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|tD} Qwor= C=@U=Lt OwOL
Limits of Algorithmic Computation 12
"OvyO s=Hv= Ovv=wD|tv =Q |}=yQ=m xJ nv} QwD |=yu}W=t xm s}v}@@ s}y=wN|t

"OQ=Ov OwHw =yv; |=Q@ |tD} Qwor= xm OQ=O OwHw |O=} R p�=Ut
"OQ=Ov OwHw |D}w[a sD} Qwor= |DWoR=@ Q}e |=yu=@ R |=Q@

|=Q@ p=Ft |=Q@ "OwW|tv sDN =Hv}= x@ xr�Ut =t= ’OvQ=O |tm Q=}U@ |rta OQ@ Q=m |DWoR=@ Q}e |=yu=@ R
u; OQ@ Q=m xm OQ=Ov OwHw |tD} Qwor= Q}N =} CU= sy@t uDt R= pkDUt Qt=Qol} =}; xmv}= u}}aD

"CU= |R=Uxt=vQ@ |=yu=@ R QO

OvDU}v pL p@=knv} QwD u}W=t \UwD xm |r�=Ut 1»12

|tD} Qwor= pL x=Q CU= umtt xm OUQ|t Q_v x@ w OvwW|t u=}@ |oO=U w |vWwQ x@ xm OvDUy |r�=Ut
"OvDUy QDw}Bt=m \UwD pL p@=k Q}e =t= ’OW=@ OwHwt =yv; |=Q@

|Q}PBx@U=Lt w |Q}PBs}tYD 1»1»12

Q}PBx@U=Lt X=N |xvt=O l} |wQ Q@ f Ovv=t ‘@=D l} "(computability) |Q}PBx@U=Lt
’OW=@ OwHwt xvt=O Q}O=kt s=tD |=Q@ f |x@U=Lt |=Q@ nv} QwD u}W=t l} x=oQy ’CU=

"CU= Q}PB=vx@U=Lt f CQwY u}= Q}e QO
s}} wo|t Q}PBx@U=Lt =Q f |DQwY QO =yvD =t= ’OW=@ Q}PBx@U=Lt OwN |xvt=O R= |WN@ |=Q@ f CU= umtt

"“CU= syt |Q}PBx@U=Lt EL@ QO ‘@=D |xvt=O x@ xHwD” OW=@ Q}PBx@U=Lt xvt=O s=tD |wQ xm

Q}N / xr@ u; MU=B xm CU= |=xr�Ut |Q}os}tYD |xr�Ut "(decidability) |Q}PBs}tYD
"OW=@

xr�Ut |xvt=O =@ \@DQt CqtH x@ xm OW=@ OwHwt nv} QwD u}W=t l} xm CU= Q}PBs}tYD |=xr�Ut
"OyO|t K}LY MU=B

nv} QwD u}W=t QO hkwD |xr�Ut 2»1»12

%xm CU= u}=VUQB ’Ov=xOW xO=O w |OwQw w M nv} QwD u}W=t
#Ovm|t hkwD C=@U=Lt s=Hv= R=TB =}; ’OwW R=e; M \UwD w =@ x}rw= |Ov@ Qm}B Qo =

#Q}N =} Ovm|t hkwD w |OwQw =@ M u}W=t =}; Qo}O CQ=@a x@
#Q}N =} Ovm|t hkwD (M,w) =}; =} w

1



OvDU}v pL p@=k nv} QwD u}W=t \UwD xm |r�=Ut 2

"CU= w |=yxDWQ |t=tD w nv} QwD |=yu}W=t s=tD xr�Ut |xvt=O =Hv}= QO
R= |vqw] C=@U=Lt R}=tD |=Q@ |tR}v=mt nv} QwD u}W=t =Q} R "OQ=Ov OwHw xr�Ut u}= |=Q@ |tD} Qwor=

"OQ=Ov |y=vDt=v C=@U=Lt

w w Ovm|t h}YwD =Q M = (Q,Σ,Γ, δ, q0,�, F ) u}W=t xm OW=@ |=xDWQ wM xm O}vm ZQi h} QaD
"OW=@ M |=@ir= R= |=xDWQ

"OvW=@ 1 w 0 R= |}=yxDWQ w w wM xm s}vm|t ZQi
=Q Q} R |x@U=Lt w w wM Qy |=Q@ xm CU= H s=v x@nv} QwD u}W=tl} ’hkwD |xr�Ut pL x=Ql}

%OyO|t s=Hv=

q0wMw ⊢∗

H x1qyx2

Qo}O Cr=L QO u}vJty w OwW hkwDt w |wQ pta =@ M xm |]QW x@

q0wMw ⊢∗

H y1qny2

"Ovmv hkwD w |wQ pta =@ M xm |]QW x@
"OvDUy H u}W=t |}=yv |=yCr=L wO Qy qn w qy =Hv}= QO

"CU= Q}PB=vs}tYDhkwD |xr�Ut u}=Q@=v@ w OQ=Ov OwHw Ovm pta jwih} QaD j@=]t xmH nv} QwD u}W=t x}[k

