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uDt R= pkDUt |=yu=@ R C=}YwYN
Properties of Context-Free Languages 8

uDt R= pkDUt |=yu=@ R w j} QRD sr 1»8

uDt R= pkDUt |=yu=@ R |=Q@ j} QRD sr 1»1»8

OwHw m C@Ft K}LY OOa CQwY u}= QO "OW=@ |y=vDt=v uDt R= pkDUt u=@ R l} L xm O}vm ZQi x}[k
%OwW x} RHD Q} R CQwY x@ Ov=wD|t |w| ≥ m =@ w ∈ L Qy xm OQ=O

w = uvxyz

u; QO xm

|vxy| ≤ m, |vy| ≥ 1

"CU= uvixyiz ∈ L ’i = 0, 1, 2, . . . Qy |=R= x@ xm |Qw] x@

"C=@F= ◭

w λ Oa=wk R= |Q=a xm s} Q=O u; |=Q@ =Q G Qt=Qo s}vm|t ZQi w s} Q}o|t Q_v QO =Q L − {λ} u=@ R
%CU= xm}

L(G) = L − {λ}

’|α| ≤ k s} Q=O A → α |xOa=k Qy |=Q@ |va} ’CU= OwOLt xOa=k Qy CU=Q CtU pw]
%OW=@ |w|/k pk=OL O}=@ w ∈ L Ovv=t |=xDWQ R= j=kDW= Qy pw]TB

S ⇒n w, n ≥
|w|

k

’OvQ=O OwHw Ovr@ x=wNrO pw] =@ |}=yj=kDW= ’CU= |y=vDt=v L uwJ
"CW=O Ovy=wN OwHw x=wNrO ‘=iDQ= =@ |k=kDW= |=yCNQOTB

O=OaD uwJ "s} Q}o|t Q_v QO =Q nQ@ l} x@ xW} Q R= Ovr@ |i=m pw] x@ |Q}Ut =@ j=kDW= CNQO l}
%OwW Q=QmD Q}Ut u}= QO Q}eDt l} O}=@ ,=tDL ’CU= |y=vDt G |=yQ}eDt

1



uDt R= pkDUt |=yu=@ R w j} QRD sr 2

.
.
.

.
.
.

u z

v y

x

S

A

A

%s} Q=O =Q jwi CNQO =@ pO=at Q} R j=kDW=

S ⇒∗ uAz ⇒∗ uvAyz ⇒∗ uvxyz, u, v, x, y, z ∈ T ∗

%s} Qw;|t CUO x@ j=kDW= u}= R=

A ⇒∗ vAy, A ⇒∗ x

%TB ’O}=tv Q=QmD =Q A ⇒∗ vAy j=kDW= Ov=wD|t x=wNrO O=OaD x@ A |va}

∀i ∈ {0, 1, 2, . . .} ⇒ uvixyiz ∈ L(G)

u}= Q}e QO” OwW|tv Q=QmD |Q}eDt I}y xm OQm ZQi u=wD|t A ⇒∗ x w A ⇒∗ vAy |=yj=kDW= QO
"“s} Q}o|t Q_v QO A =Q |Q=QmD Q}eDt CQwY

uOW OwOLt p@=k w R= pkDUt w CU= Qt=Qo Oa=wk x@ xDU@=w \ki y w x ’v |=yxDWQ pw] ’u}=Q@=v@
"OwW Q=QkQ@ |vxy| ≤ m \QW =D ’CU=

"|vy| ≥ 1 u}=Q@=v@ w OvW=@ λ wO Qy Ovv=wD|tv y w v ’s} Q=Ov λ w xm} Oa=wk uwJ

�

|=yu=@ R j} QRD sr x@=Wt” "CU= u=@ Rl} uOw@v uDt R= pkDUt uO=O u=Wv |=Q@ ’j} QRD sr OQ@ Q=m
“"OwQ|t Q=m x@ u=@ R l} uOw@v s_vt C=@F= |=Q@ xm s_vt

y |xDWQ w OwW|t ‘wQW w |=OD@= R= m x@ OwOLt pw] =@ xy |xDWQQ} R ’s_vt |=yu=@ R QO •
"OQ=O Q=Qk w pw= O=tv m QO ’OwW|t j} QRD xm

vxy R= p@k u |xDWQQ} R w CU= |vxy| |wQ \ki C}OwOLt ’uDt R= pkDUt |=yu=@ R QO =t= •
"OW=@ |vqw] x=wNrO x@ Ov=wD|t

