
=yu}W=t w =yu=@ R |x} Q_v

10|xt=vTQO
|Oqwi s_=m
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nv} QwD u}W=t Qo}O |=ypOt
Other Models of Turing Machines 10

"OvDUy pw@k p@=k xR=Ov= l} x@ |oty xm CU= xOW x�=Q= sy |Qo}O |=ypOt nv} QwD u}W=t |=Q@
"CU= u}W=t |=Q@ |@=NDv= Q=DN=U R= pkDUt nv} QwD u}W=t CQOk

CQOk QO |Q}F=D ’OwW QDxO}J}B u; |x_i=L Q=DN=U xJ Qy xm s}vm pw@k O}=@ ’s} Q}PB@ =Q nv} QwD RD Qo =
"OQ=Ov u;

"CU}v QDW}@ |a]k nv} QwD u}W=t R= |a]kQ}e nv} QwD u}W=t CQOk ’u}vJty

nv} QwD u}W=t KQ] |wQ Q@ |} RH C=Q}}eD 1»10

nv} QwD u}W=t |rm swyit QO =Q u; QF= w s}vm|t p=ta= OQ=Ov=DU=nv} QwD u}W=th} QaD QO |D=Q}}eD =OD@=
"s} Q}o|t Q_v QO

=D=twD; |=yTqm |RQ=sy 1»1»10

Qo = "s} Q}o|t Q_v QO =Q C2 w C1 =D=twD; Tqm wO "OvQ}PB@ =Q |v=Um} u=@ R Qo = ’OvDUy RQ=sy uwD=twD; wO h} QaD
xm |=xvwo x@ OW=@ xDW=O OwHw C2 QO M2 uwD=twD; ’C1 QO M1 uwD=twD; Qy |=Q@

L(M1) = L(M2)

Q=QkQ@ R}v ?r]t u}= Tma Qo = "CU= (powerful) OvtDQOk C1 |xR=Ov= x@ pk=OL C2 xm s}} wo|t
s}} wo|t ’L(M1) = L(M2) xm OW=@ xDW=O OwHw C1 QOM1 uwD=twD; ’C2 QOM2 Qy |=Q@ w OW=@

"OvDUy RQ=sy C2 w C1 xm

"OQ=O OwHw =D=twD; u}@ |RQ=sy |Q=QkQ@ |=Q@ |OOaDt |=yVwQ "|R=Ux}@W
"s}vm|t xO=iDU= |R=Ux}@W syt l}vmD R= ’nv} QwD u}W=t EL@ QO |RQ=sy uO=O u=Wv |=Q@

|R=Ux}@W =QM R= x@U=Ltl} Ov=wD|t M̂ Qo}O uwD=twD; s}} wo|t "OW=@ uwD=twD;l}M s}vm|tZQi
C=i}YwD |xr=@vO d0, d1, d2, . . . Qo = %O}=tv O}rkD Q} R CQwY x@ =Q M |x@U=Lt Ov=wD@ M̂ Qo = ’Ovm

|va} ’OW=@ M |x@U=Lt pYiq@

d0 ⊢M d1 ⊢M . . . ⊢M dn ⊢M . . .

1



nv} QwD u}W=t KQ] |wQ Q@ |} RH C=Q}}eD 2

%OyO s=Hv= M |x@U=Lt =@ T=}k p@=k |=x@U=Lt Qo = ’Ovm|t |R=Ux}@W =Q x@U=Lt u}= M̂ x=ou;

d̂0 ⊢
∗
M̂

d̂1 ⊢
∗
M̂

. . . ⊢∗
M̂

d̂n ⊢∗
M̂

. . .

|Ov@ Qm}Bl} =@ Q_=vDt =yv; R=l} Qy w CU= M̂ pYiq@ C=i}YwD |xr=@vO d̂0, d̂1, d̂2, . . . u; QO xm
"OW=@ M R= =Dm}

d0 ⊢M d1 ⊢M . . . ⊢M dn ⊢M . . . ⊢M df

l l l l l l

d̂0 ⊢∗
M̂

d̂1 ⊢∗
M̂

. . . ⊢∗
M̂

d̂n ⊢∗
M̂

. . . ⊢∗
M̂

d̂f

\UwD xOW s=Hv= C=@U=Lt j}kO Qw] x@ s}v=wD@ ’s}v=O@ =Q M̂ =@ xOW s=Hv= C=@U=Lt Qo = ’Qo}O CQ=@a x@
"s}}=tv u}}aD =Q M

M̂ R= |OOaDt C=mQL pt=W Ov=wD|t M R= di ⊢M di+1 OL=w CmQL l} |R=Ux}@W xm O}vm xHwD
"OW=@v Q_=vDt M QO |Ov@ Qm}B I}y =@ CU= umtt d̂i ⊢∗

M̂
d̂i+1 QO |v=}t |=y}Ov@ Qm}B "OW=@

M Qo = p=L "Ovm|t |R=Ux}@W =Q M ’M̂ s}} wo|t ’Ovm |R=Ux}@W =Q M |x@U=Lt Qy Ov=wD@ M̂ Qo =
"OvW=@|t RQ=sy Qo}Om} =@ w OvQ}PB|t =Q u=@ Rl} wO Qy xm s} Q}o|t xH}Dv ’Ovm |R=Ux}@W M̂ Ov=wD@ sy

xOvvm|R=Ux}@W u}W=t xOvwW|R=Ux}@W u}W=t
“swO Tqm ” “pw= Tqm ”

M̂

M

M

Simulation Machine Original Machine

(Simulating) (Simulated)

l} QO u}W=t Qy |=Q@ xm s}yO|t u=Wv ’=D=twD; R= Tqm wO |RQ=sy uO=O u=Wv |=Q@ xH}Dv

"TmaQ@ w ’Ovm|t |R=Ux}@W =Q u; xm OQ=O OwHw Qo}O Tqm QO |v}W=t ’Tqm

CU}= |xv} Ro =@nv} QwD u}W=t 2»1»10

AJ CtU x@ C=mQL R= |m} O}=@ CmQL Qy QO uDWwv/uOv=wN Oy ’OQ=Ov=DU=nv} QwD u}W=t h} QaD QO
pwrUl} |=wDLt |U} wvR=@ R=TB Oy xm CU= O}it sy Qo}O |xv} Rol} |y=o "OyO s=Hv= =Q CU=Q =}
=Q (Stay-option) CU}= |xv} Ro nv} QwD u}W=t h} QaD QO s}v=wD|t Qw_vt u}= |=Q@ "Ovmv CmQL

%s}vm xi=[=
δ : Q × Γ → Q × Γ × {L,R, S}

"CU= uDWwv/uOv=wN Oy CmQL sOa S Q}@aD u; QO xm
"OyO|tvV}=Ri= =Q nv} QwD u}W=t CQOk xv} Ro u}=