"C=@F= ◭
xm OQ=O OwHw H nv} QwD u}W=t xH}Dv QO w OW=@ OwHwt |tD} Qwor= u}vJ s}vm|t ZQi %hrN u=yQ@

"Ovm|t pL =Q hkwD |xr�Ut
"Ow@ Oy=wN wMw |xDWQ H |OwQw

"O}=tv hkwD no =} yes MU=B =@ H nv} QwD u}W=t ’xOW xO=O wmw Qy =@ xm CU= sRq
"O};|t CUO x@ ’Ovm|thkwD qn =} qy |}=yv Cq=L R=l}s=Om QO H xmv}= T=U= Q@VUQB u}= MU=B

Mw w
0q

nq

yq

%Ovm pta Q} R h} QaD j@=]t H s}y=wN|t

q0wMw ⊢∗

H x1qyx2 %Ovm hkwD w |wQ Q@ M Qo =
q0wMw ⊢∗

H y1qny2 %Ovmv hkwD w |wQ Q@ M Qo =

%OwW O=H}= Q} R Q=DN=U =@ H ′ nv} QwD u}W=t xm s}yO|t Q}}eD |=xvwo x@ =Q H p=L
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3 |tD} Qwor= C=@U=Lt OwOL

Mw w
0q

nq

yq aq bq

s=Hv= qb w qa O}OH Cq=L w qy Cr=L u}@ O}=@ xm |}=yQPo s}y=wN|t pmW QO xOW xi=[= Cq=L =@
"Ov=t@ |k=@ Q}}eD uwO@ Q=wv |=wDLt xm |=xvwo x@ ’s}vm p=@vO Q=wv |wQ O=tv x@ xHwD uwO@ =Q ’OvwW

"CU= CU=QQU Q=m u}= s=Hv= VwQ
|xDi=} Q}}eD u}W=t ’Ovm|thkwD w OUQ|t qy x@H xm |}=yC}a[w QO xm s}v}@|tH ′ wH |xU}=kt =@

"OwW|t |y=vDt=v |xkrL OQ=w H ′

%OwW|t h}YwD Q} R CQwY x@ H ′ pta ’|tUQ Qw] x@

q0wMw ⊢∗

H′ ∞ %Ovm hkwD w |wQ Q@ M Qo =
q0wMw ⊢∗

H′ y1qny2 %Ovmv hkwD w |wQ Q@ M Qo =

" Ovm|t |Bm =Q u; ’OQ}o|t =Q wM |OwQw Ĥ %s} R=U|t Ĥ Ovv=t |Qo}O nv} QwD u}W=t H ′ |wQ R=
"Ovm|t Q=DiQ H ′ Ovv=t ,=k}kO u; R=TB "Ov=UQ|t u=}=B x@ =Q Q=m q0 OwN |x}rw= Cr=L QO

%Ow@ Oy=wN Q} R CQwY x@ Ĥ pta

q0wM ⊢∗

Ĥ
q0wMwM ⊢∗

Ĥ
∞ %Ovm hkwD wM |wQ Q@ M Qo =

q0wM ⊢∗

Ĥ
q0wMwM ⊢∗

Ĥ
y1qny2 %Ovmv hkwD wM |wQ Q@ M Qo =

u=Wv ŵ =@ =Q xDWQ u}= %OW=@|t {0, 1}∗ QO |i}YwD |=Q=OTB ’CU= nv} QwD u}W=t l} Ĥ uwvm =
"s}yO|t

"OwW xO=iDU= sy |OwQw u=wva x@ Ov=wD|t ’CU= Ĥ h}YwD xmv}= Q@ xwqa xDWQ u}=
#OyO|t MQ xJ Ĥ |wQ ŵ p=ta= CQwY QO xm s}UQB@ s}v=wD|t u}=Q@=v@

%s} Q=O Ĥ w M CN=vW =@ jwi EL@ T=U= Q@

q0ŵ ⊢∗

Ĥ
∞ %Ovm hkwD ŵ |wQ Q@ Ĥ Qo =

q0ŵ ⊢∗

Ĥ
y1qny2 %Ovmv hkwD ŵ |wQ Q@ Ĥ Qo =

"CU= swyit|@ u}= xm CU= K[=w
CUQO=v O}=@ hkwD |xr�Ut |Q}PBs}tYD xH}Dv QO w H OwHw ZQi xm OyO|t u=Wv =t x@Zk=vD u}=

"OW=@

�

xH}Dv QO "Ow@|t |DWoR=@ ’|DWoR=@ Q}PBVQ=tW u=@ R Qy x=ou; ’Ow@ Q}PBs}tYD hkwD |xr�Ut Qo = x}[k
"CU= Q}PB=vs}tYD hkwD |xr�Ut

"C=@F= ◭
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OvDU}v pL p@=k nv} QwD u}W=t \UwD xm |r�=Ut 4

"OQ}PB|t =Q L xm OW=@ |ov} QwD u}W=tM w Σ |wQ Q@ |DWoR=@ Q}PBVQ=tW u=@ Rl} L s}vm|t ZQi
"Ovm|t pL =Q hkwD |xr�Ut xm OW=@ |ov} QwD u}W=t H s}vm|t ZQi