QDQ=wWO =t |=Q@ |R=@ w CW=O Oy=wN |QDW}@ pta |O=R; h} QL ’|D@=kQ EL@ QO ’xH}Dv QO •
O}=@ =yv; |xty xm CU= QwYD p@=k xDWQ |x} RHD |=Q@ |QDW}@ |=yCr=L O=OaD ‘k=w QO "OwW|t

"OvwW |UQQ@
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3 uDt R= pkDUt |=yu=@ R C=}YwYN

H
p=Ft

"CU}v uDt R= pkDUt L = {anbncn : n ≥ 0} u=@ R xm O}yO u=Wv

m > 0 “h} QL” •

w = ambmcm ∈ L, |w| ≥ m “u=tOwN” •

|vxy| ≤ m, |vy| ≥ 1 \QW =@ w |x} RHD “h} QL” •

"OW=@ a |w=L \ki vxy “1

"OwW ?=NDv= b w a |w=Ut O=OaD |w=L vxy “2

’CU}v umtt xm ” OW=@ xDW=O c w b ’a |w=Ut O=OaD vy xm OwW ?=NDv= |=xvwo x@ vxy “3
"“|vxy| ≤ m O}=@ =Q} R

“u=tOwN” •

"CU}v L QO xOWj} QRD |xDWQ “1

"CU}v L QO k 6= m =@ akbkcm xOWj} QRD |xDWQ “2

"OwW|tv jiwt =t uO=O CUmW |=Q@ w ?U=vt |x} RHD ?=NDv= QO h} QL “3

"CU}v uDt R= pkDUt u=@ R l} L u=@ RTB
ma mb mc

u
vxy

z

u
vxy

z

) (

)!(

N

H
p=Ft

"CU}v uDt R= pkDUt L = {ww : w ∈ {a, b}∗} u=@ R xm O}yO u=Wv

m > 0 “h} QL” •

w = ambmambm ∈ L, |w| ≥ m “u=tOwN” •

"OQ=O OwHw vxy ?=NDv= w xDWQ |x} RHD |=Q@ |irDNt |=yx=Q “h} QL” •
"CU= Q} R pmW j@=]t =yx=Q u}= R= |m}

i = 0⇒ akbjambm 6∈ L, k < m or j < m %s} Q=O Q} R pmW |x} RHD QO “u=tOwN” •

?U=vt |x} RHD ?=NDv= QO h} QL u}=Q@=v@ "OwW|t QHvt |y@=Wt |xH}Dv x@ R}v =yx} RHD Q}=U ?=NDv=
&OwW|tv jiwt =t uO=O CUmW w |=Q@

"CU}v uDt R= pkDUt u=@ R l} L u=@ RTB

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



uDt R= pkDUt |=yu=@ R w j} QRD sr 4

m mm m

a ab ba ab b
 !!!!"!!!!#  !!!!"!!!!# !!!!"!!!!#  !!!!"!!!!#

$ $ $ $

zyxvu

N

H
p=Ft

"CU}v uDt R= pkDUt L = {anbj : n = j2} u=@ R xm O}yO u=Wv

m > 0 “h} QL” •

w = am2bm ∈ L, |w| ≥ m “u=tOwN” •

j@=]t Q=wWO ,=D@Uv OQwt =yvD "OQ=O OwHw xyz ?=NDv= w x} RHD |=Q@ |irDNt |=yxv} Ro “h} QL” •
"CU= Q} R pmW

%s} Q=O j} QRD x@DQt i =@ “u=tOwN” •
"k1, k2 6= 0 xm b =D m + (i − 1)k2 w a =D m2 + (i − 1)k1

