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w |tUQ |=yu=@ R ?D=QtxrUrU
=D=twD;

A Hierarchy of Formal Languages and Automata

11
%“|QwY |=yu=@ R” |tUQ |=yu=@ R |xar=]t

=yv; |=yC}OwOLt |UQQ@ w nv} QwD u}W=t =@ \@DQt |=yu=@ R |UQQ@ %pw= hOy •

#OvwWv xDiQ}PB nv} QwD u}W=t =@ xm OvQ=O OwHw |}=yu=@ R =};

=yQt=Qo ‘=wv= w nv} QwD u}W=t u=}t \=@DQ= |UQQ@ %swO hOy •

=yu=@ R |Ov@xDUO⇐ =yQt=Qo |Ov@xDUO⇐

"OvW=@v λ |w=L xm CU= jO=Y |}=yu=@ R OQwt QO pYi u}= |=yEL@ QDW}@
"OvQ}PB@ =Q |yD |xDWQ Ovv=wD|tv Ov=xOW h} QaD xm |=xvwo x@ nv} QwD |=yu}W=t

|DWoR=@ Q}PBVQ=tW |=yu=@ R w |DWoR=@ |=yu=@ R 1»11

sD} Qwor= =yv; |=Q@ xm |}=yu=@ R w OQ=O OwHw xOvQ}PB nv} QwD u}W=t l} =yv; |=Q@ xm |}=yu=@ R u}@
’OQ}PB|tv =Q u; xm |OwQw l} |wQ Q@ nv} QwD u}W=t uwJ” s} wW|t p}=k R}=tD ’OQ=O OwHw C} w[a

"“Ovm|tv hkwD ,=twRr

|DWoR=@ Q}PBVQ=tW =Q L u=@ R "(recursively enumerable) |DWoR=@ Q}PBVQ=tW u=@ R h} QaD
"OQ}PB@ =Q u; xm OW=@ xDW=O OwHw |ov} QwD u}W=t Qo = ’s}} wo|t

’qf ∈ F =@ w ∈ L Qy |=Q@ xm OQ=O OwHw M Ovv=t |ov} QwD u}W=t |va}

q0 w ⊢∗ x1 qf x2

"“|y=vDt=v |xkrL =} |}=yvQ}e Cr=L QO hkwD” O} wo|tv w 6∈ L Qo = xmv}= OQwt QO |R}J h} QaD u}=

L xmM nv} QwD u}W=t Qo = ’s}} wo|t |DWoR=@ =Q Σ |wQ Q@ L u=@ R "(recursive) |DWoR=@ u=@ R h} QaD
"Ovm hkwD w ∈ Σ+ Qy |=Q@ ’OQ}PB|t =Q

"OW=@ OwHwt u; |=Q@ |D} w[a sD} Qwor= Qo = \ki w Qo = CU= |DWoR=@ u=@ R l} ’Qo}O CQ=@a x@

1



|DWoR=@ Q}PBVQ=tW |=yu=@ R w |DWoR=@ |=yu=@ R 2

%OQ=O OwHw u; |=Q@ VQ=tW p=wQ ,=tDL x=ou; ’OW=@ |DWoR=@ u=@ Rl} Qo =
"Ovm|t u}}aD =Q L |DWoR=@ u=@ R l} QO C} w[a xm OW=@ nv} QwD u}W=t l} M ’ZQi x@

Ov m|t O} rw D xQU ?} DQ D x @ =Q Σ∗ |=yx DWQ |t= t D x m s } R=U|t =Q M̂ nv } Qw D u}W=t =OD @=
"(w1, w2, w3, . . .)

=Q u; ’OW=@ wi ∈ L xm |DQwY QO =yvD M =t= OvwW|t M OQ=w ’OvwW|t O}rwD =yxDWQ xm Qw] u}ty
"OU} wv|t VQ=wv |wQ

x_Lqt p@=k |v=U; x@ ’OQ=O OwHw VQ=tW p=wQ |DWoR=@ Q}PBVQ=tW u=@ R Qy |=Q@ xmv}= =t=
%CU}v

w OwWv hkwDt RoQy CU= umtt ’OwW ‘wQW VQ=wv |wQ Q@ wj =@ |Dkw M u}W=t ’wj 6∈ L Qo = =Q} R
%Cr=L u}= ‘wkw sOa R= u=v}t]= |=Q@ "s}UQ|tv wj R= Oa@ |xDWQ x@ RoQy u}=Q@=v@

"OyO s=Hv= u; |wQ CmQL l} M xm s}yO|t xR=H= w s}vm|t w1 O}rwD x@ Q=O=w =Q M =OD@= •

CmQL u; R=TB w OyO s=Hv= u; |wQ Q@CmQLl}M w Ovm O}rwD =Q w2 ’M̂ xm s} Q=Po|t x=ou; •
"OyO s=Hv= =Q w1 |wQ swO

|wQ swU CmQLTBU w w2 |wQ swO CmQL w u; |wQ CmQLl} w xOQm O}rwD =Q w3 u; R=TB •
"s}yO|t s=Hv= =Q w1

. . . •

"OwW|tv |y=vDt=v |xkrL OQ=w M xm CU= K[=w
xm |=xDWQ Qy ’OwW|t xDiQ}PB |y=vDt |=ysOk O=OaD QOM \UwD w O}rwD M̂ \UwD w ∈ L Qy uwJ

"OwW|t O}rwD M \UwD ,=D}=yv ’OW=@ L QO

1st move

2nd move

3rd move

. . . 

.
 
.
 
.
 