%s} R=U|t =Q Q} R p=wQ ’u}= T=U= Q@
%s} Q}o|t Q=m x@ wMw |wQ =Q H

w 6∈ L h} QaD j@] ’Ov=OQoQ@ =Q ‹Q}N› MU=B H Qo =
’s} Q}o|t Q=m x@ w |wQ =Q M ’Ov=OQoQ@ =Q ‹xr@› MU=B H Qo =

"w 6∈ L =} w ∈ L xm s}tyi|t s=Hv=QU u}=Q@=v@ ’O}=tv hkwD O}=@ M =t=
’OW=@ |DWoR=@ L OwW|t ?Hwt xm OR=U|t C} w[a sD} Qwor= l} u}=

"OvDU}v |DWoR=@ xm OvQ=O OwHw |=|DWoR=@ Q}PBVQ=tW |=yu=@ R xm s}v=O|t =t |rw
"CU= Q}PB=vs}tYD hkwD |xr�Ut |va} ’OW=@ xDW=O OwHw Ov=wD|tv H xm OyO|t u=WvZk=vD u}=

�

|DWoR=@ Q}PBVQ=tW |=yu=@ R |=Q@ C} w[a sD} Qwor= w hkwD |xr�Ut u}@ |t}kDUt |x]@=Q ‘k=w QO
"OQ=O OwHw

Qo}O |xr�Utl} x@ Q}PB=vs}tYD |xr�Utl}Vy=m 3»1»12

s}U} wv|t w OwW|t xO=OVy=m B |xr�Ut x@ A |xr�Ut s}} wo|t

A⊆RB

"s}}=tv pL =Q A |xr�Ut s}v=wD@ x=ou; ’s}vm pL =Q B |xr�Ut s}v=wD@ Qo =
Qo = ’pO=at Qw] x@ w OwW xH}Dv B |xr�Ut |Q}PBs}tYD R= A |xr�Ut |Q}PBs}tYD CQwY u}= QO

"CU= Q}PB=vs}tYD R}v B xm s} Q}o@ xH}Dv s}v=wD|t ’CU= Q}PB=vs}tYD A xm s}v=O@

H
p=Ft

(state-entry problem) Cr=L x@ OwQw |xr�Ut
O} Q}o@ s}tYD ’w ∈ Σ+ w q ∈ Q Qy wM = (Q,Σ,Γ, δ, q0,�, F )nv} QwD u}W=t Qy uDW=O =@

#Q}N =} OwW|t q Cr=L OQ=w w |OwQw =@ M =}; xm
"CU= Q}PB=vs}tYD xr�Ut u}=

u}= xm s}W=@ xDW=O =Q A sD} Qwor= xm O}vm ZQi ’Cr=L x@ OwQw |xr�Ut x@ hkwD |xr�UtVy=m |=Q@
"s}vm xO=iDU= hkwD |xr�Ut pL |=Q@ u; R= s}v=wD|t CQwY u}= QO "Ovm|t pL =Q xr�Ut

q QO M̂ xm |=xvwo x@ s} Qw; CUO x@ =Q M̂ =D s}yO|t Q}}eD =Q M =OD@= w w M uDW=O =@ ’p=Ft |=Q@
"O}=tv hkwD M Qo = \ki w Qo = Ovm hkwD

’Ovm hkwD M Qo = "s}yO s=Hv= M x@ \w@ Qt δ QPo ‘@=D x@ uOQm x=ov =@ |oO=U x@ s}v=wD|t =Q Q=m u}=
"CU= xOWv h} QaD =yδ(qi, a) R= |NQ@ xm CU= Q]=N u}O@

QO xm s}yO|t Q}}eD δ(qi, a) = (q, a,R) CQwY x@ =Q xOWv h} QaD |δ Qy M̂ uOQw; CUO x@ |=Q@
"CU= |}=yv Cr=L l} q u;
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5 |tD} Qwor= C=@U=Lt OwOL

"s} Q}o|t Q=m x@ (M̂, q, w) |wQ Q@ =Q A ‹Cr=L x@ OwQw› sD} Qwor=
"Ovm|t hkwD (M,w) x=ou; w s}=xOW q Cr=L OQ=w |va} ’OyO@ yes MU=B A Qo =

"Ovm|tv hkwD (M,w) x=ou; ’OyO@ no MU=B A Qo =
"OyO|tCUO x@hkwD |xr�Ut |=Q@ |tD} Qwor= ‹Cr=L x@ OwQw› |xr�Ut uOw@ Q}PBs}tYD ZQi u}=Q@=v@

"OW=@ Q}PB=vs}tYD O}=@ R}v ‹Cr=L x@ OwQw› |xr�Ut ’CU= Q}PB=vs}tYD hkwD |xr�Ut uwJ

N

H
p=Ft

(Blank-tape halting problem) |r=N Q=wv =@ hkwD |xr�Ut
%O@=}Vy=m u=O@ Ov=wD|t hkwD |xr�Ut xm Qo}O |xr�Ut l}

