QO Qo = \ki w Qo = OwW O}rwD

�
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|U}wvR=@ |=ysDU}U 3»13

x@ w OvDUy =@ir= l} T=U= Q@ =yv; |xty %OvQ=O |O=} R |=yl =QDW= =yQt=Qo ‘=wv= =@ CUB |=ysDU}U
x@ u=wD|t R}v =Q nv} QwD u}W=t l} |DL "O}; CUO x@ Qo}O |xDWQ R= Ov=wD|t xDWQ l} =yv; ltm
XNWt ,qt=m =Q u; |Ov@ Qm}B xm CU= xDWQ l} u; pYiq@ h}YwD xm =QJ ’OQm x_Lqt CQwY u}=
"CU= |r@k |xDWQ |wQ R= O}OH |xDWQ O}rwD |=Q@ Oa=wk R= |=xawtHtnv} QwD u}W=t |xt=vQ@ "Ovm|t
(rewriting systems) |U}wvR=@ |=ysDU}U swyit QO |tUQ Qw] x@ s}v=wD|t =Q C=Oy=Wt u}=

"s}vm u=}@
x@ xm OwW|t p}mWD O}rwD Oa=wk R= |=xawtHt w Σ |=@ir= l} R= |U} wvR=@ sDU}U l} |rm Qw] x@

"Ovm O}rwD =Q |Qo}O |xDWQ Ov=wD|t Σ+ QO xDWQ l} =yv; ltm
|Q}oQ=m x@ |=Q@ OwHwt |=yC}OwOLt w Σ Ca}@] ’Ovm|t R}=tDt sy R= =Q |U} wvR=@ |=ysDU}U xJv;

"CU=yv; O}rwD Oa=wk
"OwW|t x�=Q= |U} wvR=@ |=ysDU}U R= pOt OvJ xt=O= QO

|U} QD=t |=yQt=Qo 1»3»13

|=yQt=Qo ?re= xm ” s}=xOQm xar=]t uwvm =D xm |}=yQt=Qo =@ (matrix grammar) |U} QD=t |=yQt=Qo
"OvDUy Cw=iDt Oa=wk |Q}oQ=m@ |ovwoJ QO “OvwW|t xO}t=v phrase-structure

l} Qy xm Pn ’. . . ’P2 ’P1 |=yxawtHtQ} R R= CU= pmWDt Oa=wk |xawtHt ’|U} QD=t |=yQt=Qo QO
CQwY x@ O}rwD Oa=wk R= ?DQt |y=vDt |xr=@vO l} =yv; R=

x1 → y1, x2 → y2, . . . , xm → ym,

xDWQ |wQ Q@ R}v xOa=k u}twO O}=@TBU ’OW xO=iDU= Pi |xawtHtQ} Rl} |xOa=k u}rw= x=oQy "CU=
s}vm p=ta= =Q Pi O}rwD |xOa=k u}DUNv s}v=wD|tv ‘k=w QO "?}DQD u}ty x@ w |twU x=ou; ’OwW p=ta=

"OwW p=ta= Ov=wD@ R}v xawtHt u}= QO Qo}O Oa=wk |xty xmv}= Qot

H
p=Ft

%O} Q}o@ Q_v QO =Q Q} R |U} QD=t Qt=Qo

P1 : S → S1S2
P2 : S1 → aS1, S2 → bS2c

P3 : S1 → λ, S2 → λ

%R= CU= CQ=@a Qt=Qo u}= =@ j=kDW= l}

S ⇒ S1S2 ⇒ aS1bS2c ⇒ aaS1bbS2cc ⇒ aabbcc

xm OwW xO=iDU= O}=@ R}v swO |xOa=k ’OwW xO=iDU= al} O=H}= |=Q@ P2 pw= |xOa=k x=oQy xm O}vm xHwD
|v=}=B |=yxDWQ |xawtHt xm u}= |xOy=Wt ’?r]t u}= R= xO=iDU= "Ovm|t O}rwD =Q Q_=vDt c w b l}
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|U} wvR=@ |=ysDU}U 10

%Ovm|t xO=U Q=}U@ =Q CU}J |U} QD=t Qt=Qo u}= \UwD xOW O}rwD

L = {anbncn : n ≥ 0}.