1
w

2
w

3
w

4
w

CU= |DWoR=@ Q}PBVQ=tW ’OW=@ OwHwt VQ=tW p=wQ l} u; |=Q@ xm |v=@ R Qy
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3 =D=twD; w |tUQ |=yu=@ R ?D=QtxrUrU

OvDU}v |DWoR=@ Q}PBVQ=tW xm |}=yu=@ R 1»1»11

"CU=Q=tW=v2S |va} u;|v=wD |xawtHtCQwYu}= QO "OW=@ =Q=tW|y=vDt=v |xawtHtl}S xm O}vmZQi x}[k

"C=@F= ◭
V}=tv =y1 w 0 R= |=xDWQ CQwY x@ Ov=wD|t t ∈ 2S Qy x=ou; ’OW=@ S = {s1, s2, s3, . . .} Qo =

"OW=@ OwHwt t QO si Qo = \ki w Qo = OQ=O Q=Qk i C}akwt QO 1 xm OwW xO=O
V}=tv 10101 . . . CQwY x@ {s1, s3, s5, . . .} w 01100100 CQwY x@ {s2, s3, s6} p=Ft |=Q@

"OwW|t xO=O
u=wD|t Q} R pmW Ovv=ty w OW=@ t1, t2, t3, . . . Ovv=t |@}DQD x@ O}=@ u; QY=va x=ou; ’OW=@ =Q=tW 2S Qo =

%s} Qw=}@ pwOH l} QO =Q =yv;.
 
.
 
.
 

1

2

3

4

1 0 0 0 0

1 1 0 0 0

1 1 0 1 0

1 1 0 0 1

t

t

t

t

"s}vm|t stDt =Q |rY= Q]k QY=va ’pwOH u}= QO
x@ ’OW=@ t1 Ov=wD|tv |rw ’OyO|t V}=tv =Q ti ,qFt 2S R= |QYva ’“xOW ptmt Q]k” O}OH |xr=@vO
"“CU= ti s=i QYva ptmt ’O}OH |xr=@vO s=i QYva =Q} R” Qo}O ti =} w OW=@ t2 Ov=wD|tv p}rO u}ty

"OW=@ =Q=tW=v 2S xmv}= Qot CU}v |=xQ=JTB

�

Cw=iDt |Qo}O Q]U Qy =@ Q]k ptmt” OQ=O s=v (diagonalization) uOQm |Q]k ’EL@ ‘wv u}= ˆ
"CU= |k}kL O=Oa= |xawtHt uOw@ =Q=tW=v C=@F= u; Qo}O OQ@ Q=m w “G. F. Cantor x@?UDvt” “CU=

u}= ’s}vm ptmt =Q |rY= Q]k ’=yl} w =yQiY R= pmWDtT} QD=tl} QO Qo = %|R=U|Q]k pY=
"Ow@ Oy=wNv |w=UtT} QD=t |=yQ]U R= l} I}y =@ Q]k

Q}PBVQ=tW xm OvQ=O OwHw |}=yu=@ R⇐CU=yu=@ R O=OaD R= QDtmnv} QwD |=yu}W=t O=OaD xH}Dv

"OvDU}v |DWoR=@

"OvDU}v |DWoR=@ Q}PBVQ=tW xm OvQ=O OwHw |}=yu=@ R ’Σ |=@ir= Qy |=R= x@ x}[k
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|DWoR=@ Q}PBVQ=tW |=yu=@ R w |DWoR=@ |=yu=@ R 4

"C=@F= ◭
R= "CU=Q=tW=v 2Σ∗ TB ’CU=Q=tW w |y=vDt=v Σ∗ uwJ "L ∈ 2Σ∗ s} Q=O CU= L ⊆ Σ∗ xmv}= R=
=yv; =@ pO=at xm OvQ=O OwHw |}=yu=@ R TB ’CU=Q=tW nv} QwD |=yu}W=t |xty |xawtHt |iQ]

"OvDU}v |DWoR=@ Q}PBVQ=tW xm OvQ=O OwHw |}=yu=@ RTB ’OQ=Ov OwHw |ov} QwD u}W=t

�

CU}v |DWoR=@ Q}PBVQ=tW xm |v=@ R 2»1»11

xH}Dv QO ’OwW|t xDiQ}PB nv} QwD u}W=t l} \UwD ’OwW h}YwD sD} Qwor= =@ xm |v=@ R Qy uwJ
s}kDUt Q}e CQwY x@ O}=@CU}v |DWoR=@ Q}PBVQ=tW xm |v=@ Rh}YwDTB "CU= |DWoR=@ Q}PBVQ=tW

"OW=@

"CU}v |DWoR=@ Q}PBVQ=tW u; stDt xm OQ=O OwHw |=|DWoR=@ Q}PBVQ=tW u=@ R x}[k

"C=@F= ◭
"OW=@ Σ = {a} s}vm|t ZQi

|=xawtHt xm s } Q}o|t Q_ v QO =Q |OwQw |=@ir= u }= |wQ nv } Qw D |=yu}W=t |xty |xawtHt
"CU=Q=tW

"CiQo Q_v QO u; QY=va |=Q@ =Q M1,M2,M3, . . . ?}DQD u=wD|t u}=Q@=v@
"OQ=O OwHw L(Mi) |DWoR=@ Q}PBVQ=tW u=@ R ’Mi nv} QwD u}W=t Qy |=Q@

"OQ}PB|t =Q u; xm OQ=O OwHwnv} QwD u}W=tl} Σ |wQ Q@ |DWoR=@ Q}PBVQ=tW u=@ R Qy |=Q@TmaQ@
%s} Q}o|t Q_v QO Q} R CQwY x@ =Q L O}OH u=@ R

∀i ≥ 1(ai ∈ L ⇔ ai ∈ L(Mi))