#Q}N =} Ovm|t hkwD |r=N Q=wv R= ‘wQW =@ M =}; xm O}vm u}}aD M nv} QwD u}W=t uDW=O =@
"CU= Q}PB=vs}tYD xr�Ut u}=

"s}W=@ xDW=O =Q w l} w M l} xm O}vm ZQi ’Vy=m |ovwoJ uO=O u=Wv |=Q@
OU} wv|t u; |wQ Q@ =Q w w Ovm|t ‘wQW |r=N Q=wv =@ xm s} R=U|t =QMw O}OH u}W=tM |wQ R= =OD@=

"OyO|t Q=Qk q0w |Ov@ Qm}B C}a[w QO =Q OwN w
"O}=tv|t pta M j@=]t Mw u; R=TB

"O}=tv hkwD w |wQ Q@ M Qo = \ki w Qo = ’Ovm|t hkwD |r=N Q=wv |wQ Q@ Mw xm CU= K[=w
=Q Mw =OD@= ’xOW xO=O (M,w) =@ "OW=@ Q}PBs}tYD |r=N Q=wv =@ hkwD |xr�Ut xm O}vm ZQi ’uwvm =

"s}vm|t p=ta= u; |wQ Q@ =Q |r=N Q=wv =@ hkwD sD} Qwor=TBU w s} R=U|t
"Q}N =} Ovm|t hkwD w |wQ xOW xDiQo Q=m x@ M =}; xm O} wo|t =t x@ xOW s=Hv= EL@

|r=N Q=wv =@ hkwD |xr�Ut |=Q@ sD} Qwor= ’OwW s=Hv= w Qy w M Qy |=Q@ Ov=wD|t Q=m u}= xm =Hv; R=
"OwW p}O@D hkwD |xr�Ut |=Q@ |tD} Qwor= x@ Ov=wD|t

|r=N Q=wv =@ hkwD |xr�Ut |=Q@ O}=@ C}a[w u}= ’CU= Q}PB=vs}tYD swO |xr�Ut s}v=O|t xm =Hv; R=
"OW=@ Q=QkQ@ sy

Generate
Mw

Blank-tape
halting

algorithm A

MwM,w
Halts

Does not Halt

Halts

Does not halt

N

|=yu}W=t Q=DiQ Ovvm|t|aU xm OvDUy|}=yv; ’Q}PB=vx@U=Lt ‘@=wD |=yp=Ft QDW}@ Q}PB=vx@U=Lt ‘@=wD
"Ov}=tv |v}@V}B |awv x@ =Q nv} QwD

H
p=Ft

%s}vm|t h} QaD Q} R CQwY x@ =Q f ‘@=D Γ = {0, 1,�}ZQi =@
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OvDU}v pL p@=k nv} QwD u}W=t \UwD xm |r�=Ut 6

=@ ‘wQW CQwY QO xm xDr=L n nv} QwD u}W=t l} \UwD xOW s=Hv= C=mQL O=OaD st} Rm =t = f(n)

"Ovm|t hkwD |r=N Q=wv
"CU}v Q}PBx@U=Lt ’CU= xOW h} QaD xm |DQwY x@ ‘@=D u}=

"CU= xOW h} QaD =yn |xty |=Q@ f(n) xm s} wW u�t]t O}=@ =OD@=
"OQ=O OwHw Cr=L n =@ nv} QwD u}W=t |y=vDt |O=OaD xm s}vm|t xHwD ’CUNv
"OW=@|t |y=vDt OQ@ w xvt=O |=Q=O δ u}=Q@=v@ ’OvDUy |y=vDt Γ w Q =Q} R

n nv} QwD u}W=t |y=vDt |O=OaD xH}DvQO w hrDNt |δ |y=vDt |O=OaD =yvD xm OwW|t ?Hwt u}=
"OW=@ xDW=O OwHw xDr=L

=yvD xm |}=yu}W=t ’p=Ft |=Q@” Ovvm|t hkwD xW}ty =yv; R= |NQ@ ’xDr=L n |=yu}W=t |xty u=}t R=
"“OvyO|tv s=Hv= |DmQL I}y u}=Q@=v@ w OvDUy |}=yv |=yCr=L |=Q=O

u}= =t= &Ovvm|tv hkwD RoQy |r=N Q=wv =@ ‘wQW CQwY QO ’xDr=L n nv} QwD |=yu}W=t u}= R= |NQ@
"OvwW|tv OQ=w f h} QaD QO =yu}W=t

QO f(n) u=wva x@ =Q =yv; u} QDoQR@ xm Ovm|t =QH= CmQL |YNWt O=OaD ’Ovm|t hkwD xm |v}W=t Qy
"s} Q}o|t Q_v

"s} Q}o|t Q_v QO =Q m C@Ft OOa w M x=wNrO nv} QwD u}W=t l}
%CU= xO=U ’Ovm hkwD Q} R MU=B wO R= |m} =@ xW}ty xm |=xvwo x@ M̂ O}rwD |=Q@ M Q}}eD