N

Qy u; QO xm OvQ=O Q@ QO X=N Cr=Ll} u=wva x@ =Q phrase-structure |=yQt=Qo |U} QD=t |=yQt=Qo
"CU= O}rwD |xOa=k l} pt=W ,=k}kO Pi

RD R= xO=iDU= =@ u=wD|t ’Ovvm|t |}=tvR=@ =Q |tD} Qwor= |=yOv};Qi |U} QD=t |=yQt=Qo xm =Hv; R= ’u}vJty
u=wva x@ |v=Um} CQOk |=Q=O phrase-structure |=yQt=Qo w |U} QD=t |=yQt=Qo xmCiQo xH}Dv IQJ
Q=}U@ pL x=Q |U} QD=t |=yQt=Qo R= xO=iDU= C=kw= |y=o jwi p=Ft j@=]t =t= "OvDUy x@U=Lt pOt l}

"OyO|t CUO x@ O}kt=v |=yQt=Qo x@ C@Uv =Q |QDxO=U

hwmQ=t |=ysD} Qwor= 2»3»13

pmW x@ u; O}rwD Oa=wk xm CU= |U} wvR=@ sDU}Ul} (Markov algorithm) hwmQ=t sD} Qwor=l}

x → y

"OwW xO=iDU= O}=@ |Q}oQ=m@ p@=k O}rwD |xOa=k u}rw= ’j=kDW=l} QO "OvwW|t xDiQo Q_v QO ?}DQD |=Q=O
x@ Ovv=wD|t O}rwD Oa=wk R= |NQ@ "OwW u} Ro}=H y =@ O}=@ x |xDWQQ} R ‘wkw u} QDAJ CtU xwqa x@

CQwY x@ xm OvwW GQ=N |=xv=}=B O}rwD Oa=wk u=wva x@ |mD Qw]

x → .y

xmv}= =D O@=}|t xt=O= QOk u; w OwW|t R=e; w ∈ Σ+ |xDWQ l} =@ j=kDW= l} "OvwW|t xO=O u=Wv
xDW=Ov OwHw |r=ta= p@=k O}rwD |xOa=k I}y xm |Dkw =D =} OQ}o Q=Qk xO=iDU= OQwt |=xv=}=B |xOa=k l}

"OW=@
’|v=}=B |xDWQ l} R= ‘wQW =@ "OwW|tXNWt =yxv=}=B R= T ⊆ Σ |xawtHt l} ’u=@ R VQ}PB |=Q@

"OwW O}rwD |yD |xDWQ xmv}= =D OvwQ|t Q=m x@ O}rwD Oa=wk

xOW xDiQ}PB u=@ R CQwY u}= QO "OW=@ T |=yxv=}=B w Σ |=@ir= =@ hwmQ=t sD} Qwor=l}M xm O}vm ZQi h} QaD
%Ow@ Oy=wN Q} R |xawtHt ’M \UwD

L(M) = {w ∈ T ∗ : w ⇒∗ λ}

H
p=Ft

O}rwD Oa=wk w Σ = T = {a, b} =@ M hwmQ=t sD} Qwor= l}

ab → λ ba → λ
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11 C=@U=Lt Qo}O |=ypOt

u}=Q@=v@ "OQ@|t u}@ R= =Q ba =} ab |xDWQQ} R l} j=kDW= QO xrLQt Qy "O} Q}o@ Q_v QO =Q

L(M) = {w ∈ {a, b}∗ : na(w) = nb(w)}

"Ow@ Oy=wN

N

H
p=Ft

"O}yO x}=Q= L = {anbn : n ≥ 0} u=@ R |=Q@ hwmQ=t sD} Qwor= l}
Oa=wk |xawtHt =@ MU=B

ab → S aSb → S S → .λ

l} ’s}vm Zwa =Q u; CU=Q w AJ CtU w s} Q=OQ@ =Q pw= |xOa=k wO p=Ft u}= QO Qo = "OwW|t xO=O
"Ovm|t O}rwD =Q L u=@ R xm CW=O s}y=wN uDt R= pkDUt Qt=Qo