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



3 nv} QwD u}W=t Qo}O |=ypOt

"OvDUy RQ=sy ’OQ=Ov=DU= nv} QwD |=yu}W=t Tqm w CU}= |xv} Ro =@ nv} QwD |=yu}W=t Tqm x}[k

"C=@F= ◭
CU= |y}O@ ’CU= OQ=Ov=DU= pOt R= |=xaUwD K[=w Qw] x@ CU}= |xv} Ro =@nv} QwD u}W=t xm =Hv; R=

"OwW |R=Ux}@W CU}= |xv} Ro =@ u}W=t l} =@ Ov=wD|t OQ=Ov=DU= nv} QwD u}W=t Qy xm
s}vm|t ZQi ?r]t u}=Tma uO=O u=Wv |=Q@

M = (Q,Σ,Γ, δ, q0,�, F )

OQ=O v= D U= n v } Qw D u } W= t = @ O }= @ x m O W= @ C U }= |x v } R o = @ n v } Qw D u } W= t l }
"OwW |R=Ux}@W M̂ = (Q̂,Σ,Γ, δ̂, q̂0,�, F̂ )

%OyO|t s=Hv= =Q Q} R pta M̂ |xOvvm|R=Ux}@W u}W=t ’M CmQL Qy |=Q@

xm OyO|t s=Hv= =Q |DmQL xOvvm|R=Ux}@W u}W=t ’OW=@v CU}= |xv} Ro |w=L M CmQL Qo = •
"OwW |R=Ux}@W O}=@ xm CU= |DmQL x@=Wt ,=U=U=

%OyO|t s=Hv= CmQL wO M̂ x=ou; ’OW=@ xDW=O OwHw M CmQL QO S Qo = •

"OyO|t CmQL CU=Q CtU x@ =Q Oy w Ovm|t |U} wvR=@ =Q O=tv u; ’pw= CmQL “1

Q}}eD uwO@ =Q Q=wv |=wDLt w OyO|t CmQL AJ CtU x@ =Q uDWwv/uOv=wN Oy ’swO CmQL “2
"OQ=Po|t |k=@

%OwW xDN=U Q} R CQwY x@ δ̂ h} QaD =@ M |wQ R= Ov=wD|t xOvvm|R=Ux}@W u}W=t
QPo Qy |=Q@

δ(qi, a) = (qj , b, L or R)

%s}yO|t Q=Qk δ̂ QO
ˆδ(qi, a) = (q̂j , b, L or R)

S QPo |=Q@ w

δ(qi, a) = (qj , b, S)

%s}yO|t Q=Qk δ̂ QO =Q Q} R Q_=vDt |=yQPo

δ̂(q̂i, a) = (q̂js, b, R)

w

δ̂(q̂js, c) = (q̂j , c, L) ,∀c ∈ Γ

Ov=wD|t M̂ TB ’CU= M̂ QO |Q_=vDt |x@U=Lt |=Q=OM |x@U=Lt Qy xmCU= K[=w |k]vt Qw] x@
"Ovm |R=Ux}@W =Q M

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



nv} QwD u}W=t KQ] |wQ Q@ |} RH C=Q}}eD 4

xOvvm|R=Ux}@W u}W=t xOvwW|R=Ux}@W u}W=t
“OQ=Ov=DU= u}W=t” “CU}= |xv} Ro =@ u}W=t”

M̂

M

M

q1 q2

a → b, R
q1 q2

a → b, R

q1 q2

a → b, L
q1 q2

a → b, L

q1 q2 q3

a → b, L x → x, R

for each x ∈ Γ

q1 q2

a → b, S

�

"CU=D=twD; |RQ=sy uO=O u=Wv |=Q@ OQ=Ov=DU= l}vmD l} ’|R=Ux}@W
h}YwD |tUQ VwQ R= u=wD|t |RQ=sy |=}=[k C=@F= w j}kO Qw] x@ Ov};Qi u}= OQwt QO C@LY |=Q@

"OQm xO=iDU= xOW
|R}J s}vm|tv |aU ?re= =t= ’OQm s}y=wN xO=iDU= C=aiO x@ |R=Ux}@W swyit R= EL@ u}= |xt=O= QO
"CU= xOvvm xDUN ?re=nv} QwD |=yu}W=t =@ pt=m |R=Ux}@W "s}vm h}YwD |} RH w j}kO Qw] x@ =Q

"s}yO|t s=Hv= |i}YwD CQwY x@ x}[k C=@F= pmW |=H x@ =Q EL@ ’u}ty |=Q@
u=OvJ O}=@v ’OvwW j}kO Ovv=wD|t xvwoJ xmv}= uO}O =t= ’OvwW|t x�=Q= |rm KQ]l} QO =yvD =y|R=Ux}@W

"OW=@ CNU
"OvW=@ xOvRwt; Om x@W =} QDq=@ K]U u=@ R l} QO |R=Ux}@W |L=Q] |=Q@ Ovv=wD|t C=i}YwD u}=

xQ=}WOvJnv} QwD u}W=t 3»1»10

xm Cw=iD u}= =@ ’CU= OQ=Ov=DU= nv} QwD u}W=t u=ty (multiple-track) xQ=}WOvJ nv} QwD u}W=t
OQm QwYD u=wD|t” CU= OQ=Ov=DU= u}W=t Q=wv |=@ir= R= ?DQt |=y|}=Dk CQwY x@ xO=iDU= OQwt |=@ir=

"“CU= xOW p}mWDVN@ OvJ R= O=tv Qy xm
"OwW|t s}UkD “Q=}W”VN@ k x@ Q=wv pwrU Qy ’Qo}O CQ=@a x@

Track 1a

b
c

Track 2

Track 3

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



5 nv} QwD u}W=t Qo}O |=ypOt

|y=vDt=v xt}v Q=wv =@nv} QwD u}W=t 4»1»10

‘k=w QO ’CU= |y=vDt QUl} R= Q=wv(semi-infinite tape) |y=vDt=v xt}v Q=wv =@nv} QwD u}W=t QO
"s}=xOQm =D \Uw R= u}W=t u}= QO =Q Q=wv

/ uOv=wN Oy |Dkw xm Cw=iD u}= =@ ’CU= OQ=Ov=DU= u}W=t x@=Wt |y=vDt=v xt}v Q=wv =@ nv} QwD u}W=t
"CU}v R=Ht AJ CtU x@ |DmQL I}y OQ=O Q=Qk RQt QO uDWwv

"OQ=Po|tv nv} QwD u}W=t CQOk Q@ |Q}F=D C}OwOLt u}= s}v}@@ xm CU}v Q=wWO u=OvJ
pmW j@=]t u=wD|t |y=vDt=v xt}v Q=wv =@ M̂ u}W=t =@M OQ=Ov=DU=nv} QwD u}W=tl} |R=Ux}@W |=Q@