"Ovm|t hkwD CmQL m QO QFm =OL |r=N Q=wv |wQ Q@ xOW xDiQo Q=m x@ M
"OyO|t s=Hv= CmQL m R=V}@ ’|r=N Q=wv |wQ Q@ xOW xDiQo Q=m x@ M

u}= w s} Q=tW@ =Q u; C=mQL O=OaD ’s}W=@ xDW=O =QM xm CU= u}= ’OwW s=Hv= O}=@ u}= |=Q@ xm |Q=m s=tD
"s}}=tv hkwDt OQm Rw=HD m R= VQ=tW xm |DQwY QO =Q Q=m

"OW=@ Q}PBx@U=Lt F nv} QwD u}W=t l} \UwD f(n) xm s}vm|t ZQi
%s} Q=Po@ sy Q=vm QO =Q M̂ w F s}v=wD|t

Construct
Mu

M

M halts in m steps Halts

Does not haltM̂

M̂

F
( )m f Q=

M does not halts in m steps

"“CU= M Cq=L |xawtHt Q” s}vm|t x@U=Lt =Q f(|Q|) =OD@=
"OyO|t u=Wv =Q O}=tv hkwD =D OyO s=Hv= Ov=wD|t M xm |D=mQL O=OaD QFm =OL ’Q=Okt u}=

w s} R=U@ xOW KQ] CQwY x@ =Q M̂ =D OwW|t xO=iDU= m u=wva x@ ’s} Qw;|t CUO x@ xm |Q=Okt
"O}=tv =QH= =Q u; =D OwW|t xO=O ‘t=H nv} QwD u}W=t x@ M̂ R= |i}YwD

hkwD Cr=L f(|Q|) R= QDtm QO |r=N Q=wv l} |wQ xOW xDiQo Q=m x@ M =}; xm O} wo|t =t x@ KQ] u}=
#Q}N =} Ovm|t

T=U= Q@ ’OyO|t s=Hv= CmQL f(|Q|) R= V}@ |r=N Q=wv |wQ xOW xDiQo Q=m x@ M xm s}@=} QO Qo =
"Ovm|tv hkwD RoQy M xm CU= u}= xH}Dv f h} QaD
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7 |tD} Qwor= C=@U=Lt OwOL

"s} Q=O |r=N Q=wv =@ hkwD |xr�Ut |=Q@ |rL x=Q u}=Q@=v@
"CU}v Q}PBx@U=Lt f s} Q}PB@ xm Ovm|t Q=O=w =Q =t xH}Dv u}= u=mt= sOa

N

|DWoR=@ Q}PBVQ=tW |=yu=@ R |=Q@ Q}PB=vs}tYD p�=Ut 2»12

"OQ=Ov OwHw C} w[a sD} Qwor= ’|DWoR=@ Q}PBVQ=tW |=yu=@ R |=Q@
"CU= Q}PB=vs}tYD =yv; OQwt QO |WUQB Qy xm OvDUy |rm QOku; |DWoR=@ Q}PBVQ=tW |=yu=@ R

|y=Q xm s} wW|t xHwDt ’s}UQB|t |DWoR=@ Q}PBVQ=tW |=yu=@ R OQwt QO VUQB l} |Dkw ’‘k=w QO
"OQ=O OwHwVUQB u}= x@ hkwD |xr�UtVy=m |=Q@

’Q}N =} CU= |yD L(G) =}; xmv}= u}}aD |xr�Ut CQwY u}= QO "OW=@ O}kt=v Qt=Qol} G xm O}vm ZQi x}[k
"CU= Q}PB=vs}tYD

"C=@F= ◭
"s}yO|tVy=m xr�Ut u}= x@ =Q |DWoR=@ Q}PBVQ=tW |=yu=@ R |=Q@ C} w[a |xr�Ut

%s}yO Q}}eD Q} R CQwY x@ =Q M s}v=wD|t "s} Q=O =Q w |xDWQ w M nv} QwD u}W=t xm s}vm|t ZQi
’Ovm|t xQ}NP Q=wv R= |Y=N CtUk QO =Q OwN |OwQw M =OD@=

Qo = OQ}PB|t =Q |OwQw |xDWQ w Ovm|t |UQQ@ =Q u; ’OW |}=yv Cr=Ll} x@ OwQw |xO=t; x=oQyTBU
"OW=@ w xDWQ u; Qo = \ki w

L(Mw) = L(M)∩{w} xm |=xvwo x@ O=O s=Hv=Mw u}W=t O=H}= w δ Q}}eD =@|oO=U x@ u=wD|t =Q Q=mu}=
"s} R=U|t =Q Gw Q_=vDt Qt=Qo p=L "OW=@

"OW=@ w ∈ L(M) Qo = \ki w Qo = CU= |yD=v L(Gw) xm CU=XNWt
"s} Q=O L(G) uOw@ |yD OQwt QO |Q}os}tYD |=Q@ A Ovv=t |tD} Qwor= xm s}vm|t ZQi p=L

sy |wQ pmW j@=]t =Q A w T s}v=wD|t x=ou; ’s}vm|t O}rwD =Q Gw u; =@ xm OW=@ |tD} Qwor= T Qo =
=} CU= w ∈ L(M) O} wo|t =t x@ w wM Qy |=Q@ xm CU= |ov} QwD u}W=t Ovv=t pY=L xm s} Q=Po@