"OW=@ CUQO=v =} CUQO O}=@ ai ∈ L xH}Dv QO ’ ai ∈ L(Mi) uwJ %CU= h} QaDVwN L u=@ R
CQwY x@ L stDt

L̄ = {ai : ai 6∈ L(Mi)} (1»11)

"CU}v |DWoR=@ Q}PBVQ=tW xm s}yO|t u=Wv =t= ’CU= h} QaDVwN
OwHwtMknv} QwD u}W=t O}=@ CQwY u}= QO "OW=@ |DWoR=@ Q}PBVQ=tW L̄ s}vm|tZQi %hrN u=yQ@

#ak ∈ L̄ =} ak ∈ L %s} Q}o|t Q_v QO =Q ak |xDWQ "L̄ = L(Mk)ZQi j@=]t xm OW=@
"ak 6∈ L̄ s} Q=O “1»11” ?Hwt x@ =t= ’OW=@ ak ∈ L(Mk) O}=@ ZQi j@] x=ou; ak ∈ L̄ Qo =

"ak ∈ L̄ s} Q=O “1»11”?Hwt x@ w ak 6∈ L(Mk)ZQi j@] w ak 6∈ L̄ x=ou; ak ∈ L Qo =TmaQ@
"CU= CUQO=v ’CU= |DWoR=@ Q}PBVQ=tW L̄ xmv}= ZQiTB ’CU= Q}PB=v?=vDH=Zk=vD

u}W=t VQ=tW p=wQ R= xO=iDU= =@” CU= |DWoR=@ Q}PBVQ=tW L xm s}vm C@=F O}=@ C=@F= p}tmD |=Q@
p=wQ R= xO=iDU= =@ TBU ’s}vm|t =O}B =ya O=OaD VQ=tW =@ =Q i =OD@= ’s}W=@ xDW=O =Q ai Qo = %“nv} QwD
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5 =D=twD; w |tUQ |=yu=@ R ?D=QtxrUrU

nv} QwD u}W=t x@ ai =@ x=Qty =Q u; h}YwD ,=D}=yv "s}@=}|t =Q Mi nv} QwD |=yu}W=t |=Q@ VQ=tW
,=D}=yvMu C=@U=Lt ’OW=@ ai ∈ L Qo = "s}yO|t ’Ovm|t |R=Ux}@W ai |wQ =QM p=ta= xmMu ‘t=H
Q}PBVQ=tW L ’h} QaD T=U= Q@ w OQ}PB|t =Q ai ∈ L Qy xm CU= |ov} QwD u}W=t ’xH}Dv "O@=}|t u=}=B

"CU= |DWoR=@

�

CU}v |DWoR=@ =t= ’CU= |DWoR=@ Q}PBVQ=tW xm |v=@ R 3»1»11

L Qo = "OvDUy |DWoR=@ u=@ R wO Qy x=ou; ’OvW=@ |DWoR=@ Q}PBVQ=tW wO Qy L̄ u; stDt w L u=@ R Qo = x}[k
"OvDUy |DWoR=@ Q}PBVQ=tW wO Qy xH}Dv QO w CU= |DWoR=@ sy L̄ x=ou; ’OW=@ |DWoR=@

"C=@F= ◭
|=yp=wQ u=wva x@ M̂ w M nv} QwD |=yu}W=t x=ou; ’OvW=@ |DWoR=@ Q}PBVQ=tW wO Qy L̄ w L Qo =

"OvQ=O OwHw L̄ w L VQ=tW
w Ovm|t O}rwD =Q L QO w1, w2, w3, . . . |=yxDWQ M
"Ovm|t O}rwD =Q L̄ QO ŵ1, ŵ2, ŵ3, . . . |=yxDWQ M̂

%Ovm xU}=kt w =@ =Q u; w xOQm O}rwD =Q w1 |xDWQ M xm s}yO|t xR=H= =OD@=
Qo = "s}yO|t s=Hv= =Q xU}=kt ,=OOHt w OwW O}rwD M̂1 \UwD ŵ1 xm s}yO|t xR=H= ’Ow@ w1 6= w Qo =
x@ w xOQm O}rwD =Q ŵ2 |xDWQ M̂ w w2 |xDWQ M xm s}yO|t xR=H= ’s}W=@ xDW=O uO=O xt=O= x@ R=}v

"s}yO|t xt=O= ?}DQD u}ty
QwmPt |xDWQ Qo = "CW=O s}y=wN |k@=]D C}=yv QO u}=Q@=v@ ’OwW|t O}rwD M̂ =}M \UwD w ∈ Σ∗ Qy
C} w[a sD} Qwor= l} Ov};Qi u}= "w ∈ L̄ xvQow (w ∈ L) OQ=O jraD L x@ w ’OwW O}rwD M \UwD

"OvDUy |DWoR=@ =yv; |wO Qy xH}Dv QO w CU= L̄ w L |wO Qy |=Q@
sD} Qwor= ’sD} Qwor= u}ty =t= ’OQ=O OwHw u; |=Q@ |D} w[a sD} Qwor= x=ou; ’OW=@ |DWoR=@ L Qo =TmaQ@

"CU= |DWoR=@ L̄ u}=Q@=v@ "s}vmTma =Q u; |xH}Dv =yvD Qo = ’OwW|t L̄ |=Q@ |D} w[a
"CU= pt=m C=@F= ’CU= |DWoR=@ Q}PBVQ=tW ’|DWoR=@ u=@ R Qy uwJ

�

|DWoR= @ |=yu= @ R |xO=w v=N |va } &CU} v |DWoR= @ xm OQ=O OwHw |=|DWoR= @ Q }P BVQ=tW u= @ R x}[k
"CU= |DWoR=@ Q}PBVQ=tW |=yu=@ R |xO=wv=N R=ZLt |=xawtHtQ} R

