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uDt R= pkDUt |=yQt=Qo |R=UxO=U
p=tQv |=ysQi w

Simplification of Context-Free Grammars and Normal

Forms

6
’=yxv=}=B=v O=OaDVy=m ’Oa=wk O=OaDVy=m ,qFt” OW=@ xDW=O |irDNt |=yQ}@aD Ov=wD|t Qt=Qo |R=UxO=U
?wr]t=v Oa=wk R= |NQ@ hPL ’|R=UxO=U R= =t Qw_vt =t= “. . . w Oa=wkCU=QCtU pw] ‘wtHtVy=m

"OwW|tv QHvt Qt=Qo Oa=wk O=OaDVy=m x@ xW}ty u}=Q@=v@ w CU= Qt=Qo

=yQt=Qo p}O@D |=yVwQ 1»6

"Ovm|t p}O@D pO=at Qt=Qo l} x@ =Q Qt=Qo l} xm CU= |rta ’Qt=Qo p}O@D R= Qw_vt

xm|}=yv; w OvQ}PB|t =Q λ xm|vDt R= pkDUt |=yu=@ R u}@ |=xOta Cw=iD pta QO QmPD◭
pkDUt Qt=Qol} G = (V, T, S, P ) w uDt R= pkDUt u=@ Rl} L Qo = "OQ=Ov OwHw ’OvQ}PB|tv =Q λ
x@ S0 → S|λ |xOa=k w ‘wQW O=tv u=wva x@ S0 uOwRi= =@ xm |Qt=Qo x=ou; ’OW=@ L−{λ} |=Q@ uDt R=
|=xvwo x@ =Q Ĝ u=wD|t G uDt R= pkDUt Qt=Qo uDW=O =@ u}vJty "Ovm|t O}rwD =Q L u=@ R ’O};|t CUO

"OW=@ L(Ĝ) = L(G)− {λ} xm OQm =O}B

|v} Ro}=H |xOa=k 1»1»6

=@ A → x1Bx2 pmW x@ |Oa=wk |w=L G = (V, T, S, P ) uDt R= pkDUt Qt=Qo s}vm|t ZQi x}[k
w A 6= B w A,B ∈ V

B → y1 | y2 | . . . | yn

=@ P̂ u; QO xm OW=@ |Qt=Qo Ĝ = (V, T, S, P̂ ) Qo = "CU= B =yv; AJ CtU xm OW=@ |Oa=wk |x}rm
|xOa=k hPL

A→ x1Bx2

|=yxOa=k uOwRi= w

A→ x1y1x2 | x1y2x2 | . . . | x1ynx2

"L(Ĝ) = L(G) x=ou; ’OW=@ xOt; CUO x@

1



=yQt=Qo p}O@D |=yVwQ 2

"C=@F= ◭

"S ⇒∗
G w xm OW=@ |=xvwo x@ w ∈ L(G) s}vm|t ZQi

B Q}eDt ’Ovm xO=iDU= Qo = w S ⇒∗

Ĝ
w x=ou; ’Ovmv xO=iDU= A→ x1Bx2 |xOa=k R= j=kDW= u}= Qo =

%OwW|t u} Ro}=H u; Oa=wk R= |m} =@ ,=D}=yv Q} R QO

∃j S ⇒∗
G u1Au2 ⇒G u1x1Bx2u2 ⇒G u1x1yjx2u2

%s} Q=O Ĝ Qt=Qo =@ =t=

∃j S ⇒∗

Ĝ
u1Au2 ⇒Ĝ

u1x1yjx2u2

"s}UQ|t |=xrtH sQi l} x@ Ĝ w G =@ u}=Q@=v@
"s}vm|t Q=QmD =Q EL@ u}ty ’OwW xO=iDU= A→ x1Bx2 |xOa=k R= ,=OOHt Oa@ pL=Qt QO Qo =