%CW=O s}y=wN ’OW=@ i = 0 Qo =

i = 0⇒ (m − k2)
2 ≤ (m − 1)2 = m2 − 2m + 1 < m2 − k1

"w0 6∈ LTB
"w0 6∈ L syR=@ ’k1 6= 0, k2 = 0 =} k1 = 0, k2 6= 0 Qo = u}vJty

"CU}v uDt R= pkDUt u=@ R l} L u=@ RTB

%

2

2
1

mm
kk

a a a ab b b b

 !!!!!!"!!!!!!# !!!!!!"!!!!!!#

 !!"!!#

$ $ $ $ $ $

zyxvu

N

H
p=Ft

"CU}v uDt R= pkDUt L = {an! : n ≥ 0} u=@ R xm O}yO u=Wv

"s}vm|t Q_v hQY u; OOHt u=}@ R= =Hv}= QO xm CU= L uOw@ s_vt=v C=@F= x@=Wt C=@F= u}=

N
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5 uDt R= pkDUt |=yu=@ R C=}YwYN

|]N |=yu=@ R |=Q@ j} QRD sr 2»1»8

Ovv=t |]N uDt R= pkDUt Qt=Qol} Qo = \ki w Qo = ’s}} wo |]N =Q L uDt R= pkDUt u=@ R "|]N u=@ R h} QaD
"L = L(G) xm OW=@ xDW=O OwHw G

"CU}v K}LY xQ=wty u;Tma =t= ’CU= uDt R= pkDUt u=@ R l} |]N u=@ R Qy

H
p=Ft

&CU= |]N u=@ R l} {anbn : n ≥ 0}
"OQ=O OwHw u; |=Q@ S → aSb | λ |]N Qt=Qo =Q} R

N

H
p=Ft

"OQ=Ov OwHw u; |=Q@ |]N Qt=Qo I}y =Q} R &CU}v |]N u=@ R l} {w : na(w) = nb(w)}

N

Qy xm OQ=O OwHw m C@Ft K}LY OOa CQwY u}= QO ’OW=@ |y=vDt=v |]N u=@ Rl} L xm O}vm ZQi x}[k
%OwW x} RHD Q} R CQwY x@ Ov=wD|t |w| ≥ m =@ w ∈ L

w = uvxyz

u; QO xm
|uvyz| ≤ m, |vy| ≥ 1

"CU= uvixyiz ∈ L ’i = 0, 1, 2, . . . Qy |=R= x@ xm |Qw] x@

"C=@F= ◭
%s} Q}o|t |B =Q pYi u}= |x}[k u}rw= C=@F= |xr=@vO ’C=@F= |=Q@

hPL” OQ=Ov λ =} xm} |xOa=k I}y xwqa x@ xm OQ=O OwHw u; |=Q@ G |]N Qt=Qo ’CU= |]N L uwJ
"“OyO|tv Q}}eD =Q Qt=Qo uOw@ |]N OwHw CQwY QO Oa=wk u}=

%xm s}v}@|t pYi u}= |x}[k u}rw= C=@F= QO xOW x}=Q= pmW j=kDW= CNQO QO

R= w A u}twO x@ u; R= ’A u}rw= x@ S Q}Ut QO Ovv=wD|t =yvD =yQ}eDt ’CU= |]N Qt=Qo xm =Hv; R= •
"OvW=@ xDW=O Q=Qk nQ@ l} =D . . . x@ u;

"OvW=@ Q=Ou=Qm O}=@ z w u ’OQ=O OwHw xv=}=B |OwOLt O=OaD =yvD xm =Hv; R= •
%TB ’OvW=@ Q=Ou=Qm sy y w v O}=@ EL@ u}ty T=U= Q@

|uvyz| ≤ m

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



uDt R= pkDUt |=yu=@ R w j} QRD sr 6

"CU= pw= |x}[k C=@F= x@=Wt C=@F= |xt=O=

�

"CU= u=@ Rl} uOw@v |]N uO=O u=Wv |=Q@ ’j} QRD sr u}= OQ@ Q=m

H
p=Ft

"CU}v |]N L = {w : na(w) = nb(w)} u=@ R xm O}yO u=Wv

"OW=@ |]N u=@ R u}= xm s}vm|t ZQi
"s} Q}o|t Q_v QO =Q CU= |w| ≥ m w w ∈ L xm w = amb2mam |xDWQ |=Q@ =Q j} QRD sr