"C=@F= ◭
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O}kt=v |=yQt=Qo 6

"OyO|t u=Wv =Q ?r]t u}= p@k |x}[k wO QO L u=@ R

�

"s} R=U@ C} w[a sD} Qwor= =yv; |=Q@ s}v=wD|tv xm OvQ=O OwHw |i} QaDVwN |=yu=@ R xH}Dv

O}kt=v |=yQt=Qo 2»11

u; Oa=wk |t=tD Qo = ’Ov} wo|t O}kt=v =Q G = (V, T, S, P ) Qt=Qo "(unrestricted) O}kt=v Qt=Qo h} QaD
u; QO xm OW=@ u → v CQwY x@

u ∈ (V ∪ T )+, v ∈ (V ∪ T )∗

"OwW|tv p=ta= Oa=wk |wQ Q@ |]QW I}y O}kt=v Qt=Qo l} QO ◭

"OQ}o Q=Qk |@}DQD Qy x@ w CU=Q =} AJ CtU QO Ov=wD|t p=v}tQD w Q}eDt O=OaD Qy ◭

"OW=@ xDW=O Q=Qk xOa=k l} AJ CtU Ov=wD|tv λ xm CU= u}= C}OwOLt =yvD ◭

’s}yOX}NWD |m}v=mt CQwY x@ =Q =yv; s}y=wN|t xm =Q =yu=@ R |xO=wv=N u} QDnQR@ O}kt=v |=yQt=Qo
"Ovm|t O}rwD

"CU= |DWoR=@ Q}PBVQ=tW ’OwW O}rwD O}kt=v Qt=Qo l} \UwD xm |v=@ R Qy x}[k

"C=@F= ◭
"Ovm|t h} QaD l}D=tDU}U Qw] x@ u=@ R |=yxDWQ |xty uOQtW |=Q@ =Q |WQ=tW p=wQ QwmPt Qt=Qo
"“sOk l} QO” S ⇒ w xm s}vm x}yD w ∈ L |=yxDWQ |xty R= |DUQyi s}v=wD|t ’p=Ft |=Q@

"Ow@ Oy=wN |y=vDt =yxDWQ u}= O=OaD ’CU= |y=vDt Qt=Qo Oa=wk O=OaD uwJ
s}vm|t x}yD OvwW|t O}rwD sOk wO QO w CU= w ∈ L xm w |=yxDWQ |xty R= |DUQyi TBU

S ⇒ x ⇒ w

"s}yO|t xt=O= ?}DQD u}ty x@ w
’Owtv |R=Ux}@W nv} QwD u}W=t l} =@ u=wD|t =Q =yj=kDW= u}=

"CU= |DWoR=@ Q}PBVQ=tW u=@ R u}= w OQ=O OwHw u=@ R |=Q@ VQ=tW p=wQ xH}Dv QO

�
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7 =D=twD; w |tUQ |=yu=@ R ?D=QtxrUrU

O}kt=v Qt=Qol} R=nv} QwD u}W=t |wQ}B |ovwoJ 1»2»11

xm |Qw] x@ s} R=U@ =Q G Qt=Qo s}y=wN|t w s} Q=O =Q M = (Q,Σ,Γ, δ, q0,�, F ) nv} QwD u}W=t
"L(G) = L(M)

Qt=Qo xm s}vm|t |Q=m ’CWwv pYiq@ C=i}YwD R= |=xr=@vO =@ u=wD|t =Qnv} QwD u}W=t |x@U=Lt uwJ
xm OW=@ |=xvwo x@ Q_v OQwt

q0w ⇒∗ xqfy iff q0w ⊢∗ xqfy

"CU= w ∈ L(G) Qy |=Q@ q0w ⇒∗ xqfy w S ⇒∗ w j=kDW= u}@ \=@DQ= O=H}= |ovwoJ QO pmWt
%OW=@ Q} R X=wN |=Q=O xm s} R=U|t |Qt=Qo ’xr=Ut u}= pL |=Q@

"OQm jDWt =Q q0w u=wD@ S R= w ∈ Σ∗ Qy |=R= x@ “1

"OW=@ jO=Y q0w ⊢∗ xqfy Qo = \ki w Qo = OW=@ umtt q0w ⇒∗ xqfy “2

"Ovm p}O@D x}rw= w x@ =Q xDWQ u}= Qt=Qo ’OwW|t O}rwD qf ∈ F =@ xqfy |xDWQ xm |Dkw “3

%CU= Q} R CQwY x@ =yj=kDW= pt=m |xr=@vO

S ⇒∗ q0w ⇒∗ xqfy ⇒∗ w (2»11)

swO sOk QO Qo = ’OQw=}@ Q]=N x@ =Q w Ov=wD|t xvwoJ Qt=Qo %CU= pmWt jwi j=kDW= QO swU sOk
#OW=@ xOQm Q}}eD
%pmWt u}= pL |=Q@

"OW=@ w R= |Bm wO pt=W ’xOW |Q=PoOm |xNUv xm |=xvwo x@ ’s}vm|t |Q=PoOm =Q =yxDWQ
"OwW|t xO=iDU= j=kDW= |=ysOk QO swO |Bm xm |r=L QO ’OwW|t xQ}NP pw= |Bm

"Ovm|t l =B w RH@ =Q R}Jxty Qt=Qo ’s} wW|t |}=yv |Ov@ Qm}B OQ=w |Dkw
|=yQ}eDt ’“OwW hPL Qt=Qo \UwD O}=@ ,=D}=yv xm ” M Cr=L O=tv x@ |oO}UQ w w R= |Bm wO O}rwD |=Q@

