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12 |a]k uDt R= pkDUt |=yu=@ R w |a]k |=xDWB |=D=twD; 3»7
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|=xDWB |=D=twD;
Pushdown Automata 7

|a]k Q}e |=xDWB |=D=twD; 1»7

"s}vm|t |iQat =Q uDt R= pkDUt |=yu=@ R |xOvQ}PB TQO u}= QO
"OwW|t xi=[= u}W=t Q=DN=U x@ xDWB |x_i=L xm Cw=iD u}= =@ CU= FA x@=Wt ’xOvQ}PB u}=

Control Unit

Input File

Stack

Head

Output

pwtat C=}rta =@ R}v xDWB |=wDLt w Ov=wN|t |OwQw Q=wv R= hQL l} ’pQDvm OL=w CmQL Qy ◭

"Ovm|t Q}}eD “pop ’push” xDWB

"OwW|t u}}aD xDWB |q=@ |rai O=tv w |rai |OwQw T=U= Q@ pQDvm OL=w CmQL Qy ◭

"CU= xDWB |q=@ QO Q}}eD w pQDvm OL=w |=Q@ O}OH Cr=L l} CmQL Qy |xH}Dv ◭

|a]k Q}e |=xDWB uwD=twD; h} QaD 1»1»7

"(non-deterministic pushdown accepter: NPDA) |a]k Q}e |=xDWB uwD=twD; h} QaD
%OwW|t h} QaD Q} R CQwY x@ |a]k Q}e |=xDWB |xOvQ}PB l}

M = (Q,Σ,Γ, δ, q0, z, F )

u; QO xm
pQDvm OL=w Cq=L R= |y=vDt |=xawtHt %Q

1



|a]k Q}e |=xDWB |=D=twD; 2

|OwQw |=@ir= %Σ
xDWB |=@ir= %Γ

%OwW|t h} QaD Q} R CQwY x@ xm QPo ‘@=D %δ

Q × (Σ ∪ {λ}) × Γ → a finite subset of (Q × Γ∗)

q0 ∈ Q xm pQDvm OL=w ‘wQW Cr=L %q0
z ∈ Γ xm xDWB ‘wQW Ctqa %z

F ⊆ Q xm |}=yv Cq=L |xawtHt %F

δ ‘@=D OQ@ w xvt=O OQwt QO |D=_Lqt

x@ xDWB |q=@ Ctqa w |rai |OwQw hQL ’pQDvm OL=w |rai Cr=L ’δ ’QPo ‘@=D |=yu=twoQ; ◭

"CU= (q, a, α) |}=DxU CQwY

“λ QPo ’|OwQw hQYt uwO@ CmQL” OW=@ λ Ov=wD|t a |rai |OwQw ◭

"CU}v umtt CmQL ’α = λ |va} ’OW=@ |r=N xDWB Qo = ◭

%u; QO xm CU= (q, β) CQwY x@ =yGwR R= |=xawtHt ’δ OQ@ ◭

w |Oa@ Cr=L q

"Ov}Wv|t xDWB |q=@ |rai hQL |=H x@ xm CU= |=xDWQ β

H
p=Ft

δ(q1, a, b) = {(q2, cd), (q3, λ)}

Q} R Cr=L wO R= |m} x=ou; ’OW=@ b xDWB |q=@ O=tv w a |OwQw O=tv ’q1 Cr=L QO pQDvm OL=w x=oQy
%ODi=|t j=iD=

"OwW|t xDWB |q=@ QO b u} Ro}=H cd |xDWQ w OwQ|t q2 Cr=L x@ pQDvm OL=w “1

"OwW|t hPL xDWB |q=@ R= b hQL w OwQ|t q3 Cr=L x@ pQDvm OL=w “2

N

"OwW|t ‘wQW xDWQ CU=Q CtU R= w OwW|t s=Hv= hQL x@ hQL xDWB pN=O QO xDWQl} uO=O Q=Qk

w OwW|t hkwDt =Hv; QO NPDA ’OW=@ xOWvXNWt |Q=Okt δ u=twoQ; l} |=Q@ Qo = xDmv ◭
"OwW|tv xDiQ}PB |OwQw |xDWQ
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3 |=xDWB |=D=twD;