N

pta wQUB CQwY x@ xm OvDUy | phrase-structure |=yQt=Qo ’hwmQ=t |=ysD} Qwor= ’Q_v l} R=
=t= "OQm xJ |DU}=@ QN; O}rwD |xOa=k =@ xm CU}v K[=w =Q} R ’CU}v j}kO |r}N hQL u}= "Ovvm|t
=Q hwmQ=t |=ysD} Qwor= CQOk xm Ovm|t sy=Qi Q} R |x}[k C=@F= |=Q@ ‘wQW |x]kv l} xOy=Wt u}=

"O}=tv|tXNWt

"OW=@ OwHwt u; |=Q@ hwmQ=t sD} Qwor= l} Qo = \ki w Qo = CU= |DWoR=@ Q}PBVQ=tW u=@ R l} x}[k

L |=ysDU}U 3»3»13

"CU= Cw=iDt |OL =D |r@k OQ=wt =@ (L-system) L |=ysDU}U -=Wvt
OWQ |wor= uOQm pOt |=Q@ =yv; R= (A. Lindenmayer) Q}=tuOv}r ’L |=ysDU}U |xOvyO xaUwD

"OQm|t xO=iDU= X=N C=OwHwt
l} R= s=o Qy QO xm CU= u}= Qw_vt ‘k=w QO "OvDUy |R=wt |U} wvR=@ |=ysDU}U ,=U=U= L |=ysDU}U

"OwW |U} wvR=@ O}=@ O=tv Qy j=kDW=
pmW x@ O}=@ L sDU}U l} O}rwD Oa=wk

a → u

"CU= u ∈ Σ∗ w a ∈ Σ u; QO xm OW=@
O=tv Qy |wQ Q@ O}OH |xDWQ O}rwD R=V}B O}=@ |O}rwD |xOa=k u}vJ ’OwW|t |U} wvR=@ xDWQl} |Dkw

"OwW p=ta= |rai |xDWQ
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H
p=Ft

j=kDW= s}v=wD|t a |xDWQ R= ‘wQW =@ "Ovm h} QaD =Q L sDU}Ul} a → aa w Σ = {a} O}vm ZQi
%s}W=@ xDW=O =Q Q} R

a ⇒ aa ⇒ aaaa ⇒ aaaaaaaa

"CU= L = {a2n : n ≥ 0} K[=w Qw] x@ OvwW|t jDWt CQwY u}= x@ xm |}=yxDWQ |xawtHt

N

|=yQt=Qo |=Q@ xm CU= |r}=Ut =@ xO=U OQwNQ@ x@ QO=k |U} wvR=@ sDU}U u}= xm O}vm xHwD ,=OOHt
"CU= Q=wWO ,qt=m phrase-structure

h}YwD |=Q@ |i=m |xR=Ov= x@ a → u pmW x@ O}rwD Oa=wk =@ L |=ysDU}U xm CU= xOWXNWt
"Ovm|t sy=Qi =Q sRq s}taD ’xO}= u}= R= xaUwD l} "OvDU}v |rm |tD} Qwor= C=@U=Lt |xty

pmW x@ O}rwD Oa=wk xDi=}xaUwD L sDU}U l} QO

(x, a, y) → u

x@ Qo = OwW u} Ro}=H u =@ Ov=wD|t a xm Q}@aD u}= =@ CU= x, y, u ∈ Σ∗ w a ∈ Σ u; QO xm OvDUy
l} |=xDi=} xaUwD L sDU}U u}vJ xm CU= xOWXNWt "OwW Qy=_ xay |xDWQ R= |WN@ CQwY

"CU= C=@U=Lt |=Q@ |rm pOt
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