"Q}N
"s} Q=O |DWoR=@ Q}PBVQ=tW u=@ R Qy |=Q@C} w[a sD} Qwor=l} ’s}W=@ xDW=O |ov} QwD u}W=t u}vJ Qo =
L(G) = ∅? |xr�Ut xm s} Q}o|t xH}Dv TB "s}OQw; CUO x@ ,q@k xm CU= |=xH}Dv =@ Q}=et u}=

"CU= Q}PB=vs}tYD

Generate
Gw

Emptiness
algorithm A

GwM,w
( )wL G

( )wL G = ( )w L M

( )w L M

�
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=} CU= |y=vDt L(M) =}; xmv}= |xr�Ut CQwY u}= QO "OW=@ nv} QwD u}W=t l} M xm O}vm ZQi x}[k
"CU= Q}PB=vs}tYD ’Q}N

"C=@F= ◭
"O} Q}o@ Q_v QO =Q (M,w) hkwD |xr�Ut

%OyO s=Hv= =Q Q} R pta xm s} R=U|t M̂ Ovv=t |Qo}O u}W=t M nv} QwD u}W=t |wQ R=
|OwQw pm x=ou; ’s}UQ@ =yv; R=l} Qy x@ Qo = xm OwW|t xO=O Q}}eD |=xvwo x@M hkwD Cq=L |xty =OD@=

"OwW|t xDiQ}PB M̂ \UwD
|}=yv Cr=L l} OQ=w s}yO|t xR=H= hkwD |Ov@ Qm}B Qy x@ xm s}yO|t s=Hv= CQwY u}= x@ =Q Q=m u}=

"OwW
w Ovm O}rwD OwN Q=wv |wQ =Q w =OD@= M̂ O}OH u}W=t xm OwW|t xO=O Q}}eD |=xvwo x@ x}rw= u}W=tTBU
"OyO s=Hv= ’CU= xOW O=H}= |oR=D x@ xm w R= xO=iDU= =@ ’OwW|t s=Hv=M \UwD xm |D=@U=Lt u=ty Oa@
|D=mQL u=ty ’CWwv OwN Q=wv |wQ =Q w xmv}= R=TB M̂ \UwD xOW s=Hv= |=yCmQL ’Qo}O CQ=@a x@

"O}=tv hkwD q0w |Ov@ Qm}B QO Qo = OyO|t s=Hv= M xm CU=
"O}=tv|t hkwD |}=yv Cr=L l} QO M̂ x=ou; ’O}=tv hkwD M Qo =

"OUQ|t |}=yv Cr=L l} x@ =y}OwQw |t=tD |=Q@ M̂ x=ou; ’Ovm hkwD (M,w) Qo = u}=Q@=v@
"OQ}PB|tv =Q |R}J u}=Q@=v@ w Ovm|tv hkwD sy M̂ ’O}=tvv hkwD (M,w) Qo = w
"OQ}PB|t =Q ∅ |y=vDt u=@ R =} w Σ+ |y=vDt=v u=@ R =} M̂ ’Qo}O CQ=@a x@

s}v=wD|t ’Q}N =} CU= |y=vDt L(M̂) O} wo|t =t x@ xm OQ=O OwHw A sD} Qwor= xm s}vm ZQi Qo = p=L
=}; xmv}= OQwt QO |Q}os}tYD |=Q@ |tD} Qwor= u}=Q@=v@ w s}@=}@ Q} R pmW j@=]t hkwD |xr�Ut |=Q@ |y=Q

"OW=@ xDW=O OwHw Ov=wD|tv Q}N =} CU= |y=vDt L(M)

Generate Finiteness
algorithm A

M,w

M̂

ˆ( )L M
M̂

is finite

ˆ( )L M is not finite Halts

Does not halt

�

"CU}v syt ’‹#CU= |y=vDt L(M) =};› xmv}= |va} ’xr�Ut Ca}@] ’x}[k u}= C=@F= QO
"O=O Q}}eD ’EL@ |wQ Q@ xOta Q}F=D uwO@ =Q xr�Ut Ca}@] u=wD|tTB

H
p=Ft

|xDWQ wO pt=W L(M)› |xr�Ut ’Σ = {a, b} =@M x=wNrOnv} QwD u}W=t Qy |=Q@ xm O}yO u=Wv
"CU= Q}PB=vs}tYD ‹#Q}N =} CU= u=Um} pw] =@ R}=tDt
’s}vm|t xO=iDU= p@k |x}[k C=@F= VwQ u=ty R=

=Q b w a |xDWQ wO xm O@=}|t Q}}eD |=xvwo x@ ’OUQ|t hkwD |Ov@ Qm}B x@ M̂ xm |Dkw xm Cw=iD u}= =@
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"OQ}PB@
xDWQ wO u}= =yvD w OwW|t xU}=kt b w a =@ x@U=Lt |=yDv= QO w OwW|t ^iL x}rw= |OwQw ’Q=m u}= |=Q@