%s}vm|t |iQat qi ∈ Q xm |}=yi s=tD w b ∈ Γ w a ∈ Σ ∪ {�} Qy |=Q@ =Q Vaib w Vab

w ’Ovm|t |Q=PoOm =Q b w a O=tv wO Vab Q}eDt
"Ovm|t |Q=PoOo =Q qi Cr=L R}v w b w a |=yO=tv Vaib Q}eDt

%Ow@ Oy=wN Q} R CQwY x@ xOW |Q=PoOm pmW QO “2»11” QO s=o u}rw=

S → V��S | SV�� | T

T → TVaa | Va0a ∀a ∈ Σ

QO =Q |r=N |=[i O=OaD Qy =@ q0w |xDWQ Qy |xOW |Q=PoOm |xNUv Ovm|t QO=k =Q Qt=Qo jwi Oa=wk
"OR=U@ =yDv= w =OD@=
’“2»11” swO s=o QO

|xOa=k ’M QO δ(qi, c) = (qj , d, R) Cr=L QPo Qy |=R= x@

VaicVpq → VadVpjq

"s}}=Ri=|t Qt=Qo x@ =Q q ∈ Γ w a, p ∈ Σ ∪ {�} Qy |=R= x@ =Q
|xOa=k ’M QO δ(qi, c) = (qj , d, L) Cr=L QPo Qy |=R= x@
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VpqVaic → VpjqVad

"s}}=Ri=|t Qt=Qo x@ =Q q ∈ Γ w a, p ∈ Σ ∪ {�} Qy |=R= x@ =Q
O}=@ x=ou; ’OwW |}=yv Cr=L l} OQ=w M “2»11” swO s=o QO Qo =

|xOa=k u}=Q@=v@ ’Ovm hPL ’CU= xOW xQ}NP V XN=W u}rw= QO xm w RH@ =Q R}J xty Qt=Qo

Vajb → a

"s}}=Ri=|t Qt=Qo x@ b ∈ Γ w a ∈ Σ ∪ {�} ’qj ∈ F Qy |=Q@ =Q
OwW|t Ea=@ xm Ovm|t O}rwD =Q xDWQ |xv=}=B u}rw= Q=m u}=

cVab → ca

Vabc → ac

|xOa=k b ∈ Γ w a, c ∈ Σ ∪ {�} Qy |=Q@

� → λ

"OwW|t xi=[= G x@
"OwQ|t ’CU= xOW p=eW= w \UwD xm Q=wv R= |DtUk GQ=N x@M xm OwQ|t Q=m x@ |OQ=wt QO xOa=k u}=
CtUk Qov=}=tv xm OQm xO=iDU= � . . . �q0w� . . . � O}rwD |=Q@ pw= |xOa=k wO R= O}=@ =OD@= Q=m u}= |=Q@

"CU= Q=wv |xOW xO=iDU=
"OwW|t hPL QN; |xOa=k \UwD =yDv= QO |r=N |=y=[i

H
p=Ft

=@ OW=@ nv} QwD u}W=t l} M = (Q,Σ,Γ, δ, q0,�, F ) O}vm ZQi

Q = {q0, q1}

Γ = {a, b,�}

Σ = {a, b}

F = {q1}

w

δ(q0, a) = (q0, q, R)

δ(q0,�) = (q1,�, L)

"OQ}PB|t =Q L(a+) u=@ R u}W=t u}=
%O} Q}o@ Q_v QO =Q Q} R |x@U=Lt p=L

q0aa ⊢ aq0a ⊢ aaq0� ⊢ aq1a�

|xDWQ uOQw;CUO x@ |=Q@ =Q pw= |xOa=k wO =OD@= G =@ xDWQ u}= j=kDW= |=Q@ "OQ}PB|t =Q aa |xDWQ xm
%s} Q}o|t Q=m x@ ?U=vt ‘wQW

S ⇒ SV�� ⇒ TV�� ⇒ TVaaV�� ⇒ Va0aVaaV��
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nv} QwD u}W=t C=@U=Lt xmCU= |k=kDW= R=CtUk u; |=Q@ |@ wN ‘wQW |x]kv ’|=xrtH pmW u} QN;
QO q0aa |x}rw= pYiq@ h}YwD w =yXN=W u}rw= |xr=@vO QO aa |OwQw |w=L xm Ovm|t O}rkD =Q

TBU "CU= xOv=t}k=@ |=yXN=W

Va0aVaa → VaaVa0a

Va0aV�� → VaaV�0�
w

VaaV�0� → Va1aV��

CQwY x@ j=kDW= |Oa@ |=ysOk "s}vm|t p=ta= =Q

Va0aVaaV�� ⇒ VaaVa0aV�� ⇒ VaaVaaV�0� ⇒ VaaVa1aV��

|xr=@vO "OQ=BU|t Q]=N x@ =Q x}rw= |OwQw xQ=wty w Ov=t|t |k=@ u=Um} =yXN=W u}rw= |xr=@vO "OvDUy
CQwY x@ =yXN=W Q}=U

0aa�, a0a�, aa0�, a1a�

%s} Q=O s=Hv=QU "CU= aa |xDWQ |=Q@ xOW QmP pYiq@ |=yh}YwD =@ pO=at xm Ow@ Oy=wN

VaaVa1aV�� ⇒ VaaaV�� ⇒ Vaaa� ⇒ aa� ⇒ aa

N

jraDt δ QPo ‘@=D T=U= Q@ M nv} QwD u}W=t l} =@ pO=at G O}kt=v Qt=Qo uDi=} |=Q@ ’xYqN Qw] x@
%s}vm|t pta Q} R pwOH T=U= Q@ M x@