%OQm pta Q} R

Track 1 for right part of standard tape

Track 2 for left part of standard tape

CU=Q CtU x@ \w@ Qt C=aq]= |}q=@ Q=}W QO "OQ=O Q=}W wO =@ Q=wvl} M̂ |xOvvm |R=Ux}@W u}W=t
"OQ=O Q=Qk M Q=wv |wQ Q@ ‘HQt |x]kv l}

"OW=@ x@U=Lt ‘wQW QO uDWwv / uOv=wN Oy u=mt Ov=wD|t ,qFt ‘HQt |x]kv
OwW|t |R} Qxt=vQ@ |=xvwo x@ M̂ "CU= Twmat ?}DQD x@M Q=wv AJ CtUVN@ |w=L |v}}=B Q=}W
CU=Q CtU QOM uDWwv / uOv=wN Oy xm Ovm xO=iDU= |Dkw =yvD =Q |}q=@ Q=}W x@ \w@ Qt C=aq]= xm
CmQL OwN Q=wv AJ CtU QO M xm Ovm xO=iDU= |t=ovy =yvD =Q |v}}=B Q=}W w OW=@ ‘HQt |x]kv

"Ovm|t
%OQm R=Qi= QL w QU VN@ wO x@ =Q M̂ Cq=L |xawtHt u=wD|t R}=tD u}= O=H}= |=Q@

"s}vm|t Q=m |}q=@ Q=}W |wQ xm OwW|t xO=iDU= |Dkw QU •

"s}vm|t Q=m |v}}=B Q=}W |wQ xm OwW|t xO=iDU= |Dkw QL •

=Q |m} w s}vm|t x}yD |Bm wO xOvwW|R=Ux}@W u}W=t |=yCr=L R= ’xOvvm|R=Ux}@W u}W=t QO ‘k=w QO
"s}vm|t |Q=Pot=v LT}Ov= =@ =Q |Qo}O w U T}Ov= =@

xO=U =Q Qo}O Q=}W x@ Q=}Wl} R= uOQm I}} wU =D OQ}o|t Q=Qk Q=wv AJ RQt |wQ QQ@ #X=N u=}=B O=tv
"O}=tv

Q_=vDt |=y|Ov@ Qm}B QO xOvvm |R=Ux}@W u}W=t w OwW |R=Ux}@W O}=@ xm |v}W=t O}vm ZQi p=Ft |=Q@
%OvW=@ xDW=O Q=Qk Q} R pmW QO xOW xO=O u=Wv

iq
reference point

b a

#

îq

# b

a

OwW |R=Ux}@W O}=@ xm |v}W=t xOvvm |R=Ux}@W u}W=t
Machine to be simulated Simulating machine

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



nv} QwD u}W=t KQ] |wQ Q@ |} RH C=Q}}eD 6

=@ OwW |R=Ux}@W O}=@ xm |DmQL w

δ(qi, a) = (qj , c, L)

QPo =@ =OD@= xOvvm |R=Ux}@W u}W=t "OwW O}rwD

δ̂(q̂i, (a, b)) = (q̂j , (c, b), L)

x]kv u}= |}q=@ Q=}W QO C=aq]= =yvD ’CU= q̂i ∈ QU xm =Hv; R= "q̂i ∈ QU u; QO xm Ovm|t CmQL
R=TBU Ov}@|t q̂j ∈ QU Cr=L QO =Q (#,#) xOvvm |R=Ux}@W u}W=t uwvm = "OwW|t xDiQo Q_v QO

CQwY x@ QPo l}

δ̂(q̂i, (#,#)) = (p̂j , (#,#), R)

%OyO|t Q=Qk Q} R pmW =@ Q_=vDt |Ov@ Qm}B QO =Q u; w CU= p̂j ∈ QL u; QO xm Ovm|t xO=iDU=

#

îq

# b

a #

ĵq

# b

c #

ˆ
jp

# b

c

"CU= CU=QQU |R=Ux}@W u}= QDW}@ C=}} RH

%“hQ] wO R= |y=vDt=v Q=wv %OQ=Ov=DU=” xOvwW|R=Ux}@W u}W=t

2
q

1
q

%“xQ=}WwO ’|y=vDt=vxt}v Q=wv” xOvvm|R=Ux}@W u}W=t

2

U
q

1

U
q

2

L
q

1

L
q

Upper Track
(Right Part)

Lower Track
(Left Part)
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7 nv} QwD u}W=t Qo}O |=ypOt

xOvvm|R=Ux}@W u}W=t xOvwW|R=Ux}@W u}W=t
“xQ=}WwO ’|y=vDt=vxt}v Q=wv” “hQ] wO R= |y=vDt=v Q=wv %OQ=Ov=DU=”

M̂

M

M

qU
1

qU
2

(a, x) → (b, x), R

for each x ∈ Γ

q1 q2

a → b, R

qL
1

qL
2

(x, a) → (x, b), L

for each x ∈ Γ

qU
1

qU
2

(a, x) → (b, x), L

for each x ∈ Γ

q1 q2

a → b, L

qL
1

qL
2

(x, a) → (x, b), R

for each x ∈ Γ

qU
1

qL
1

(#, #) → (#, #), R

qL
1

qU
1

(#, #) → (#, #), R

|]NuwQ@nv} QwD u}W=t 5»1»10

p@=k \ki xDWPo Ovv=t xm OQ=O sy |OwQw p}=il} ’Q=wv Q@ xwqa (offline) |]NuwQ@ nv} QwD u}W=t
"CU= uOv=wN

Control Unit

Read-only input filea b c d

e f g Tape

"OwW |R=Ux}@W |]NuwQ@ pOt l} =@ Ov=wD|t OQ=Ov=DU= nv} QwD u}W=t Qy Q=DiQ
"CU= Q=wv x@ |OwQw p}=i R= |OwQw uOQm |Bm ’OwW s=Hv= xOvvm |R=Ux}@W u}W=t \UwD O}=@ xm |R}J

"s}vm|t VR=OQB OQ=Ov=DU= u}W=t VwQ u=ty x@ =Q u;TB u}= R=
u}W=t l} "OQ=O R=}v |QD|vqw] h}YwD x@ M̂ OQ=Ov=DU= u}W=t =@ M |]NuwQ@ u}W=t |R=Ux}@W
Q} R pmW j@=]t xQ=}WQ=yJVv}J R= xO=iDU= =@ =Q |]NuwQ@ u}W=t l} C=@U=Lt Ov=wD|t OQ=Ov=DU=

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



QDxO}J}B |x_i=L =@ nv} QwD u}W=t 8

%CU= xOW xO=O u=Wv q=@ pmW R= X=N |Ov@ Qm}Bl} |=Q@ Q=wv |=wDLt pmW u}= QO "Ovm |R=Ux}@W