H
p=Ft

=@ M = (Q,Σ,Γ, δ, q0, z, F ) CQwY x@ M |NPDA

Q = {q0, q1, q2, q3}

Σ = {a, b}

Γ = {0, 1}

z = 0

F = {q3}

QPo ‘@=D w

δ(q0, a,0) = {(q1, 10), (q3, λ)}

δ(q0, λ, 0) = {(q3, λ)}

δ(q1, a,1) = {(q1, 11)} a l} |xOy=Wt CQwY QO xDWB x@ 1 l} uOwRi=

δ(q1, b, 1) = {(q2, λ)} b u}rw= |xOy=Wt CQwY QO |Oa@ Cr=L x@ OwQw w xDWB R= 1 l} hPL

δ(q2, b, 1) = {(q2, λ)} b l} |xOy=Wt CQwY QO xDWB R= 1 l} hPL

δ(q2, λ, 0) = {(q3, λ)}

"OQ}PB|t =Q L = {anbn : n ≥ 0} ∪ {a} u=@ R

N

%OwW|t s=Hv= R}v Cr=L QPo s=Qo =}O =@ NPDA l} |}=tvR=@

δ(qi, a, α) = (qj , β)

qi qj
a, α → β

%Ow@ Oy=wN Q} R CQwY x@ jwi p=Ft NPDA |=Q@ Cr=L QPo s=Qo =}O ’p=Ft |=Q@

q0 q1

q2q3

a, 0 → 10

a, 0 → λ

λ, 0 → λ
b, 1 → λ

λ, 0 → λ

a, 1 → 11

b, 1 → λ

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



|a]k Q}e |=xDWB |=D=twD; 4

l} |=Q@ (instantaneuos description of configuration) |Ov@ Qm}B pYiq@ h}YwD l} h} QaD
CQwY x@ |}=DxU l} ’|=xDWB uwD=twD;

(q, w, u)

u; QO xm CU=
pQDvm OL=w Cr=L %q

|OwQw |xDWQ |xOv=t}k=@ %w
xDWB |=wDLt %u

"CU=

%OwW|t xO=O u=Wv Q} R CQwY x@ |Qo}O x@ |Ov@ Qm}B pYiq@ h}YwD l} R= CmQL "CmQL h} QaD

(q1, aw, bx) ⊢ (q2, w, yx) iff (q2, y) ∈ δ(q1, a, b)

%OwW|t xO=iDU= Q} R |Q=PoO=tv R=

sOk OvJ =} QiY QO CmQL ⊢∗

sOk OvJ =} l} QO CmQL ⊢+

M uwD=twD; \UwD CmQL ⊢M

|=xDWB uwD=twD;l} \UwD xOW xDiQ}PB u=@ R 2»1»7

xOW xDiQ}PB u=@ R ’OW=@ (NPDA) |a]k Q}e |=xDWB |=D=twD;l}M = (Q,Σ,Γ, δ, q0, z, F ) Qo = h} QaD
%R= CU= CQ=@a M \UwD

L(M) = {w ∈ Σ∗ : ∃p ∈ F (q0, w, z) ⊢∗

M (p, λ, u), u ∈ Γ∗}

x@ =Q M ’OwN u=}=B QO Ovv=wD|t xm CU= |}=yxDWQ s=tD |xawtHt M \UwD xOW xDiQ}PB u=@ R ’|va}
"‹„?=Dm h} QaD« OQ=Ov |D}ty= VQ}PB |=yDv= QO xDWB |=wDLt› &OvQ@@ |}=yv Cr=L l}

H
p=Ft

u=@ R VQ}PB |=Q@ M = ({q0, qf}, {a, b}, {0, 1, z}, δ, q0, z, {qf}) CQwY x@ M |NPDA

L = {w ∈ {a, b}∗ : na(w) = nb(w)}
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5 |=xDWB |=D=twD;

%OwW|t h} QaD Q} R QPo ‘@=D =@

δ(q0, λ, z) = {(qf , z)} |yD |xDWQ VQ}PB
δ(q0, a, z) = {(q0, 0z)} a |xOy=Wt CQwY QO xDWB x@0 l} uOwRi=
δ(q0, b, z) = {(q0, 1z)} b |xOy=Wt CQwY QO xDWB x@1 l} uOwRi=
δ(q0, a,0) = {(q0, 00)}
δ(q0, b, 0) = {(q0, λ)}

δ(q0, a,1) = {(q0, λ)}

δ(q0, b, 1) = {(q0, 11)}

q0 qf
λ, z → z

a, z → 0z

b, z → 1z

a, 0 → 00
b, 0 → λ

a, 1 → λ

b, 1 → 11

%CU= Q} R CQwY x@ NPDA u}= QO abab |xDWQ VQ}PB |=Q@ sRq |=yCmQL

(q0, abab, z) ⊢ (q0, bab,0z) ⊢ (q0, ab, z) ⊢ (q0, b, 0z) ⊢ (q0, λ, z) ⊢ (qf , λ, z)