M = (Q,Σ,Γ, δ, q0,�, F ) G = (V,Σ, S, P )

S → V��S | SV�� | T

T → TVaa | Va0a ∀a ∈ Σ

δ(qi, c) = (qj , d, R) VaicVfg → VadVfjg ∀a, f ∈ Σ ∪ {�},∀g ∈ Γ

δ(qi, c) = (qj , d, L) VfgVaic → VfjgVad ∀a, f ∈ Σ ∪ {�},∀g ∈ Γ

qj ∈ F Vajb → a ∀a ∈ Σ ∪ {�},∀b ∈ Γ

cVab → ca ∀a, c ∈ Σ ∪ {�},∀b ∈ Γ

Vabc → ac ∀a, c ∈ Σ ∪ {�},∀b ∈ Γ

� → λ

"OW=@ L = L(G) xm OQ=O OwHw G Ovv=t |O}kt=v Qt=Qo L |DWoR=@ Q}PBVQ=tW u=@ R Qy |=R= x@ x}[k

"C=@F= ◭
e(x) u; QO xm ’e(x) ⇒∗ e(y) x=ou; ’x ⊢ y Qo = xm OyO|t u=v}t]= xOW xO=O K}[wD Q=DN=U

"CU= xOW QmP O=OQ=Qk T=U= Q@ x |xDWQ |xOW |Q=PoOm
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"q0w ⊢∗ y Qo = \ki w Qo = e(q0w) ⇒∗ e(y) xm s}yO|t u=Wv =ysOk O=OaD |wQ =QkDU= R= xO=iDU= =@
’OQm |R=UR=@ =Q w u=wD|t xmv}= w Owtv O}rwD =Q x}rw= |Ov@ Qm}B Qy u=wD|t xm s}yO u=Wv O}=@ u}vJty

"OwW |}=yv |Ov@ Qm}B OQ=w M Qo = \ki w Qo =

�

uDt x@ T=UL |=yQt=Qo 3»11

O}it =yv; ?re= =t= ’Ci=} u=wD|t =Q |OOaDt |=yQt=Qo ’O}kt=v |=yQt=Qo w uDt R= pkDUt |=yQt=Qo u}@
"OvDU}v

"CU= xOQm ?rH OwN x@ =Q |O=} R xHwD uDt x@ T=UL |=yQt=Qo ’OvDUy syt xm |}=yv; u}@ QO
"OvDUy \@DQt |]N Q=Ou=Qm |=D=twD; s=v =@ nv} QwD |=yu}W=t R= Tqm l} =@ =yQt=Qo u}=

QO =Q G = (V, T, S, P ) Qt=Qo "(context-sensitive grammar) uDt x@ T=UL Qt=Qo h} QaD
CQwY x@ u; Oa=wk |t=tD xm Ov} wo|t uDt x@ T=UL |DQwY

x → y

"OW=@ |x| ≤ |y| w x, y ∈ (V ∪ T )+ u; QO xm OW=@

%OyO|t u=Wv =Q uDt x@ T=UL |=yQt=Qo (non-contracting) uOw@ |[=@kv= Q}e ’h} QaD u}=
"OwW QDx=Dwm Ov=wD|tv j=kDW= l} QO |r=wDt |=xrtH |=ypmW pw] |va}

“"s} Q=Ov λ |xOa=k Qt=Qo ‘wv u}= QO xm O}vm xHwD”

u; QO xm OQm p}O@D |rmW x@ u=wD|t =Q uDt x@ T=UL |=yQt=Qo xm O=O u=Wv u=wD|t xDmv ◭

pmW x@ Oa=wk |xty
xAy → xvy

"OQ}o Q=Qk y w x u}@ A xm CU= p=ta= p@=k |DQwY QO A → v s}} wo@ xm u; =@ CU= pO=at u}= "OW=@

|]N Q=Ou=Qm |=D=twD; w uDt x@ T=UL |=yu=@ R 1»3»11

uDt x@ T=UL |DQwY QO =Q L u=@ R "(context-sensitive language) uDt x@ T=UL u=@ R h} QaD
xm OW=@ OwHwt G Ovv=t |vDt x@ T=UL Qt=Qo xm Ov} wo

L = L(G) ∪ {λ} =} L = L(G)
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|xDWQ Ov=wD|tv RoQy uDt x@ T=UL Qt=Qo l} u}=Q@=v@ ’CU}v R=Ht x → λ ’Qt=Qo ‘wv u}= h} QaD QO
"Ovm O}rwD =Q |yD

|xO=wv=N xm OQm =aO= u=wD|t “Qt=Qo xv” uDt x@ T=UL |=yu=@ R |rm h} QaD x@ |yD |xDWQ uOwRi= =@
"CU= uDt x@ T=UL |=yu=@ R |xO=wv=N R= |=xawtHtQ} R ’uDt R= pkDUt |=yu=@ R

Qy=_ S → λ |xOa=k QO Ov=wD|t =yvD λ ’uDt x@ T=UL Qt=Qo R= |Qo}O h} QaD j@=]t QmPD ◭
OwWv Qy=_ |Qo}O |xOa=k I}y CU=Q CtU =} AJ CtU S ’Qt=Qo Oa=wk Q}=U QO xm |]QW x@ ’OwW

"“OQm s}y=wNv xO=iDU= TQO u}= QO h} QaD u}= R=”

H
p=Ft

|=Q@ Q} R uDt x@ T=UL Qt=Qo =Q} R ’CU= uDt x@ T=UL u=@ R l} L = {anbncn : n ≥ 1} u=@ R
%OQ=O OwHw u;