Control Unit

M̂

a b c d
0 0 1 0
e f g h
0 1 0 0

%Ovm|t |R=@ |R=Ux}@W QO X=NVkv l} M̂ Q=}W Q=yJ R= l} Qy

"OQ=O Q@ QO =Q |OwQw pw= Q=}W •

"Ovm|t |Q=PoCtqa =Q xOW xOv=wN |OwQw u=mt swO Q=}W •

"Ovm|t |}=tvR=@ =Q M Q=wv swU Q=}W •

"Ovm|t |}=tvR=@ =Q M uDWwv / uOv=wN Oy u=mt sQ=yJ Q=}W •

%OQ=O M̂ CmQL |O=OaD x@ R=}v M CmQL Qy |R=Ux}@W

xOW |Q=PoCtqa \w@ Qt C=aq]= =@ w ’AJ |=yDv= ,qFt ’OQ=Ov=DU= C}akwt l} R= ‘wQW =@ •
p}=i R= xOW xOv=wN C}akwt uOQm =O}B |=Q@ =Q swO Q=}W M̂ ’=yDv= XwYNt |=yQ=PoCtqa =@

"Ovm|t wHDUH =Q M |OwQw

?=NDv= Cr=L QO M̂ pQDvm OL=w uO=O Q=Qk =@ pw= Q=}W |wQ Q@ Q_=vDt pwrU QO xOW Ci=} O=tv •
"OwW|t xOQw; Q]=N x@ Qw_vt u}= |=Q@ xOW

"OwW|t wHDUH M uDWwv / uOv=wN Oy C}akwt p=@vO x@ sQ=yJ Q=}WTBU •

s=Hv= |Q=m xJ O}=@M xm s}v=O|t uwvm = =t ’swU Q=}W |wQ O=tv w xOW xOQw; Q]=N x@ |OwQw =@ •
"OyO

"OwW|t xOQw; Q]=N x@ M̂ \UwD xQ=@ wO ?U=vt |rN=O Cr=L l} j} Q] R= C=aq]= u}= •

Oy ’C}=yv QO "O}=tv Tmavt =Q M CmQL =D OwW|t xO=O Q}}eD M̂ Q=wv Q=}W Q=yJ Qy TBU •

"OOQo|tQ@ OQ=Ov=DU= C}akwt x@ |Oa@ CmQL |R=Ux}@W |=Q@ M̂ uDWwv / uOv=wN

QDxO}J}B |x_i=L =@nv} QwD u}W=t 2»10

xO=iDU= =@ u=wD@ OwW QwYD CU= umtt xm CU= xO=U QOk u; OQ=Ov=DU=nv} QwD u}W=t |x_i=L Q=DN=U
"CU}v Qw] u}= xm OQm s}y=wN xOy=Wt xt=O= QO =t= ’O=OV}=Ri= =Q u; CQOk QDxO}J}B |x_i=L Q=DN=U R=

xQ=wvOvJnv} QwD u}W=t 1»2»10

XDNt uDWwv / uOv=wN Oy |=Q=O =yQ=wv R= l} Qy (multiple-tape) xQ=wvOvJ nv} QwD u}W=t QO
"OvDUy OwN
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9 nv} QwD u}W=t Qo}O |=ypOt

Control Unit

a b c d e f

Tape 1 Tape 2

CQwY x@ QPo ‘@=D u; QO xm CU= OQ=Ov=DU= nv} QwD u}W=t x@=Wt u}W=t u}= |tUQ h} QaD

δ : Q × Γn → Q × Γn × {L,R}n

"OyO|t u=Wv =Q OyO|t MQ Q=wv n Qy |=Q@ xJv; Qy w OwW|t h} QaD
"CU}v QDW}@ |rwtat nv} QwD u}W=t R= u}W=t u}= CQOk

H
p=Ft

Q} R pmW QO xOW xO=O u=Wv |=y|Ov@ Qm}B n = 2 |=Q@

Control Unit

a b c d e f

0
q

Control Unit

x b c d y f

1
q

QPo |xOa=k w

δ(q0, a, e) = (q1, x, y, L,R)

/uOv=wN Oy w OW=@ q0 Cr=L QO u}W=t xm OwW|t p=ta= |DQwY QO QPo |xOa=k "s} Q}o|t Q_vQO =Q
/uOv=wN Oy w OwW|t u} Ro}=H x =@ pw= Q=wv |wQ O=tv "Ov}@@ =Q e ’swO uDWwv /uOv=wN Oy w a ’pw= uDWwv
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QDxO}J}B |x_i=L =@ nv} QwD u}W=t 10

Oy w OwW|t |U} wvR=@ y =@ swO Q=wv |wQ O=tv ’u=tRty Qw] x@ "OwW|t =H@=H AJ CtU x@ u; uDWwv
"Ovm|t p}O@D q1 x@ =Q OwN Cr=L pQDvm OL=w "OwW|t =H@=H CU=Q CtU x@ uDWwv /uOv=wN

N

Qy xm s}yO u=Wv O}=@ xQ=wvOvJnv} QwD u}W=t w OQ=Ov=DU=nv} QwD u}W=t u}@ |RQ=sy uO=O u=Wv |=Q@
TmaQ@ w OwW |R=Ux}@W M̂ OQ=Ov=DU=nv} QwD u}W=tl} =@ Ov=wD|tM |xQ=wv OvJnv} QwD u}W=t

"OwW |R=Ux}@W xQ=wvOvJ u}W=t l} =@ Ov=wD|t OQ=Ov=DU= nv} QwD u}W=t Qy
xQ=wvOvJnv} QwD u}W=t |Q}oQ=m x@ QO s}v=wD|t xW}ty =Q} R ’OQ=Ov |WqD I}y x@ R=}v =aO= u}= swOVN@

"s}vm xO=iDU= O}it Q=m s=Hv= |=Q@ u; Q=wv l} R= \ki
"CU= CU=QQU |twyit ^=Lr x@ =t= ’CU= QDxO}J}B |mOv= Q=wv l} =@ xQ=wvOvJ u}W=t l} |R=Ux}@W
%OQ=O Q=Qk Q} R pmW QO xOWXNWt |Ov@ Qm}B QO xm O} Q}o@ Q_v QO =Q xQ=wvwO u}W=t l} p=Ft |=Q@

Control Unit

q

a b c d e f g h

%CU= Q=}W 4 |=Q=O Q} R pmW j@=]t M̂ |xQ=wvlD |xOvvm |R=Ux}@W u}W=t

Control Unit

a b c d
0 01 0
e f g h
0 10 0

q

"OyO|t u=Wv =Q M x@ \w@ Qt 1 Q=wv |=wDLt ’pw= Q=}W
/uOv=wN OyC}akwt wCU= 1 VQ=Okt xm pwrUl} |=Q@ RH@ ’CU= QiY s=tD swO Q=}W |r=NQ}eVN@