N

H
p=Ft

M = ({q0, q1, q2}, {a, b}, {a, b, z}, δ, q0, z, {q2})u=@ RVQ}PB |=Q@ CQwY x@M |NPDA

L = {wwR : w ∈ {a, b}+}

%OwW|t h} QaD Q} R QPo ‘@=D =@

δ(q0, a, a) = {(q0, aa)}

δ(q0, b, a) = {(q0, ba)}

δ(q0, a, b) = {(q0, ab)}

δ(q0, b, b) = {(q0, bb)}

δ(q0, a, z) = {(q0, az)}

δ(q0, b, z) = {(q0, bz)}

δ(q0, λ, a) = {(q1, a)} |a]kQ}e CQwY x@ xDWQ \Uw uOR TOL
δ(q0, λ, b) = {(q1, b)} |a]kQ}e CQwY x@ xDWQ \Uw uOR TOL
δ(q1, a, a) = {(q1, λ)}

δ(q1, b, b) = {(q1, λ)}

δ(q1, λ, z) = {(q2, z)}
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uDt R= pkDUt |=yu=@ R w |=xDWB |=D=twD; 6

q0 q1 q2

λ, z → z

a, a → aa

b, a → ba

a, b → ab

b, b → bb

a, z → az

b, z → bz

λ, a → a

λ, b → b

a, a → λ

b, b → λ

N

uDt R= pkDUt |=yu=@ R w |=xDWB |=D=twD; 2»7

uDt R= pkDUt |=yu=@ R |=Q@ |=xDWB |=D=twD; 1»2»7

Cr=L xU =@ NPDAl} ’OW=@ M=@} Qo p=tQv sQi QO L uDt R= pkDUt u=@ R |xOvvm O}rwD Qt=Qo G Qo =
"s} Q}o|t Q_v QO “|}=yv Cr=L” qf w “|v=}t Cr=L” q1 ’“‘wQW Cr=L” q0

"O@=}|t p=kDv= xDWB x@ S ‘wQW Ctqa Q=m |=OD@= QO •

|q=@ R= X ’|OwQw R= a uOv=wN =@ ’OQ=O X → aY1Y2 . . . Yn pmW x@ |=xOa=k Qt=Qo |Dkw •
"OQ}o|t Q=Qk Y1Y2 . . . Yn u; |=H x@ w OwW|t hPL xDWB

X
︸︷︷︸

pop

→ aY1Y2 . . . Yn
︸ ︷︷ ︸

push

QO |=xDWB uwD=twD; uDiQo Q=Qk w j=kDW= u=}=B |vat x@ ’xDWB |q=@ QO xDWB ‘wQW O=tv uOW Qy=_ •

"CU= |}=yv Cr=L

"L = L(M) xm OQ=O OwHw M s=v x@ NPDA l} ’L uDt R= pkDUt u=@ R Qy |=R= x@ x}[k

l} G = (V, T, S, P ) Qo = "uDt R= pkDUt u=@ R x@ \w@ Qt Qt=Qo |wQ R= NPDA CN=U
%s}vm|t pta Q} R ?}DQD x@ ’OW=@ λ R= |r=N uDt R= pkDUt Qt=Qo

"s}U} wv|t =Q M=@} Qo sQi x@ pO=at Qt=Qo •

%s} R=U|t Q} R CQwY x@ =Q Cr=L xU =@ NPDA l} •

M = ({q0, q1, qf}, T, V ∪ {z}, δ, q0, z, {qf})

w G |=yQ}eDt |xawtHt xDWB |=@ir= w G |=yxv=}=B |xawtHt uwD=twD; |OwQw |=@ir= u; QO xm
"OW=@|t z
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7 |=xDWB |=D=twD;

%s} R=U|t Q} R CQwY x@ =Q Cr=L QPo ‘@=D •

δ(q0, λ, z) = {(q1, Sz)}

’u ∈ V ∗ w a ∈ T u; QO xm A → au pmW x@ Qt=Qo |xOa=k Qy |=R= x@

(q1, u) ∈ δ(q1, a, A)

QPo w
δ(q1, λ, z) = {(qf , z)}

%s}}=Ri=|t =Q Q} R QPo ’λ ∈ L(G) Qo =

(qf , z) ∈ δ(q0, λ, z)