"OW=@ a pt=W ,=tDL O}=@ u, v, y, z xm OyO|t u=Wv |uvyz| ≤ m \QW
%s} Q=O ’s}vm j} QRD =Q xDWQ u}= Qo =

am+kb2mam+l 6∈ L, k ≥ 1 or l ≥ 1

"OW=@ |]N Ov=wD|tv L u=@ RTB

N

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



7 uDt R= pkDUt |=yu=@ R C=}YwYN

|=yu=@ R |=Q@ |Q}os}tYD |=ysD} Qwor= w |Q=DU@ C=}YwYN 2»8
uDt R= pkDUt

uDt R= pkDUt |=yu=@ R Q=DU@ 1»2»8

"CU= xDU@ |=xQ=DU Q=DU@ w j=Lr= ’‘=tDH= p=ta= CLD uDt R= pkDUt |=yu=@ R |xO=wv=N x}[k

"C=@F= ◭
“jwi p=ta= pY=L |=Q@ uDt R= pkDUt Qt=Qo CN=U u=mt=”

|=Q@ u=wD|t =Q Q} R uDt R= pkDUt |=yQt=Qo x=ou; ’OvW=@ x=wNrO uDt R= pkDUt u=@ R wO L2 w L1 Qo =
%OQm x}=Q= =yv;

L1 = L(G1), G1 = (V1, T, S1, P1)

L2 = L(G2), G2 = (V2, T, S2, P2)

V1 ∩ V2 = ∅, S 6∈ V1 ∪ V2

Qt=Qo l} =yv; R= l} Qy |=xQ=DU Q=DU@ w u=@ R wO u}= j=Lr= w ‘=tDH= |=Q@ u=wD|t ’Q} R pwOH j@=]t
%“h} QaD T=U= Q@ OQwt Qy C=@F=” OQm x}=Q= uDt R= pkDUt

L1 ∪ L2 = L(G) G = (V1 ∪ V2 ∪ {S}, T, S, P1 ∪ P2 ∪ {S → S1 | S2})

L1L2 = L(G) G = (V1 ∪ V2 ∪ {S}, T, S, P1 ∪ P2 ∪ {S → S1S2})

L∗

1 = L(G) G = (V1 ∪ {S}, T, S, P1 ∪ {S → SS1 | λ}) ≡

G = (V1 ∪ {S}, T, S, P1 ∪ {S → S1S | λ})

"CU= xDU@ |=xQ=DU Q=DU@ w j=Lr= ’‘=tDH= p=ta= CLD uDt R= pkDUt |=yu=@ R |xO=wv=NTB

�

"CU}v xDU@ ptmt w l =QDW= p=ta= CLD uDt R= pkDUt |=yu=@ R |xO=wv=N x}[k

"C=@F= ◭
“"ptmt |=Q@ u=oQwtO uwv=k R= xO=iDU= w l =QDW= |=Q@Zkv p=Ft”

"s} Q}o|t Q_v QO Q} R CQwY x@ =Q L2 w L1 |=yu=@ R

L1 = {anbncm : n ≥ 0,m ≥ 0}, L2 = {anbmcm : n ≥ 0,m ≥ 0}

uDt R= pkDUt Qt=Qo L1 |=Q@ =Q} R ’OvDUy uDt R= pkDUt =yu=@ R u}= wO Qy

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



uDt R= pkDUt |=yu=@ R |=Q@ |Q}os}tYD |=ysD} Qwor= w |Q=DU@ C=}YwYN 8

S → S1S2

S1 → aS1b | λ

S2 → cS2 | λ

uDt R= pkDUt Qt=Qo L2 |=Q@ w

S → S1S2

S1 → aS1 | λ

S2 → bS2c | λ

=yv; l =QDW= =t= "OQ=O OwHw

L1 ∩ L2 = {anbncn : n ≥ 0}

"CU}v xDU@ l =QDW= CLD uDt R= pkDUt |=yu=@ R |xO=wv=NTB "CU}v uDt R= pkDUt Qo}O
%s} Q=O