"Ovm|t |Q=PoCtqa =Q M uDWwv
"OvQ=O xOya Q@ M x@ \w@ Qt 2 Q=wv |=Q@ =Q |y@=WtVkv ’sQ=yJ w swU Q=}W

u}W=tl} |R=Ux}@W QO xO=iDU= OQwt VwQ x}@W xQ=wvlD u}W=tl} =@ xQ=wvOvJ u}W=tl} |}=tvR=@
QO xm CU= u}= =yv; Cw=iD =yvD ’OvDUy x@=Wt Q=}U@ R}v |R=Ux}@W QO |ak=w |=ys=o "CU= |]NuwQ@

"OwW xDiQo Q_v QO O}=@ |QDW}@ Q=wv O=OaD =Hv}=
w OwW|t p=ta= |} RH |D=Q}}eD =@ OQwt u}= QO |]NuwQ@ |=yu}W=t |R=Ux}@W |=Q@ xOW x�=Q= KQ]
xDN=UM x@ \w@ Qt δ QPo ‘@=D |wQ R= Ov=wD@ M̂ x@ \w@ Qt δ̂ QPo ‘@=D u; =@ xm OyO|t O=yvW}B =Q |r=wQ

"OwW
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11 nv} QwD u}W=t Qo}O |=ypOt

C=@U=Lt ,=v�t]t "OQ=O uDWwv |O=} R sHL x@ R=}v =t= ’CU}v Q=wWO u=tDN=U u}= uOQm j}kO xmv}= OwHw =@
s=Hv= M |wQ Q@ s}v=wD|t xJv; "OQ=Ov =t EL@ Q@ |Q}F=D u}= =t= ’CU= xOvvmxDUN w |vqw] M̂ |wQ

"s}yO s=Hv= s}v=wD|t sy M̂ |wQ Q@ ’s}yO

u}W=t l} R= QDOvtDQOk xv=oOvJ |=yQ=wv =@ nv} QwD u}W=t l} s}vm|t =aO= xm |t=ovy xDmv ◭
xm |v=@ R |va} ’OwW s=Hv= =yu}W=t u}= \UwD Ov=wD|t xJv; OQwt QO =yvD ’CU}v OQ=Ov=DU= nv} QwD

"CU}v Q_v Ot “. . . w =[i ’u=tR” |Ot;Q=m |xr�Ut w s}vm|t smL ’OvQ}PB|t

H
p=Ft

"O} Q}o@ Q_v QO =Q {anbn} u=@ R
"O@r]|t |O=} R Q=m xQ=wv lD nv} QwD u}W=t =@ u=@ R u}= VQ}PB
"OwW|t QD‘} QU w QDxO=U Q=m u}= xQ=wvwO nv} QwD u}W=t =@ =t=

&OW=@ xOW xDWwv 1 Q=wv |wQ x@U=Lt |=OD@= QO anbn |x}rw= |xDWQ O}vm ZQi
"s}vm|t |Bm 2 Q=wv QO =Q =yv; w s}v=wN|t =Q =ya |xtyTBU

"s}yO|tCk@=]t 2 Q=wv |wQ xOW |Bm |=ya p@=kt QO =Q 1 Q=wv |wQ |=yb ’s}O}UQ =ya |=yDv= x@ |Dkw
/uOv=wN Oy OW=@ sRq xmv}= uwO@ ’Q}N =} OQ=O OwHw b w a |w=Ut O=OaD =}; xm OQm u}}aD u=wD|t VwQ =@

"OwW xOQ@ ?ka wrH QQmt Qw] x@ uDWwv

N

’OvwW|t xDiQo Q_v QO pO=at =yQ=m s=Hv= |}=v=wD x@C@Uv =yvDnv} QwD u}W=t |=ypOt ‘=wv= xDmv◭
"s}W=@ xDW=O Q_v QO CU= umtt xm Qo}O |Ot;Q=m Q=}at Qy =} |R} Qxt=vQ@ |oO=U x@ C@Uv xv

|Oa@OvJnv} QwD u}W=t 2»2»10

R=V}@ QO Q=wv u; QO xm CU=nv} QwD u}W=tl} (multi-dimensional) |Oa@OvJnv} QwD u}W=t
"CU= xDi=} VQDUo |y=vDt=v Qw] x@ Oa@ l}

Control Unit

1,1 1,2

-1,1

1,-1

Two-dimensional address scheme
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CQwY x@ δ QPo ‘@=D pt=W |Oa@ wO nv} QwD u}W=t |tUQ h} QaD

δ : Q × Γ → Q × Γ × {L,R,U,D}

"Ovm|tXNWt =Q u}}=B w q=@ x@ uDWwv ffl uOv=wN Oy |}=H@=H D w U u; QO xm CU=
pmW j@=]t xQ=}WwO pOtl} R= s}v=wD|t ’OQ=Ov=DU=nv} QwD u}W=tl} =@ u}W=t u}= |R=Ux}@W |=Q@

%s}vm xO=iDU= Q} R

a

1 # 2 #

b

1 0 # 3 #

"s}yO|t C@Uv |Oa@ wO Q=wv |=ypwrU x@ TQO; =} ?}DQD l} =OD@=
"OwW s=Hv= |OOaDt jQ] x@ Ov=wD|t Q=m u}=

w pwrU |=wDLt |xQ}NP |=Q@ Q=}W l} ’xOvvm |R=Ux}@W u}W=t Q=wv x@ \w@ Qt Q=}W wO R= ’p=Ft |=Q@
"OwW|t xO=iDU= Q_=vDt TQO; |Q=Oyov |=Q@ |Qo}O

"CU= b |w=L (10,−3) pwrU w a |w=L (1, 2) pwrU |Ov@ Qm}B u}= QO ’jwi pmW j@=]t
u}=Q@=v@ ’OW=@ nQR@ x=wNrO x@ K}LY O=Oa= pt=W Ov=wD|t pwrU TQO; %OQ=O OwHw |Q=wWOl} =Hv}= QO
O}=@ u; |=H x@ "Ovm xO=iDU= =yTQO; uOQm xQ}NP |=Q@ C@=F |xR=Ov= =@ Or}il} R= Ov=wD|tv TQO; Q=}W
Ovv=t” =yOr}i uOQm =OH |=Q@ X=N |=yO=tv R= u; QO xm s}vm xO=iDU= Q}eDt |xR=Ov= =@ Or}i V}=Q; R=

"OwW|t xO=iDU= “jwi pmW
/uOv=wN Oy w M |Oa@ wO u}W=t uDWwv /uOv=wN Oy ’CmQL Qy |R=Ux}@W |=OD@= QO s}vm|t ZQi