H
p=Ft

Qt=Qo =@ xOW O}rwD u=@ R VQ}PB |=Q@ NPDA l} uOQw; CUO x@ |=Q@

S → aSbb | a

%s}vm|t p}O@D M=@} Qo p=tQv pO=at sQi x@ =Q Qt=Qo =OD@=

S → aSA | a

A → bB

B → b

%Ow@ Oy=wN Q} R CQwY x@ Q_v OQwt |NPDA CQwY u}= QO

δ(q0, λ, z) = {(q1, Sz)}

δ(q1, a, S) = {(q1, SA), (q1, λ)}

δ(q1, b, A) = {(q1, B)}

δ(q1, b, B) = {(q1, λ)}

δ(q1, λ, z) = {(q2, z)}

q0 q1 q2

λ, z → Sz

a, S → SA

a, S → λ

b,A → B

b,B → λ

λ, z → z

N
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uDt R= pkDUt |=yu=@ R w |=xDWB |=D=twD; 8

H
p=Ft

Qt=Qo =@ xOW O}rwD u=@ R VQ}PB |=Q@ NPDA l}

S → aA

A → aABC | bB | a

B → b

C → c

%Ow@ Oy=wN Q} R CQwY x@

δ(q0, λ, z) = {(q1, Sz)}

δ(q1, a, S) = {(q1, A)}

δ(q1, a, A) = {(q1, ABC), (q1, λ)}

δ(q1, b, A) = {(q1, B)}

δ(q1, b, B) = {(q1, λ)}

δ(q1, c, C) = {(q1, λ)}

δ(q1, λ, z) = {(qf , z)}

q0 q1 qf
λ, z → Sz

a, S → A

a,A → ABC

a,A → λ

b,A → B

b,B → λ

c,C → λ

λ, z → z

N

"Ovm|t |R=Ux}@W Q_v OQwt Qt=Qo |=Q@ =Q u} QDAJ |=yj=kDW= NPDA u}= ◭

x@ w OQ=O Q=Qk xDWB uwQO |=xrtH sQi |xOWv VR=OQB CtUk xm CU= |=xvwo x@ |R=Ux}@W u}= ◭

"Ovm|t =O}B j}@]D |OwQw QO \w@ Qt OvwW}B =@ |=xrtH sQi Qy |=xv=}=B OvwW}B xwqa

%p=Ft |=Q@ ’OW=@ M=@} Qo p=tQv sQi QO ,=tDL G xm OQ=Ov |twRr ◭

u} Ro}=H Bx =@ =Q u; |OwQw hQYt uwO@ w s} Q=O|tQ@ xDWB |q=@ R= =Q A %A → Bx –

"s}vm|t

Oa@ w s}yO|t j}@]D xDWB QO x@=Wt |xDWQ =@ |OwQw QO =Q ab =OD@= %A → abCx –

"s}}=tv|t u} Ro}=H Cx =@ =Q A

"M=@} Qo sQi x@ p}O@D x@ R=}v uwO@ uDt R= pkDUt u=@ R x@ \w@ Qt Qt=Qo |wQ R=NPDACN=U
%s}vm|t pta Q} R ?}DQD x@ ’OW=@ uDt R= pkDUt Qt=Qo l} G = (V, T, S, P ) Qo =
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9 |=xDWB |=D=twD;

%s} R=U|t Q} R CQwY x@ =Q Cr=L xU =@ NPDA l} •

M = ({q0, q1, qf}, T, T ∪ V ∪ {z}, δ, q0, z, {qf})

|=yQ}eDt w =yxv=}=B |xawtHt xDWB |=@ir= wG|=yxv=}=B |xawtHt uwD=twD; |OwQw |=@ir= u; QO xm
"OW=@|t z w G

%s} R=U|t Q} R CQwY x@ =Q Cr=L QPo ‘@=D •

δ(q0, λ, λ) = {(q1, S)}

QPo ’x ∈ (V ∪ T )∗ w A ∈ V u; QO xm A → x pmW x@ Qt=Qo |xOa=k Qy |=R= x@

(q1, λ) ∈ δ(q1, A, x)

QPo a ∈ T Qt=Qo |xv=}=B Qy |=R= x@ w

(q1, a) ∈ δ(q1, a, λ)

QPo R}v w
δ(q1, λ, z) = {(qf , z)}

"s}}=Ri=|t =Q

q0 q1 qf
λ, λ → S

λ, A → x a, a → λ

λ, z → z

H
p=Ft

Qt=Qo =@ xOW O}rwD u=@ R VQ}PB |=Q@ NPDA l}

S → aSbb | a

%CU= Q} R CQwY x@

q0 q1 qf
λ, λ → S

λ, S → aSbb a, a → λ

λ, S → a b, b → λ

λ, z → z

N
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uDt R= pkDUt |=yu=@ R w |=xDWB |=D=twD; 10

|=xDWB |=D=twD; |=Q@ uDt R= pkDUt |=yQt=Qo 2»2»7

O}=@ =Hv}= QO "s}vm|t Twmat =Q |r@k p=wQ ’|=xDWB uwD=twD;l} =@ pO=at uDt R= pkDUt Qt=Qo uDi=} |=Q@