L1 ∩ L2 = L1 ∪ L2

w L1 O}=@ ’OvW=@ xDU@ ptmt CLD uDt R= pkDUt |=yu=@ R Qo = L2 w L1 uOw@ uDt R= pkDUt ZQi =@
=@ ’Ow@ Oy=wN uDt R= pkDUt ’uDt R= pkDUt u=@ R wO ‘=tDH= xm =Hv; R= w OvW=@ uDt R= pkDUt L2
|R}J u}vJ xm |DQwY QO "OW=@ uDt R= pkDUt O}=@ L1 ∩ L2 ’ptmt x@ C@Uv uOw@ xDU@ ZQi

"CU}v xDU@ ptmt CLD uDt R= pkDUt |=yu=@ R |xO=wv=NTB "CU}v CUQO

�

Qo = %CU= xDU@ (regular intersection) s_vt l =QDW= pta CLD uDt R= pkDUt |=yu=@ R |xO=wv=N x}[k
"CU= uDt R= pkDUt L1 ∩ L2 x=ou; ’OW=@ s_vt u=@ R l} L2 w uDt R= pkDUt u=@ R l} L1

"C=@F= ◭

OQ}PB|t =Q L1 uDt R= pkDUt u=@ R xm OW=@ NPDA l} M1 xm O}vm ZQi

M1 = (Q,Σ,Γ, δ1, q0, z, F1), L1 = L(M1)

OQ}PB|t =Q L2 s_vt u=@ R xm OW=@ DFA l} M2 w

M1 = (P,Σ, δ2, p0, F2), L1 = L(M1)

%Ovm |R=Ux}@W u=tRty Qw] x@ =Q M2 w M1 xm s} R=U|t |=xvwo x@ =Q M̂ |NPDA l}

M̂ = (Q̂,Σ,Γ, δ̂, q̂0, z, F̂ )

=QH= =Q M2 w M1 |=yCmQL |R=wt Qw] x@ M̂ ’OwW|t xOv=wN |OwQw |xDWQ R= O=tv l} x=oQy”
“"O}=tv|t

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



9 uDt R= pkDUt |=yu=@ R C=}YwYN

%s}vm|t ZQi

Q̂ = Q × P

q̂0 = (q0, p0)

F̂ = F1 × F2

δ̂ : ((qk, pl), x) ∈ δ̂((qi, pj), a, b) ⇔ (qk, x) ∈ δ1(qi, a, b) ∧ δ2(pj , a) = pl

: a = λ ⇒ pj = pl

 

1M

2M
M̂

w yes/no

uOv=wN R=TB xm CU=M2 wM1 QO Q_=vDt Cq=L Qov=}@ (qi, pj) =@ xOW |Q=Po?UJQ@ M̂ Cq=L
"Ow@ Ovy=wN u; QO u=Um} |OwQw |xDWQ l}

%xm O=O u=Wv =QkDU= =@ u=wD|t

((q0, p0), w, z) ⊢∗ ((qr, ps), x), qr ∈ F1, ps ∈ F2 ⇔ (q0, w, z) ⊢∗
M1

(qr, x)∧δ∗2(p0, w) = ps

|va} ’OwW xDiQ}PB M2 \UwD sy w M1 \UwD sy Qo = \ki w Qo = OwW|t xDiQ}PB xDWQ l} u}=Q@=v@
"L(M1) ∩ L(M2) = L1 ∩ L2

=Q u; xm OQm x}=Q= NPDA l} u=wD|t ’s_vt u=@ R l} w uDt R= pkDUt u=@ R l} l =QDW= |=Q@TB
"s} Q=O Q=m w QU uDt R= pkDUt u=@ R l} =@TB "OQ}PB@