"OW=@ Q_=vDt |=ypwrU |wQ Q@ xW}ty M̂ |xOvvm |R=Ux}@W u}W=t uDWwv
’|Oa@ wO |yOTQO; KQ] R= xO=iDU= =@ M̂ |xOvvm|R=Ux}@W u}W=t =OD@= ’CmQL l} |R=Ux}@W |=Q@

"Ovm|t x@U=Lt xO=U |x@U=Lt l} =@ =Q Ovm CmQL u=O@ O}=@ M xm |rwrU TQO;
Q}}eD =Q pwrU |=wDLtTBU w O@=}|t 2 Q=}W |wQ =Q TQO; u}= =@ pwrU M̂ ’OW x@U=Lt TQO; |Dkw

"OwW xOQtW M CmQL =D OyO|t
"CW=O Oy=wN OwHw M̂ |=Q@ |DU=QQU Q=DN=U M uDW=O =@ ’,=OOHt

|a]kQ}env} QwD u}W=t 3»10

QO =t= ’OQ=Ov u}W=t CQOk QO |Q}F=D TB ’CU= xOWv O}m =D Q=wv R= |Y=N ‘wv x@ nv} QwD RD QO uwJ
|QDW}@ |UQQ@ O}=@ w OQ=Ov |a]k ‘wv =@ |Dw=iD xmCio u=wD|tv |DL=Q x@ |a]kQ}env} QwD u}W=t OQwt

"OwW s=Hv=

x@δ ‘@=D xm Cw=iD u}= =@ ’nv} QwD u}W=t h} QaD =@ j@=]t CU= |vwD=twD; ’|a]kQ}e nv} QwD u}W=t l} h} QaD
%OwW|t h} QaD Q} R CQwY

δ : Q × Γ → 2Q×Γ×{L,R}
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13 nv} QwD u}W=t Qo}O |=ypOt

R= s=Om Qy xm CU=yC}a[w Q}}eD R= |=xawtHt δ OQ@ ’CU= KQ]t C}a]k sOa |Dkw xW}ty Ovv=ty
"OwW ?=NDv= u}W=t \UwD Ov=wD|t =yv;

H
p=Ft

|=yCmQL w CU= |a]kQ}e TM ’OW=@ δ(q0, a) = {(q1, b, R), (q2, c, L)} Qo =

q0 aaa ⊢ b q1 aa, q0 aaa ⊢ q2 caa

"CU= umtt wO Qy

q0

q1

q2

a → b, R

a → c, L

N

xOvQ}PB Vkv QO ,qwtat |a]kQ}e |=D=twD; ’CU}v K[=w ‘@=wD |x@U=Lt QO C}a]k sOa Vkv uwJ
"CU=

xm OW=@ xDW=O OwHw C=mQL R= |=xr=@vO xm OQ}PB|t =Q w |xDWQ |DQwY QO |a]kQ}e nv} QwD u}W=t
"qf ∈ F xm |Qw] x@ q0 w ⊢∗ x1 qf x2

QHvt C}=yv|@ |xkrL =} |}=yv Cr=L l} x@ xm OW=@ |D=mQL |=Q=O CU= umtt |a]kQ}e u}W=t l}
C=mQL R= |=xr=@vO xm CU= u}= CU= syt xJv; "OvDUy C}ty=|@ =y?=NDv= u}= xDWPo Ovv=t =t= ’OwW

"OQ=O OwHw VQ}PB |=Q@
l} O}=@ ’CU}v |a]k nv} QwD u}W=t R= QDOvtDQOk |a]kQ}e nv} QwD u}W=t s}yO u=Wv xm u}= |=Q@

"s}yO x�=Q= u; |=Q@ |a]k pO=at
OwW xDiQo Q_v QO (backtracking) OQo?ka =@ |a]k sD} Qwor= l} u=wva x@ Ov=wD|t C}a]k sOa
s=Hv= =Q OQo?ka pta Ov=wD@ Qo = ’Ovm |R=Ux}@W =Q |a]kQ}e u}W=tl} Ov=wD|t |a]k u}W=tl}⇐
"s}vm x=ov C}a]k sOa x@ |Qo}O wLv x@ O}=@ ’CU= s=Hv= p@=k xvwoJ Q=m u}= s}v}@@ xmv}= |=Q@ "OyO
CmQL l} R= V}@ xm |Dkw "Ovm Q=QmD =Q OwN Ov=wD@ xm CU= |v}W=t |a]kQ}e u}W=t l}
Ovm|t Q=Po =w =Q |Q=m =y|Bm R= s=Om Qy x@ w Ovm|t x}yD |Bm OwN R= sRq O=OaD x@ u}W=t ’OW=@ Q}PBu=mt=
|m}v=mt Q}e CU= umtt C}a]k sOa x@ VQov u}= "CU= u}W=t |=y?=NDv= R= |m} =yv; R=l} Qy xm
l} \UwD Ov=wD|t xJQo ’CU= GQ=N |RwQt= |=yQDw}Bt=m CQOk R= ,=a]k OwOLt=v Q=QmD ’OUQ@ Q_v x@

%OwW |R=Ux}@W |a]k nv} QwD u}W=t

Machine 1

Machine 2

Tape contents

Internal state and 

position of head
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"s} Q}o|t Q_v QO =Q |Oa@ wO Q=wv =@ nv} QwD u}W=t l}
"Ovm|t |}=tvR=@ =Q u}W=t l} ’Q=}W GwR Qy

"OyO|t u=Wv =Q Oy pLt |v}}=B Q=}W w Q=wv |=wDLt |}q=@ Q=}W
xO=O Q=Qk u; QO ?U=vt C=aq]= w OwW|t ‘wQW O}OH Q=}W wO ’s} Q=O O}OH u}W=tl} x@ R=}v xm |Dkw

"OwW|t

"CU= Q@=Q@ sy =@ |a]kQ}e nv} QwD |=yu}W=t Tqm w |a]k nv} QwD |=yu}W=t Tqm x}[k

‘t=Hnv} QwD u}W=t 4»10

"CU= xQw]vt X=N QDw}Bt=m l} ’OW x�=Q= nv} QwD u}W=t R= xm |i} QaD
"OwW|t x@U=Lt R= |Y=N ‘wv s=Hv= x@ OwOLt u}W=t ’OwW h} QaD δ |Dkw

|R} Qxt=vQ@hrDNt |=yQ=m s=Hv= |=Q@ Ovv=wD|t w OvDUy xQw_vtxty p=D}H}O |=yQDw}Bt=m Qo}O hQ] R= =t=
"OvwW