"OW=@ xOWTmavt |=xrtH sQi Q}eDt CtUk QO xDWB |=wDLt •

"OW=@ |=xrtH sQi |=xv=}=B OvwW}B ’xOW VR=OQB |OwQw •

xOWVR=OQB

|OwQw a1 a2 a3 a4 a5 a6

|=xrtHsQi S1 S2 S3 S4 S5 S6

xDWB

|=xrtH sQi Q}eDt CtUk

%OQ=O =Q Q} R \}=QW ’M = (Q,Σ,Γ, δ, q0, z, F ) ’EL@ OQwt NPDA xm s}vm|t ZQi

"s} wW|t u; OQ=w xDWB uOw@ |r=N CQwY QO =yvD xm OQ=O OwHw qf |}=yv Cr=L l} \ki “1

ci = (qi, λ) u; QO xm OW=@ δ(qi, a, A) = {c1, c2, . . . , cn} pmW x@ O}=@ =yCr=L QPo |xty “2
hQL l} =} V}=Ri= hQL l} =Q xDWB |=wDLt CmQL Qy |va} "OW=@|t ci = (qj , BC) =}

OyO|tVy=m

xm OW=@ |=xvwo x@ u; Oa=wk w OW=@ (qiAqj) CQwY x@ u; |=yQ}eDt xm s}@=}@ =Q |Qt=Qo s}y=wN|t
1"Ovm l =B xDWB |wQ R= =Q A ’qj x@ qi R= uDiQ w v uOv=wN =@ M Qo = \ki w Qo = (qiAqj) ⇒

∗ v

iq
v

clear A
jq

(qiAqj) ⇒
∗ v

%CW=O s}y=wN ‘wQW O=tv u=wva x@ (q0zqf ) Q}eDt ?=NDv= =@ Qt=Qo u}= QO
"Ovm |r=N =Q xDWB ’qf x@ q0 R= uDiQ w w uOv=wN =@ M Qo = \ki w Qo = (q0zqf ) ⇒∗ w

"NPDA |wQ R= uDt R= pkDUt Qt=Qo CN=U pL=Qt

pmW x@ |=xOa=k |=Q=O Qt=Qo OW=@ (qj , λ) ∈ δ(qi, a, A) pmW x@ |QPo |=Q=O NPDA Qo = •

(qiAqj) → a

"Ow@ Oy=wN

iq
a

clear A
jq

pmW x@ |=xOa=k |=Q=O Qt=Qo OW=@ (qj , BC) ∈ δ(qi, a, A) pmW x@ |QPo |=Q=O NPDA Qo = •

(qiAqk) → a(qjBql)(qlCqk)

"OvQ}o|t =Q Q QO umtt Q}O=kt |t=tD qk w ql u; QO xm Ow@ Oy=wN

w OvwW GQ=N xDWB R= “CU= xOW u} Ro}=H =yv; =@ xm |}=yxDWQ |xty ,qFt” u; C=Q}F=D w A xm u}= |va} ’uOQm l =B 1

"OQ}o Q=Qk q=@ QO A Q} R O=tv
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11 |=xDWB |=D=twD;

iq
a

clear A
jq

iq
1 

clear B
lq

clear C
jq

2 

A BC 

’s} wQ|t qj x@ qi R= xm |t=ovy A uOQm l =B |=Q@ ’s}v=wN|t =Q a |Dkw =Q} R
s}vm|t u} Ro}=H BC =@ =Q u; =OD@=

s}vm|t l =B =Q B w s} wQ|t ql x@ qj R=TBU
"s}vm|t l =B =Q C w s} wQ|t qk x@ ql R= u; R=TB w

"CU= uDt R= pkDUt u=@ R l} L x=ou; ’L = L(M) s}W=@ xDW=O M Ovv=t NPDA l} QO Qo = x}[k

u=@ R Qy u}=Q@=v@ ’Ovm|tv xO=iDU= xDWB R= xm CU= NPDAl} Ovv=t |y=vDt uwD=twD; Qy QmPD ◭