S → abc | aAbc

Ab → bA

Ac → Bbcc

bB → Bb

aB → aa | aaA

%s} Q=O w = a2b2c2 |xDWQ |=Q@

S ⇒ aAbc ⇒ abAc ⇒ abBbcc ⇒ aBbbcc ⇒ aabbcc = a2b2c2

%s} Q=O w = a3b3c3 |xDWQ |=Q@ w

S ⇒ aAbc ⇒ abAc ⇒ abBbcc ⇒ aBbbcc

⇒ aaAbbcc ⇒ aabAbcc ⇒ aabbAcc

⇒ aabbBbccc ⇒ aabBbbccc ⇒ aaBbbbccc ⇒ aaabbbccc

O=H}= AJ CtU QO xm A l} "Ov=xOW xO=iDU= ‹u=UQs=}B› u=wva x@ B w A |=yQ}eDt ’p=Ft u}= QO
TBU "Ovm|t O=H}= Qo}O c l} w b l} =Hv; QO w Ovm|t CmQL c u}rw= CU=Q CtU x@ ’CU= xOW
|=xt=vQ@ x@ x}@W Q=}U@ Ov};Qi u}= "Ovm O=H}= =Q Q_=vDt a =D ODUQi|t ?ka AJ CtU x@ =Q B u=UQs=}B

"OU} wv@ u=@ R u}= |xOvQ}PB nv} QwD u}W=t |=Q@ Ov=wD|t Qiv l} xm CU=

N

R= xO=iDU= Q=m u}= s=Hv= |=Q@ x=Q u} QDu=U; "CU}v xO=U u=@ R l} |=Q@ uDt x@ T=UL Qt=Qo uOQm =O}B
"CU= Qt=Qo x@ u; p}O@D w pO=at nv} QwD u}W=t |xt=vQ@

"L = L(M) xmCUyM Ovv=t |]N Q=Ou=Qm uwD=twD;l} ’λ uwO@ L uDt x@ T=UL u=@ R Qy |=R= x@ x}[k

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015
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"C=@F= ◭
"OQ=O OwHw L − {λ} |=Q@ |vDt x@ T=UL Qt=Qo x=ou; ’OW=@ uDt x@ T=UL L Qo =
"OwW |R=Ux}@W LBA l} \UwD Ov=wD|t Qt=Qo u}= |=yj=kDW= xm s}yO|t u=Wv

"G |=xrtH |=ypmW |w=L |Qo}O w w |xDWQ |w=L |m} %Ow@ Oy=wN Q=}W wO |=Q=O LBA u}=
’OW=@ |w| R= QDW}@ |rw] |=Q=O Ov=wD|tv |=xrtH pmW I}y %xm CU= u}= |O}rm |xDmv

"CU= |a]kQ}e h} QaD j@] |]N Q=Ou=Qm |=D=twD; %xmv}= Qo}O |xDmv
w \UwD =OD@= xm |}=[i R= xO=iDU= =@ Ov=wD|t ’p@k |x}[k wO QO xOW xO=O K}[wD C=@U=Lt TB

"OQ}o CQwY LBA |xr}Uw x@ Ov=wD|t |va} &OwW s=Hv= ’CU= xOW p=eW=

�

L xm OQ=O OwHw |vDt x@ T=UL Qt=Qo x=ou; ’OwW xDiQ}PB M |]N Q=Ou=Qm uwD=twD; \UwD L u=@ R Qo = x}[k
"Ovm|t O}rwD =Q

"C=@F= ◭
Oa=wk s=tD =Hv; QO "CU= |DWoR=@ Q}PBVQ=tW |=yu=@ R x@ \w@ Qt |x}[k C=@F= x@=Wt C=@F= u}=
|v=tR =yvD =Q} R” OQm hPL =Q u; u=wD|t xm “� → λ” QN; |xOa=k RH@ ’OvDUy |[=@kv=Q}e O}rwD
x@ Qt=Qo "“O};|tvV}B =Hv}= QO xm OwW GQ=N x}rw= |OwQw |=[i R=nv} QwD u}W=t xm OwW|t xO=iDU=
u}=Q@=v@ w Ow@ Oy=wN |[=@kv=Q}e |QwQ[Q}e |xOa=k u}= R= xO=iDU= uwO@ Q=DN=U u; =@ xOt; CUO

"OwW|t pt=m C=@F=

�

uDt x@ T=UL w |DWoR=@ |=yu=@ R u=}t \=@DQ= 2»3»11

"CU= |DWoR=@ L uDt x@ T=UL u=@ R Qy x}[k

"C=@F= ◭
j=kDW= l} x@ w s} Q}o|t Q_v QO u; =@ \@DQt uDt x@ T=UL Qt=Qo =@ x=Qty =Q L uDt x@ T=UL u=@ R

%s}vm|t x=ov w
S ⇒ x1 ⇒ x2 ⇒ . . . ⇒ xn ⇒ w

"∀i 6= j xi 6= xj |va} ’OvDUy Cw=iDt j=kDW=l} QO |=xrtH |=ypmW |xty xm OQm ZQi u=wD|t
"CU= |w| R= |Q=Ou=Qm ‘@=D ’j=kDW= |=ys=o O=OaD
&CU= |xj | ≤ |xj+1| ’CU= |[=@kv=Q}e G uwJ

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



13 =D=twD; w |tUQ |=yu=@ R ?D=QtxrUrU

’j Qy |=Q@ |xj | ≤ |xj+m| xm OQ=O OwHw w w G x@ xDU@=w m l} xm CU= u}= sRq OQwt =yvD
"CU= |w| w |V ∪ T | R= |Q=Ou=Qm ‘@=D m = m(|w|)

pw] =@ xDWQ |y=vDt |O=OaD \ki xm CU= u}= |=vat x@ |V ∪ T | uOw@ |y=vDt =Q} R ’CU= CUQO u}=
"CU= |w|m(|w|) QFm =OL ’w ∈ L |xDWQ |=Q@ j=kDW= l} pw] u}=Q@=v@ "s} Q=OXNWt