%xm s} Q}o@ xH}Dv s}v=wD|t xOa=k p=ta= C=aiO O=OaD |wQ Q@ =QkDU= R= xO=iDU= =@

S ⇒∗

Ĝ
w

Qo = xm O=O u=Wv u=wD|t ?}DQD u}ty x@ "CU= w ∈ L(Ĝ) x=ou; w ∈ L(G) Qo = u}=Q@=v@
"L(G) = L(Ĝ) xH}Dv QO w Ow@ Oy=wN w ∈ L(G) x=ou; ’w ∈ L(Ĝ)

�

u} Ro}=H CU= xOW Qy=_ Q}eDt u}= xm |Oa=wk CU=Q CtU QO =Q Q}eDtl} Oa=wk u=wD|t xQ=wty
A → xAy pmW x@ |DWoR=@ Oa=wk xm |]QW x@” OQm =O}B |rY= Qt=Qo =@ pO=at |Qt=Qo w OQm

"“s}W=@ xDW=Ov

H
p=Ft

Oa=wk =@ G = ({A,B}, {a, b, c}, A, P ) Qt=Qo

A→ a | aaA | abBc B → abbA | b

"s} Q}o|t Q_v QO =Q

%OQw; CUO x@ jwi Qt=Qo =@ pO=at Qt=Qo l} w OQm u} Ro}=H =Q B Oa=wk u=wD|t

A→ a | aaA | ababbAc | abbc

N
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3 p=tQv |=ysQi w uDt R= pkDUt |=yQt=Qo |R=UxO=U

xO}=i|@ Oa=wk hPL 2»1»6

%xm CU= xO}=i|@ |DQwY QO Qt=Qo Q}eDt l}

’OW=@v TQDUO p@=k ‘wQW O=tv R= |r}rO x@ =} •

"Ovm O}rwD |v=}=B |xDWQ l} Ov=wDv xmv}= =} •

w Qo = s}} wo (useful) O}it =Q A ∈ V Q}eDt ’OW=@ uDt R= pkDUt Qt=Qo l} G = (V, T, S, P ) Qo = h} QaD
Qo = \ki

∃w ∈ L(G) S ⇒∗ xAy ⇒∗ w

"OwW Qy=_ xDWQ l} x@ |yDvt |=xrtH sQi l} QO pk=OL xm CU= O}it |Q}eDt ’Qo}O CQ=@a x@
"OQ=O s=v (useless) xO}=i|@ ’OW=@v O}it xm |Q}eDt

"OwW|t xO}t=v xO}=i|@ |xOa=k ’OW=@ xDW=O xO}=i|@ Q}eDt xm |=xOa=k

(generative) Orwt w (reachable) Q}PBTQDUO O}=@ O}it Q}eDtl} xO}=i|@ |=yQ}eDtX}NWD
"OW=@

pmW l} x@ xrLQt OvJ =} QiY |] ‘wQW O=tv R= R=e; =@ s}v=wD@ O}=@ Q}eDt l} |Q}PBTQDUO |=Q@
"(S ⇒∗ · · ·A · · · ) s}UQ@ Q}eDt u; pt=W |=xrtH

|v=}=B |xDWQ l} x@ xrLQt OvJ =} QiY |] Q}eDt u; R= ‘wQW =@ u=wD@ O}=@ Q}eDt l} uOw@ Orwt |=Q@
"(A⇒∗ x, x ∈ T ∗) O}UQ

%OQm xO=iDU= Orwt |=yQ}eDtX}NWD |=Q@ Q} R sD} Qwor= R= u=wD|t

Generative

1 Gen← ∅

2 Gen′ ← {A : A→ a ∈ P, a ∈ T}

3 while Gen 6= Gen′

4 do Gen← Gen′

5 Gen′ ← Gen ∪ {A : A→ X1X2 . . . Xk,∀i(1 ≤ i ≤ k)→ Xi ∈ Gen ∪ T}

6 return Gen′

"Owtv hPL Qt=Qo R= u=wD|t =Q OW=@ xO}=i|@ Q}eDt l} pk=OL |w=L xm |=xOa=k Qy

pkDUt Qt=Qo l} |oDU@=w h=Qo "(grammar dependency graph) Qt=Qo |oDU@=w h=Qo h} QaD
%OwW|t h} QaD Q} R CQwY x@ xm CU= Q=O CyH h=Qo l} uDt R=