$OW=@ xQw_vtxty |=yQDw}Bt=m =@ pO=at Ov=wD|tv nv} QwD u}W=tTB
‹‘t=Hnv} QwD u}W=t› s=v =@ OOHt |R} Qxt=vQ@ p@=knv} QwD u}W=tl} |L=Q] =@ u=wD|t =Q O=kDv= u}=

"Owtv ‘iQ

u}W=tl}h}YwD|Dkw xmCU=|vwD=twD; ’Mu ’(universal turing machine) ‘t=Hnv} QwD u}W=t h} QaD
"Ovm |R=Ux}@W =Qw|wQ Q@M C=@U=Lt Ov=wD|t ’OwW|t xO=O u; x@ |OwQw u=wva x@w|xDWQ wnv} QwD

s}vm|t ZQi "s}@=}|t nv} QwD u}W=t h}YwD |=Q@ OQ=Ov=DU= |WwQ =OD@= Mu CN=U |=Q@

Q = {q1, q2, . . . , qn}

w |}=yv Cr=L u=wva x@ q2 w x}rw= Cr=L u=wva x@ q1 =@

Γ = {a1, a2, . . . , am}

"CU= |r=N |xrY=i a1 xm
%|Q=PoOm

"s}yO|tV}=tv . . . ’111 =@ =Q q3 ’11 =@ =Q q2 ’1 =@ =Q q1
"s}yO|tV}=tv . . . ’111 =@ =Q a3 ’11 =@ =Q a2 ’1 =@ =Q a1

"OwW|t xO=iDU= =y1 u}@ |R=U=OH |=Q@ 0
pt=m Qw] x@ |ov} QwD u}W=t Qy ’Ov=xOWh} QaD jwi CQwY x@ xm |r=N |xrY=i w |}=yv ’x}rw=Cr=L =@

"OwW|t h}YwD
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15 nv} QwD u}W=t Qo}O |=ypOt

xDWwv xOW u}}aD V}B R= ?}DQD l} x@ G}=Dv w =yu=twoQ; w VwQ u}ty T=U= Q@ δ Cr=L Q}}eD ‘@=D
%,qFt ’OwW|t

δ(q1, a2) = (q2, a3, L) : . . . 10110110111010 . . .

"CU= {0, 1}+ QO |=xDWQ CQwY x@ |y=vDt |Q=PoOm l} |=Q=O nv} QwD u}W=t Qy xH}Dv QO
"OQm |}=WoOm OQi x@ QYLvt CQwY x@ u=wD|t =Q M R= Om Qy

Ovv=t ’OvDUyX}NWD p@=k |oO=U x@ =t= ’OvyO|tv V}=tv =Q |ov} QwD u}W=t I}y =yxDWQ R= |[a@
"00011

Q=DN=U |=Q=O w OwW|t pt=W =Q {0, 1} xm CU= |OwQw |=@ir= l} |=Q=O Mu ‘t=H nv} QwD u}W=t
"CU= xQ=wvOvJ

Control Unit

of

Mu

Description of M Tape content ofM Internal state ofM

%s}vm|t |Q=Oyov =Q M R= xOW |Q=PoOm h} QaD l} w w M |OwQw Qy |=Q@
w M Q=wv C=} wDLt |w=L 2 Q=wv

"CU= M |rN=O |=yCr=L |w=L 3 Q=wv
"Ovm u}}aD =Q M |Ov@ Qm}B =D Ovm|t x=ov 3 w 2 |=yQ=wv |=wDLt x@ =OD@= Mu

"OyO|t s=Hv= =Q |Q=m xJ |Ov@ Qm}B u}= QO M xm Ov}@@ =D Ovm|t xaH=Qt 1 Q=wv x@ Oa@
"O}=tvTmavt =Q CmQL |xH}Dv xm OvwW|t xO=O Q}}eD |=xvwo x@ 3 w 2 |=yQ=wv ,=D}=yv

=yl} w =yQiY R= |=xDWQ =@ u=wD|t =Qnv} QwD u}W=t Qy xm u}= |xOy=Wt |=Q@ "=Q=tW |=yxawtHt
"s}vm QwQt =Q =yxawtHt |x} Q_v R= xH}Dv OvJ O}=@ ’OQ=OV}=tv

"OvDUy =Q=tW |y=vDt |=yxawtHt |xty
K}LY O=Oa= w =yv; u}@ u=wD@ xm |}=yxawtHt” OvDUy =Q=tW =yxawtHt |NQ@ ’|y=vDt=v |=yxawtHt QO

"OvDUy =Q=tW=v =yxawtHt Q}=U w “OQm Q=QkQ@ l} x@ l} Q_=vD C@Ft

H
p=Ft

"CU=Q=tW =} wo O=Oa= |xawtHt

N

xawtHt u; xm OQm C@=F u=wD|t ’s}W=@ xDW=O xawtHt l} QY=va uOQm ?DQt |=Q@ |WwQ s}v=wD@ Qo =
"s}} wo|t VQ=tW p=wQ l} VwQ u}= x@ "CU=Q=tW

"OQm xO=iDU= u; |rmh} QaD |=Q@nv} QwD u}W=t pOt R= u=wD|t ’CU= |m}v=mt Ov};Qil} VQ=tW uwJ
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u}W=t ’S |=Q@ VQ=tW p=wQ l} CQwY u}= QO "OW=@ Σ |=@ir= |=yxDWQ |xawtHt S xm O}vm ZQi h} QaD
%Ovm|t |] =Q Q} R |=ysOk xm CU= |ov} QwD

q0 � ⊢∗ qs x1#s1 ⊢
∗ qs x2#s2 . . .

"OwW|t O}rwD |y=vDt |=ysOk |] QO s ∈ S Qy xm CU= |=xvwo x@ xi ∈ Γ∗ − {#} w si ∈ S xm
R=TB |xDWQ ’OyO|t MQ qs x=oQy |va} %OyO|t u=Wv =Q S QO C} w[a xm CU= |Dr=L qs Cr=L

"CU= S QO #

"CU=Q=tW ’OW=@ OwHwt VQ=tW p=wQ l} u; |=Q@ xm |=xawtHt Qy
xJQo = ’OwW|tv hkwDt ’OW=@ |y=vDt=v S Qo = =Q} R ’O}t=v ‹sD} Qwor=› u=wD|tv =Q VQ=tW p=wQ l}vmD

"Ovm|t O}rwD |v}@V}B p@=k w h} QaDVwN G}=Dv uwJ CU= Q=O|vat Ov};Qi l}

H
p=Ft

Q@ |R=U?DQt %proper order xQU ?}DQD =@ |R=U?DQt” CU=Q=tW Σ+ ’OW=@ Σ = {a, b, c} Qo =
"“=@ir= hwQL ?}DQDTBU w xDWQ pw] T=U=