%OyO|t =t x@ L |=Q@ C} w[a sD} Qwor= l} ‘k=w QO u}=
"s}vm|t x_Lqt =Q |w|m(|w|) pw] =D =yj=kDW= |t=tD

"OQ=O OwHw =yj=kDW= u}= R= |y=vDt |O=OaD ’CU= |y=vDt G Oa=wk |xawtHt uwJ
w 6∈ L xvQow w ∈ L x=ou; ’OyO@ =Q w =yj=kDW= u}= R= |m} Qo =

�

"CU}v uDt x@ T=UL xm OQ=O OwHw |=|DWoR=@ u=@ R x}[k

"C=@F= ◭
"s} Q}o|t Q_v QO T = {a, b} |wQ =Q uDt x@ T=UL |=yQt=Qo |xty |xawtHt
"OW=@ V = {V0, V1, V2, . . .} CQwY x@ =yQ}eDt |xawtHt xm s}vm|t O=OQ=Qk

u=wD|t =Q xawtHt u}= xm OwW|tXNWt pt=m Qw] x@ VOa=wk |xawtHt =@ uDt x@ T=UL Qt=Qo Qy
%O=OV}=tv Q} R |xDWQ =@

x1 → y1;x2 → y2; . . . ;xm → ym

%s}vm|t p=ta= =Q Q} R |DN} Qty xDWQ u}= |wQ Q@

h(a) = 010

h(b) = 0120

h(→) = 0130

h(; ) = 0140

h(Vi) = 01i+50

"OwW |}=tvR=@ L((01+0)∗) R= |=xDWQ =@ =Dm} Qw] x@ Ov=wD|t uDt x@ T=UL Qt=Qo Qy u}=Q@=v@
"OQ=O OwHw uDt x@ T=UL Qt=Qo l} QFm =OL ’=yxDWQ u}= R= l} Qy |=R= x@

CQwY x@ =Q =yxDWQ u}= u=wD@ =D s}}=tv |iQat {0, 1}+ |wQ Q@ xQU |R=U?DQt l} s}vm|t ZQi

w1, w2, w3, . . .

Qt=Qo xDWQ u}= Qo = "Ovmv h} QaD =Q uDt x@ T=UL Qt=Qol} xm CU= umtt wj Ovv=t |=xDWQ "s}U} wv@
%s}vm|t h} QaD Q} R CQwY x@ =Q L u=@ R w s}t=v|t Gj =Q u; ’Ovm h} QaD =Q G uDt x@ T=UL

L = {wj : wj defines context-sensitive grammar Gj and w 6∈ L(Gj)}
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%s} R=U|t C} w[a sD} Qwor= l} ‘w[wt u}= C=@F= |=Q@ "CU= |DWoR=@ w h} QaDVwN L u=@ R
"wi 6∈ L x=ou; ’Ovmv h} QaD =Q Gi Qt=Qo wi Qo =

|x}[kC} w[a sD} Qwor= R= s}v=wD|t wCU= |DWoR=@ L(Gi) x=ou; ’Ovmvh} QaD =Q |Qt=Qo xDWQ u}= Qo =
wi ∈ L x=ou; ’OW=@v wi ∈ L(G) Qo = "Q}N =} CUy wi ∈ L(G) =}; xm s}@=} QO =D s}vm xO=iDU= |r@k

"CU=
"OW=@ L = L(G) xm |Qw] x@CW=O OwHw wj x=ou; ’Ow@ xvwou}= Qo = =Q} R ’CU}v uDt x@ T=UL L =t=
wj ∈ L(Gj) xm s}vm ZQi Qo = "Q}N =} CUy wj ∈ L(Gj) =}; xm s}UQB@ s}v=wD|t CQwY u}= QO

"OyO|t u=Wv =QZk=vD l} xm CU= L = L(G) =t= ’wj 6∈ L h} QaD j@] x=ou; ’CU=
|Qo}OZk=vD w CU= wj ∈ L h} QaD j@] x=ou; ’OW=@ wj 6∈ L(Gj) xm s}vm ZQi Qo = TmaQ@

"O};|tV}B
"CU}v uDt x@ T=UL L u}=Q@=v@

�

"CU= PDA R= QD|wk w nv} QwD u}W=t R= QDh}a[ LBA xH}Dv

u}W=t w Qt=Qo ’u=@ R %QiY ‘wv |=yu=@ R |xO=wv=N 4»11
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|mUt=J ?D=Qt xrUrU 5»11

L0 QiY ‘wv LRE |DWoR=@ Q}PBVQ=tW |=yu=@ R
L1 pw= ‘wv LCS uDt x@ T=UL |=yu=@ R
L2 swO ‘wv LCF uDt R= pkDUt |=yu=@ R
L3 swU ‘wv LREG s_vt |=yu=@ R

Li+1 ⊂ Li i = 0, 1, 2

RE
L

CS
L

CF
L

REG
L

LDCF |a]k uDt R= pkDUt |=yu=@ R
LLIN |]N uDt R= pkDUt |=yu=@ R
LREC |DWoR=@ |=yu=@ R

DCF
L

RE
L

CS
L

CF
L

REG
L

REC
L
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H
p=Ft

"CU}v |]N =t= ’CU= |a]k L = {w : na(w) = nb(w)} uDt R= pkDUt u=@ R

N

H
p=Ft
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