�

H
p=Ft

"CU= uDt R= pkDUt L = {anbn : n ≥ 0, n 6= 100} u=@ R xm O}yO u=Wv

L = L(a100b100)
︸ ︷︷ ︸

s_vt

∩{anbn : n ≥ 0}
︸ ︷︷ ︸

uDt R= pkDUt
︸ ︷︷ ︸

uDt R= pkDUt

N

H
p=Ft

"CU}v uDt R= pkDUt L = {w ∈ {a, b, c}∗ : na(w) = nb(w) = nc(w)} u=@ R

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



uDt R= pkDUt |=yu=@ R |=Q@ |Q}os}tYD |=ysD} Qwor= w |Q=DU@ C=}YwYN 10

u=@ R =@ L l =QDW= O}=@ ’s_vt l =QDW= pta CLD uDt R= pkDUt |=yu=@ R Q=DU@ |x}[k j@] =Q} R
%OW=@ uDt R= pkDUt L(a∗b∗c∗) s_vt

L ∩ L(a∗b∗c∗) = {anbncn : n ≥ 0}

"CU}v uDt R= pkDUt u=@ R u}= =t=

N

"CU= xDU@ |DN} Qty p}O@D pta CLD uDt R= pkDUt |=yu=@ R |xO=wv=N x}[k

"CU= xDU@ (reverse) Twmat pta CLD uDt R= pkDUt |=yu=@ R |xO=wv=N x}[k

(regular right quotient) s_vt CU=Q CtUk GQ=N pta CLD uDt R= pkDUt |=yu=@ R |xO=wv=N x}[k
"CU=uDt R=pkDUtL1/L2 x=ou; ’OW=@ s_vt u=@ Rl}L2 wuDt R=pkDUt u=@ Rl}L1 Qo = %CU= xDU@

uDt R= pkDUt |=yu=@ R |=Q@ |Q}os}tYD p�=Ut 2»2»8

xmv}= OQwt QO |Q}os}tYD |=Q@ |tD} Qwor= ’OW=@ CUO QO G = (V, T, S, P ) uDt R= pkDUt Qt=Qo Qo = x}[k
"OQ=O OwHw ’Q}N =} CU= |yD L(G) =};

"C=@F= ◭
|yD L(G) ’OW hPL S Qo = "s}vm|t xO=iDU= xO}=i|@ Oa=wk hPL sD} Qwor= R= λ 6∈ L(G) Qo =

"CU= QYva l} pt=W pk=OL xvQow ’CU=

�

xmv}= OQwt QO |Q}os}tYD |=Q@ |tD} Qwor= ’OW=@ CUO QO G = (V, T, S, P ) uDt R= pkDUt Qt=Qo Qo = x}[k
"OQ=O OwHw ’Q}N =} CU= |y=vDt L(G) =};

"C=@F= ◭

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



11 uDt R= pkDUt |=yu=@ R C=}YwYN

Q}eDt l} R= |oDU@=w h=Qo QO ’Qt=Qo |R=UxO=U R= TB Qo = "s}vm|t xO=iDU= Qt=Qo |oDU@=w h=Qo R=
CQwY u}= Q}e QO w |y=vDt=v Qt=Qo u; u=@ R ’“xOvwWQ=QmD Q}eDt” CW=O OwHw QwO l} VOwN x@ O}it

"CU= |y=vDt

�

"OQ=O OwHw sD} Qwor= (w ∈ L) C} w[a |xr�UtVUQB x@ MU=B |=Q@ ’uDt R= pkDUt |=yu=@ R |=Q@ x}[k

"C=@F= ◭
sQi x@ =Q L Qt=Qo ’OQ=O OwHw |mUt=J sQi QO |rO=at ’“λ uwO@” uDt R= pkDUt Qt=Qo Qy |=Q@ xm =Hv; R=

"s} Q@|t Q=m x@ =Q C} w[a |=Q@ CYK sD} Qwor= w s}vm|t p}O@D |mUt=J

�

"OQ=Ov OwHw |tD} Qwor= ’uDt R= pkDUt Qt=Qo wO uOw@ pO=at OQwt QO |Q}os}tYD |=Q@ x}[k

OwHw |tD} Qwor= ’Q}N =} CU= Σ∗ =@ |w=Ut L(G) ’G Qt=Qo u=@ R =}; xmv}= OQwt QO |Q}os}tYD |=Q@ x}[k
"OQ=Ov

"OQ=Ov OwHw |tD} Qwor= ’uDt R= pkDUt Qt=Qo l} uOw@ sy@t OQwt QO |Q}os}tYD |=Q@ x}[k
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