N

"CU=Q=tW =t= ’|y=vDt=v ’nv} QwD |=yu}W=t |t=tD |xawtHt x}[k

"C=@F= ◭
CQwY x@ |Q=PoOm u}= =@ VQ=tW p=wQ "OQm |Q=PoOm 1 w 0 R= xO=iDU= =@ =Qnv} QwD u}W=t Qy u=wD|t

%CU= Q} R

"O}vm O}rwD xQU ?}DQD x@ =Q {0, 1}+ QO |Oa@ |xDWQ “1

"O} Q}o@ xO}O=v =Q u; xvQo w O}U} wv@ Q=wv |wQ Q@ =Q u; ’CU= nv} QwD u}W=t l} xDWQ u}= Qo = “2

"O}OQoQ@ “1” sOk x@ “3

’OwW|thkwDt Ov};Qi u}= =@C}=yv QO |v}W=t Qy ’CU= |y=vDt |i}YwD |=Q=Onv} QwD u}W=t Qy uwJ
"CU=Q=tW xawtHt u}= w OQ=O OwHw ?}DQD l}TB

�
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|]N Q=Ou=Qm |=D=twD; 5»10

’OQ=O Q=Qk u; QO |OwQw xm Q=wv R= |DtUk R= Ov=wD@ \ki xm s}yO|t Q}}eD |=xvwo x@ =Q nv} QwD u}W=t
u}W=t Ovv=t (linear bounded automaton: LBA) |]N Q=Ou=Qm uwD=twD; l} "Ovm xO=iDU=
|]N |a@=D ’Ovm xO=iDU= u; R= Ov=wD|t xm Q=wv R= |Q=Okt =t= ’CU= OwOLt=v Q=wv |=Q=O OQ=Ov=DU=nv} QwD

%CiQo Q_v QO Q=}W OvJ Q=wv |=Q@ u=wD|t =Q} R ’CU= |OwQw pw] R=
"s}vm|t OwOLt ’CU= |OwQw |w=L xm Q=wv R= |}=ypwrU x@ =Q Q=wv R= xO=iDU= p@=k CtUk

] CU=Q |=yDv= w [ AJ |=yDv= O=tv s=v x@ XwYNt Ctqa wO R= ’xOwOLt u}= R= C_=iL |=Q@
"s}vm|t xO=iDU=

"OwW|t xO=O u=Wv q0[w] pYiq@h}YwD =@nv} QwD u}W=t |x}rw= |Ov@ Qm}B ’w Ovv=t |OwQwl} |=Q@
x@ Ov=wD|tv uDWwv / uOv=wN Oy w OQm |U} wvR=@ u=wD|tv =Q CU=Q |=yDv= w AJ |=yDv= |=yCtqa

"OwQ@ ] CU=Q CtU =} [ AJ CtU
"Ovm|t OQwNQ@ =yDv= Ctqa x@ uDWwv / uOv=wN Oy xm OwW|t xDio |y=o

xm CU= h} QaD j@=]t M = (Q,Σ,Γ, δ, q0,�, F ) nv} QwD u}W=t l} ’|]N Q=Ou=Qm uwD=twD; h} QaD
%xm |Qw] x@ ’OW=@ [ w ] |=yO=tv |=Q=O O}=@ u; |=@ir=

w (qj , [, R) pmW x@ |QY=va |w=L Ov=wD|t \ki δ(qi, [)

"OW=@ (qj , ], L) pmW x@ |QY=va |w=L Ov=wD|t \ki δ(qi, ])

’x1, x2 ∈ Γ∗ w qf ∈ F |=R= x@ xm OwW xDiQ}PB |]N Q=Ou=Qm uwD=twD; l} \UwD Ov=wD|t |=xDWQ h} QaD
CQwY x@ |}=yCmQL

q0 [w] ⊢∗ [x1 qf x2]

"OW=@ umtt
"CU= |=xDiQ}PB |=yxDWQ u}vJ |xty |xawtHt ’LBA u}= \UwD xOW xDiQ}PB u=@ R

h} QaD QO xmr@ ’CU}v =yEL@ QO |DL=Q |=Q@ Q=m u}= "CU= xOW ZQi |a]kQ}e LBA h} QaD u}= QO
=@ =}; xm s}v=O|tv Rwvy =t= ’OQm h} QaD =Q |a]k LBA u=wD|t xm p=L u}a QO "CU= |QwQ[ LBA

"“R=@ |xr�Ut” Q}N =} CU= RQ=sy |a]kQ}e |xNUv

H
p=Ft

"OwW|t xDiQ}PB |]N Q=Ou=Qm uwD=twD; l} \UwD L = {anbncn : n ≥ 1} u=@ R
Ov=wD|t Q=m u}=TB ’OQ=Ov R=}v |OwQw R= GQ=N |}=[i x@ C=@U=Lt ’u=@ R u}=nv} QwD u}W=t x@ xHwD =@

"OwW s=Hv= |]N Q=Ou=Qm uwD=twD; l} \UwD

N
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H
p=Ft

"L = {an! : n ≥ 0} |=Q@ LBA l} uDi=}
xm u}= =D s}vm s}UkD. . . ’4 ’3 ’2 x@ xDUw}B Qw] x@ =Q =ya xm CU= u}= xr=Ut u}= pL |=Q@ pLx=Ql}

"OwW OQ =} pw@k xDWQ
’Ov=t|t |k=@ a l} \ki ,=D}=yv ’OW=@ L QO |OwQw Qo =

"CW=O s}y=wN |QiYQ}e |xOv=t}k=@ ’xvQo w
xO=iDU=T} wvV}B u=wva x@ u=wD|t =Q |i=[= |=yQ=}W w OW=@ xDW=O Q=}W OvJ Ov=wD|t LBAl} Q=wv

"OQm
%OQm xO=iDU= xQ=}WwO Q=wv l} R= u=wD|t xr=Ut u}= pL |=Q@

w Ov=t|t |k=@ s}UkD R=TB xm CU= |}=ya O=OaD |w=L pw= Q=}W
"CU= |rai x}ra swUkt |w=L swO Q=}W

[ a a a a a a ] a’s to be examined

[ a a a ] current divisor

|@} Q[ QO xm |}=yv; RH@ =yO=tv |xty hPL =@ =Q pw= Q=wv |=ya ’swO Q=wv |wQ x}ra swUkt R= xO=iDU= =@
"s}vm|t hPL ’OvQ=O l =QDW= x}raswUkt R=

a l} \ki =} s}W=@ xDW=O QiY Q}e |xOv=t}k=@ l} =D s}vm|t xi=[= x}ra swUkt x@ |m} u}= R= TB
"Ov=t@ |k=@

N

"OvDU}v uDt R= pkDUt jwi u=@ R wO =Q} R &OW=@ QD|wk PDA R= O}=@ LBA xm OyO|t u=Wv Q}N= p=Ft wO
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