"CU= uDt R= pkDUt u=@ R l} s_vt u=@ R Qy u}=Q@=v@ w CU= VQ}PB p@=k NPDA l} =@ s_vt

H
p=Ft

Cr=L QPo ‘@=D =@ NPDA

δ(q0, a, z) = {(q0, Az)}

δ(q0, a, A) = {(q0, A)}

δ(q0, b, A) = {(q1, λ)}

δ(q1, λ, z) = {(q2, λ)}

s}vm|t hPL xDWB R= =Q A =OD@= %s} R=U|t Q=QkQ@ R}v =Q swO \QW q3 O}OHCr=L |iQat =@ =OD@= "s} Q=O =Q
"s} R=U|t u} Ro}=H |Oa@ CmQL QO =Q u;TBU w

δ(q0, a, z) = {(q0, Az)}

δ(q0, a, A) = {(q3, λ)}

δ(q3, λ, z) = {(q0, Az)}

δ(q0, b, A) = {(q1, λ)}

δ(q1, λ, z) = {(q2, λ)}

%OwW|t p}O@D Q} R pO=at Qt=Qo
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|a]k uDt R= pkDUt |=yu=@ R w |a]k |=xDWB |=D=twD; 12

(q0Aq3) → a

(q0Aq1) → b

(q1zq2) → λ

(q0zq0) → a(q0Aq0)(q0zq0) | a(q0Aq1)(q1zq0) | a(q0Aq2)(q2zq0) | a(q0Aq3)(q3zq0)

(q0zq1) → a(q0Aq0)(q0zq1) | a(q0Aq1)(q1zq1) | a(q0Aq2)(q2zq1) | a(q0Aq3)(q3zq1)

(q0zq2) → a(q0Aq0)(q0zq2) | a(q0Aq1)(q1zq2) | a(q0Aq2)(q2zq2) | a(q0Aq3)(q3zq2)

(q0zq3) → a(q0Aq0)(q0zq3) | a(q0Aq1)(q1zq3) | a(q0Aq2)(q2zq3) | a(q0Aq3)(q3zq3)

(q3zq0) → (q0Aq0)(q0zq0) | (q0Aq1)(q1zq0) | (q0Aq2)(q2zq0) | (q0Aq3)(q3zq0)

(q3zq1) → (q0Aq0)(q0zq1) | (q0Aq1)(q1zq1) | (q0Aq2)(q2zq1) | (q0Aq3)(q3zq1)

(q3zq2) → (q0Aq0)(q0zq2) | (q0Aq1)(q1zq2) | (q0Aq2)(q2zq2) | (q0Aq3)(q3zq2)

(q3zq3) → (q0Aq0)(q0zq3) | (q0Aq1)(q1zq3) | (q0Aq2)(q2zq3) | (q0Aq3)(q3zq3)

N

|a]k uDt R= pkDUt |=yu=@ R w |a]k |=xDWB |=D=twD; 3»7

|=xDWB uwD=twD; l} (deterministic pushdown accepter: DPDA) |a]k |=xDWB |xOvQ}PB
"OQ=Ov xv} Ro OvJV}=yCmQL s=Hv= QO xm CU=

h} QaD =@ j@=]t xm s}} wo|t |a]k |DQwY QO =Q M = (Q,Σ,Γ, δ, q0, z, F ) |=xDWB uwD=twD; h} QaD
b ∈ Γ w a ∈ Σ ∪ {λ} ’q ∈ Q Qy |=Q@ u}vJty w OW=@ NPDA

"OW=@ QYva l} |=Q=O QFm =OL δ(q, a, b) “1

"OW=@ |yD c ∈ Σ Qy |=Q@ δ(q, c, b) x=ou; ’OW=@v |yD δ(q, λ, b) Qo = “2

"CU= s=Hv= p@=k CmQL l} \ki |Ov@ Qm}B Qy |=R= x@ %“1” \QW
O}=@v |OwQw hQYt =@ |DmQL I}y |Ov@ Qm}B u; |=Q@ x=ou; ’OwW|t umtt λ CmQL x=oQy %“2” \QW
sOa |vat x@ λ CmQL OwHw xH}Dv QO w s}W=@ xDW=O λ CmQL s}v=wD|t DFATmaQ@” "OW=@ umtt

“"CU}v C}a]k

"L = L(M) xm OW=@ OwHwtM s=v =@ DPDAl} u; |=Q@ x=oQy s}} wo |a]k uDt R= pkDUt =Q L u=@ R h} QaD