"OvwW|t xDiQ}PB
"OQ}PB|t =Q u=Um} pw] x@ xDWQ wO M̂ ’Ovm hkwD (M,w) Qo = u}=Q@=v@

’CiQ}PB Oy=wNv =Q |R}J M̂ CQwY u}= Q}e QO
"CU= p@k |x}[k C=@F= x@=Wt EL@ |k@=t

N

=};› =} ‹CU= 5 pw] x@ |=xDWQ |w=L L(M) =};› Ovv=t |}=yVUQB jwi p=Ft QO u=wD|t xDmv ◭
"OwW OQ=w |rrN EL@ T=U= Q@ xmv}= uwO@ ’OQm u} Ro}=H =Q ‹CU= s_vt L(M)

"OvDUy Q}PB=vs}tYD x@=Wt |=yVUQB w =yVUQB u}= |xty

|DWoR=@ Q}PBVQ=tW u=@ R l} R= |y}O@ Q}e C}YwYN Qy "(Rice theorem)T}=Q |x}[k x}[k
"CU= Q}PB=vs}tYD

|=yu=@ R |xty xv w |NQ@ QO xm CU= |D}YwYN (nontrivial) |y}O@ C}YwYN R= Qw_vt
"OQ=O OwHw |DWoR=@ Q}PBVQ=tW

CUB Q_=vD |xr�Ut 3»12

"CU= pmWt OQ=wt R= |Q=}U@ QO s}kDUt Qw] x@ hkwD |xr�Ut =@ uOQm Q=m
\=@DQ= =t= OvwW xH}Dv hkwD |xr�Ut |Q}PB=vs}tYD R= xm OvwW xDN=U |v=}t |H}=Dv xm CU= ?U=vt

"Ov}=tv QDxO=U =Q EL@ |iQ] R= w OvW=@ xDW=O =t Q_v OQwt |xr�Ut =@ |QDl}ORv
"CU= (Post Correspondence Problem) CUB Q_=vD |xr�Ut |v=}t G}=Dv u}= R= |m}

%OwW|t u=}@ Q} R CQwY x@ xm
%CU= xOW xO=O Σ |=@ir= |wQ Q@ xDWQ n R= xr=@vO wO

A = w1, w2, . . . , wn

B = v1, v2, . . . , vn

’OQ=O OwHw (A,B) GwR |=Q@ (PC-solution) CUB Q_=vD pLx=Q l} xm OwW|t xDio
xm OW=@ OwHwt K}LY O=Oa= R= i1, i2, . . . , ik |yD=v |xr=@vO Qo =

wi1wi2 . . . wik = vi1vi2 . . . vik

PC pL x=Q =}; (A,B) GwR Qy |=Q@ O} wo|t =t x@ xm CU= |tD} Qwor= |L=Q] ’CUB Q_=vD |xr�Ut
#Q}N =} OQ=O OwHw
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H
p=Ft

w Σ = {0, 1} s}vm|t ZQi

A = w1, w2, w3 w1 = 11, w2 = 100, w3 = 111

B = v1, v2, v3 w1 = 111, w2 = 001, w3 = 11

%OQ=O OwHw PC pL x=Q pmW j@=]t Cr=L u}= QO

1    1    1    0    0    1    1    1 

1w 2w 3w

3v2v1v

Qo = =t=

A = w1, w2, w3 w1 = 00, w2 = 001, w3 = 1000

B = v1, v2, v3 w1 = 0, w2 = 11, w3 = 011

pmWDt |xDWQ R= QD|vqw] A QY=va R= pmWDt |xDWQ Qy =Q} R ’OW=@ xDW=O OwHw Ov=wD|tv PC pL x=Q
"CU= B QY=va R=

N

s}yO u=Wv xmv}= =} w s}vm x�=Q= PC |xr�Ut |=Q@ |rL x=Q s}v=wD@ CU= umtt X=N |=yxvwtv |=Q@
CLD xr�Ut u}= OQwt QO |Q}os}tYD |=Q@ |tD} Qwor= |rm Cr=L QO =t= ’OQ=Ov OwHw |rL x=Q u}vJ

"CU= Q}PB=vs}tYD CUB Q_=vD |xr�Ut u}=Q@=v@ "OQ=Ov OwHw \}=QW |xty

"CU= Q}PB=vs}tYD CUB Q_=vD |xr�Ut x}[k

uDt R= pkDUt |=yu=@ R |=Q@ Q}PB=vs}tYD p�=Ut 4»12

R= pkDUt |=yu=@ R |=Q@ Q}PB=vs}tYD |=yVUQB |xar=]t |=Q@ pw=ODt Q=R@= l} CUB Q_=vD |xr�Ut
"CU= uDt

"Q}N =} CU= sy@t xOW xO=O uDt R= pkDUt Qt=Qo l} =}; OQ}o@ s}tYD xm OQ=Ov OwHw |tD} Qwor= x}[k