’OvDU}v RQ=sy |a]kQ}e w |a]k |=xDWB |=D=twD; ’|y=vDt |=D=twD; hqNQ@
"OvDU}v |a]k xm OvQ=O OwHw |vDt R= pkDUt |=yu=@ R u}=Q@=v@

H
p=Ft

OwHw u; |=Q@ Q} R |DPDA =Q} R ’CU= |a]k uDt R= pkDUt u=@ Rl} L = {anbn : n ≥ 0} u=@ R
%OQ=O
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13 |=xDWB |=D=twD;

δ(q0, a,0) = {(q1, 10)}
δ(q1, a,1) = {(q1, 11)}
δ(q1, b, 1) = {(q2, λ)}

δ(q2, b, 1) = {(q2, λ)}

δ(q2, λ, 0) = {(q0, λ)}

q0 q1 q2

a, 0 → 10

a, 1 → 11

b, 1 → λ

b, 1 → λ

λ, 0 → λ

N

H
p=Ft

"CU}v |a]k uDt R= pkDUt u=@ R l} L = {wwR : w ∈ {a, b}+} u=@ R

"CU}v umtt PDA =@ |a]k CQwY x@ xDWQ \UwX}NWD =Q} R

N

pO=at |a]k Q}e uDt R= pkDUt |=yu=@ R |xO=wv=N w |a]k uDt R= pkDUt |=yu=@ R |xO=wv=N
"OvDU}v

H
p=Ft

"CU}v |a]k uDt R= pkDUt u=@ R l} L = {anbn : n ≥ 0} ∪ {anb2n : n ≥ 0} u=@ R
n
c

 

n n
a b

n
b

M

M̂

 

%CU= Q} R uDt R= pkDUt u=@ R wO ‘=tDH= =Q} R ’CU= uDt R= pkDUt L u=@ R

L1 = {anbn : n ≥ 0}, L2 = {anb2n : n ≥ 0}

u}}aD =OD@= QO O}=@TBU ’OyO Ck@=]t =Q a wO =}l} O}=@ a Qy p@=kt QO PDA =Q} R "CU}v |a]k =t=
Q=m |=OD@= QO |D=aq]= |a]k Qw] x@ |Q}os}tYD |=Q@ =t= ’CU= L2 =} L1 QO |OwQw |xDWQ xm Ovm

"OQ=Ov OwHw
uDt R= pkDUt L̂ = L ∪ {anbncn : n ≥ 0} u=@ R x=ou; ’OW=@ uDt R= pkDUt u=@ R l} L Qo =

"s}yO|t u=Wv L̂ |=Q@ M̂ s=v =@ DPDA l} uDN=U =@ =Q u}= "Ow@ Oy=wN

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



|a]k uDt R= pkDUt |=yu=@ R x@ \w@ Qt |=yQt=Qo 14

Q}}eD x@ =Q b |OwQw =@ =yCr=L Q}}eD xm s}vm|t xi=[= =Q |DtUk M pQDvm OL=w x@ ’Qw_vt u}= |=Q@
"O}=tv|t p}O@D c |OwQw =@ Cr=L

"OwW|t umtt anbn uOv=wN R=TB CtUk u}= x@ OwQw
%OQ}PB|t sy =Q anbncn ’anbn |xOvQ}PB Ov}=Qi ’OyO|t MU=B bn Ovv=ty cn x@ swO CtUk Ov}=Qi uwJ

anbn ∈ L(M) ⇒ (q0, a
nbn, z) ⊢∗

M (qf , λ, u), qf ∈ F

TB ’CU= |a]k M uwJ

(q0, a
nb2n, z) ⊢∗

M (qf , bn, u)

%CU= R=}v |Ov@ Qm}B Q}}eD u}= x@ anb2n VQ}PB |=Q@

(qf , bn, u) ⊢∗

M (q′f , λ, u′), qf , q′f ∈ F

%s} Q=O O}OH Q=DN=U T=U= Q@ u}vJty

(q̂f , bn, u) ⊢∗

M̂
(q̂′f , λ, u′), q̂f , q̂′f ∈ F

"CU= uDt R= pkDUt L̂ xH}Dv QO w L̂ = L(M̂) xm O=O u=Wv u=wD|t
CUQO=v L uOw@ |a]k Q@ |v@t =t ZQi w “OwW|t C@=F Oa@ pYi QO” CU}v uDt R= pkDUt L̂ =t=

"CU=

N

|a]k uDt R= pkDUt =t= ’OvDUy uDt R= pkDUt xm OvQ=O OwHw |}=yu=@ R xm OyO|t u=Wv jwi p=Ft
|=yu=@ R |xO=wv=N R= |[Lt |xawtHtQ} R |a]k uDt R= pkDUt |=yu=@ R |xO=wv=N TB "OvDU}v