"C=@F= ◭
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CQwY x@ =Q =yxDWQ R= xr=@vO wO

A = (w1, w2, . . . , wn), B = (v1, v2, . . . , vn)

O}vm ?=NDv= =Q an ’. . . ’a2 ’a1 R}=tDt |=yO=tv R= O}OH |xawtHtl} "O} Q}o@ Q_v QO Σ |=@ir= |wQ
xm |=xvwo x@

{a1, a2, . . . , an} ∩ Σ = ∅

u=@ R wO w OW=@

LA = {wiwj . . . wlwkakal . . . ajai}

LB = {vivj . . . vlvkakal . . . ajai}

%O}vm xHwD Q} R uDt R= pkDUt Qt=Qo x@ uwvm = "O} Q}o@ Q_v QO =Q

G = ({S, SA, SB},Σ ∪ {a1, a2, . . . , an}, S, P )

%CU= Q} R |xawtHt wO ‘=tDH= P Oa=wk |xawtHt u; QO xm
%R= CU= pmWDt PA xawtHt u}rw=

S → SA

SA → wiSAai | wiai i = 1, 2, . . . , n
%R= CU= pmWDt PB xawtHt u}twO w

S → SB

SB → viSBai | viai i = 1, 2, . . . , n
’p=L

GA = ({S, SA},Σ ∪ {a1, a2, . . . , an}, S, PA)

w
GB = ({S, SB},Σ ∪ {a1, a2, . . . , an}, S, PB)

CQwY u}= QO xm CU= K[=w

LA = L(GA)

LB = L(GB)

L(G) = LA ∪ LB

"OvDUy sy@t Q}e OwN |OwN x@ GB w GA xm O}O u=wD|t |oO=U x@
S ⇒ wiSai =@ O}=@ GA Qt=Qo =@ u; j=kDW= CQwY u}= QO ’O@=} u=}=B ai =@ L(G) QO xDWQ l} Qo =

"OOQo xO=iDU= |=xOa=k xJ R= |DU}=@ xm Cio xrLQt Qy QO u=wD|t x@=Wt Qw] x@ "OwW ‘wQW
%CU= OwHwt j=kDW= wO u; |=Q@ xm OQ=O OwHw w l} xm OW=@ p}rO u}O@ O}=@ ’OW=@ sy@t G Qo = u}=Q@=v@

S ⇒ SA ⇒ wiSAai ⇒
∗ wiwj . . . wkak . . . ajai = w,

S ⇒ SB ⇒ viSBai ⇒
∗ vivj . . . vkak . . . ajai = w
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Tma Q@ "CU= pL x=Ql} |=Q=O (A,B) GwR =@CUB Q_=vD |xr�Ut x=ou; ’OW=@ sy@t G Qo = xH}Dv QO
"OW=@ xDW=O |rL x=Q Ov=wD|tv CUB Q_=vD |xr�Ut x=ou; ’OW=@ sy@t=v G Qo =

Q_=vD |xr�Ut =D s}yO Q}}eD =Q u; s}v=wD|t ’OW=@ xDW=O OwHw s=y@= |xr�Ut pL |=Q@ |tD} Qwor= Qo =
xH}Dv ’OQ=Ov OwHw CUB Q_=vD |xr�Ut |=Q@ |tD} Qwor= xm =Hv; R= =t= "Ovm pL Q} R pmW j@=]t =Q CUB

"CU= Q}PB=vs}tYD s=y@= |xr�Ut xm s} Q}o|t

Construct
G

Ambiguity
algorithm

A,B
G is ambiguous

No PC-solution

PC-solution
G

G is not ambiguous

�

|=yQt=Qo |=Q@ ’Q}N =} CU= L(G1) ∩ L(G2) = ∅ =}; xmv}= OQwt QO |Q}os}tYD |=Q@ |tD} Qwor= x}[k
"OQ=Ov OwHw ’G2 w G1 x=wNrO uDt R= pkDUt

"C=@F= ◭
xO=iDU= |r@k |x}[k C=@F= QO xm s} Q}o|t Q_v QO G2 u=wva x@ =Q GB w G1 u=wva x@ =Q GA Qt=Qo

"Ov=xOW
%|va} ’OvW=@ xDW=O lQDWt w[a l} L(GB) w L(GA) xm s}vm|t ZQi

SA ⇒∗ wiwj . . . wkak . . . ajai,

SB ⇒∗ vivj . . . vkak . . . ajai

xDW=Ov PC pL x=Q GwR u}= Qo = TmaQ@ "CU= PC pL x=Q l} |=Q=O (A,B) GwR CQwY u}= QO
"OvW=@ lQDWt w[a |=Q=O Ovv=wD|tv L(GB) w L(GA) CQwY u}= QO ’OW=@

"OW=@ PC pL x=Ql} |=Q=O (A,B) Qo =\ki w Qo =CU= |yD=v L(GA)∩L(GB) xm s} Q}o|t xH}Dv
"Ovm|t C=@F= =Q x}[kVy=m u}=

�
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‘H=Qt
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