"CU= uDt R= pkDUt

|a]k uDt R= pkDUt |=yu=@ R x@ \w@ Qt |=yQt=Qo 4»7

"CU= “OQo?ka uwO@” =yv; Ot;Q=m |x} RHD u=mt= ’|a]k uDt R= pkDUt |=yu=@ R C}ty=
"OQ=O OwHw =yv; |=Q@ |]N u=tR |=yQox} RHD xm OQm =aO= xrY=iq@ u=wD|tv λ C=mQL OwHw p}rO x@ xD@r=

"CU= OwOLt OL R=V}@ =t= ’CU= ?U=vt Q=}U@ x} RHD |=Q@ S-grammar p=Ft |=Q@

LL Qt=Qo 1»4»7

u=wD|t |OwQw R= |OwOLt VN@ x@ uOQm x=ov =@ ’x} RHD s=o Qy QO xm CU= u}= LL Qt=Qo C}Y=N
"OwW xO=iDU= |DU}=@ Qt=Qo |xOa=k s=Om R= xm OQm |} woW}B

L L
ւ ց

OwW|t Ci=} QO CU=Q x@ AJ R= |OwQw OvwW|t xDN=U u} QDAJ |=yj=kDW=
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15 |=xDWB |=D=twD;

"CU= LL Qt=Qo l} S-grammar Qy xDmv ◭

|rai O=tv uDW=O CUO QO =@ x} RHD R= xrLQt Qy QO s}v=wD@ Qo = ’CU= LL(k) Qt=Qo l} s}} wo|t h} QaD
"O=OX}NWD ’OwW xO=iDU= O}=@ xm =Q|L}LY|xOa=k|Oa@ O=tv k−1|wQ Q@ wrH x@ uOQm x=ov =@ w |OwQw

H
p=Ft

"CU= LL(2) Qt=Qo l} S → aSb | ab Qt=Qo

%s}vm x=ov |OwQw |Oa@ O=tv wO x@ O}=@ s=o Qy QO xO=iDU= OQwt |xOa=k u}}aD |=Q@ =Q} R
S → aSb |xOa=k % aa . . .

S → ab |xOa=k % ab . . .

N

H
p=Ft

"CU}v LL(k) Qt=Qo l} k Qy |=Q@ S → SS | aSb | ab Qt=Qo

"Ovm|t O}rwD =Q |r@k p=Ft QO xQ=W= OQwt u=@ R C@Ft Q=DU@ Qt=Qo u}=
%s}vm|t x=ov 2 R= QDoQR@ pw] x@ |}=yxDWQ x@

X}NWD =Q CUQO |xOa=k u=wD|tv |Q=H O=tv |wQ R= =t= ’s} Q=O =Q S → SS | aSb |xOa=k wO
“"CU= . . . w aabbab w aabb OvwW}B aa ,qFt” O=O s=Hv= =Q Q=m u}= u=wD|tv sy |Oa@ O=tv =@ "O=O
CU}vX}NWD p@=k u; T=U= Q@ K}LY |xOa=k xm OQ=O OwHw |OQ=wt R=@ ’s} wQ@ wrH x@ xm sy QOk Qy

"“k |wQ =QkDU= x@ C=@F=”
u; uOW pO=at w u; R= λ hPL |=Q@ w OQm |U} wvR=@ S → aSbS | λ CQwY x@ =Q jwi Qt=Qo u=wD|t

%CWwv |rY= Qt=Qo =@

S′ → aSbS, S → aSbS | λ

"CU= LL(1) Qt=Qo u}= xm

N

"Owtv h} QaD LL |=yQt=Qo =@ u=wD|t =Q |R=Uxt=vQ@ |=yu=@ R R= |Q=}U@
"OvDU}v |a]k uDt R= pkDUt |=yu=@ R |t=tD =@ Q=m |=Q@ |i=m C}twta |=Q=O LL |=yQt=Qo =t=

=Q QD=Q=m |x} RHD u=mt= w OvDUy |a]k uDt R= pkDUt |=yu=@ R |x}rm VWwB x@ QO=k LR |=yQt=Qo
"OvR=U|t sy=Qi
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u}W=t w Qt=Qo ’u=@ R %wO ‘wv |=yu=@ R |xO=wv=N 16

u}W=t w Qt=Qo ’u=@ R %wO ‘wv |=yu=@ R |xO=wv=N 5»7
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17 |=xDWB |=D=twD;

‘H=Qt
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