Qt=Qo |=yQ}eDt %=yT-=Q
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=yQt=Qo p}O@D |=yVwQ 4

"OW=@ xDW=O OwHw A→ xBy pmW x@ |=xOa=k Qo = ’OQ=O OwHw p=} l} B w A T=Q wO u}@ %=yp=}
|xDWQl} x u; QO xm OW=@ xDW=O OwHw C → x pmW x@ |=xOa=k Qo = CU= |v=}=B T=Ql} C T=Q

"CU= |v=}=B

Ĝ = (V̂ , T̂ , Ŝ, P̂ ) uDt R= pkDUt Qt=Qo x=ou; ’OW=@ uDt R= pkDUt Qt=Qol} G = (V, T, S, P ) Qo = x}[k
"OQ=Ov xO}=i|@ |xOa=k =} Q}eDt I}y xm OQ=O OwHw u; =@ pO=at

H
p=Ft

Oa=wk =@ Qt=Qo

S → aSB | λ | A

A → aA

%CU= Q} R CQwY x@ Qt=Qo u}= |oDU@=w h=Qo "s} Q}o|t Q_v QO =Q

S A

B

Q=vm Qt=Qo R= =Q =yv; |w=L Oa=wk u=wD|t w Ov=xO}=i|@TB ’OvDU}v Orwt B w A xm OwW|t xOy=Wt
%CW=Po

S → λ

N

H
p=Ft

Oa=wk =@ Qt=Qo

S → A

A → aA | λ

B → bA

%CU= Q} R CQwY x@ Qt=Qo u}= |oDU@=w h=Qo "s} Q}o|t Q_v QO =Q

S A

B
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5 p=tQv |=ysQi w uDt R= pkDUt |=yQt=Qo |R=UxO=U

Q=vm Qt=Qo R= =Q u; |w=L Oa=wk u=wD|t w CU= xO}=i|@TB ’CU}v Q}PBTQDUO B xm OwW|t xOy=Wt
%CW=Po

S → A

A → aA | λ

N

H
p=Ft

Oa=wk =@ Qt=Qo

S → aS | A | C

A → a

B → aa

C → aCb

%CU= Q} R CQwY x@ Qt=Qo u}= |oDU@=w h=Qo "s} Q}o|t Q_v QO =Q

S A

C B

%CW=Po Q=vm Qt=Qo R= =Q =yv; |w=L Oa=wk u=wD|t w OvDUy xO}=i|@ |=yQ}eDt C w B xm OwW|t xOy=Wt

S → aS | A

A → a

N

“λ Oa=wk” |yD Oa=wk hPL 3»1»6

"OQ=O s=v |yD |xOa=k l} A→ λ pmW x@ xOa=k Qy ’uDt R= pkDUt Qt=Qo l} QO h} QaD
"OwW|t xO}t=v (nullable) =Q}t ’OW=@ umtt A⇒∗ λ j=kDW= u; |=Q@ xm A Ovv=t Q}eDt Qy

Nullable(A)⇔

(A→ λ ∈ P ) ∨ (A→ α1α2 . . . αn ∈ P ∧ ∀i 1 ≤ i ≤ n⇒ Nullable(αi))
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=yQt=Qo p}O@D |=yVwQ 6

%s}vm|t xO=iDU= Q} R sD} Qwor= R= =Q}t |=yQ}eDtX}NWD

Nullable

1 Null ← ∅

2 Null′ ← {A : A→ λ ∈ P}

3 while Null 6= Null′

4 do Null ← Null′

5 Null′ ← Null ∪ {A : A→ X1X2 . . . Xk,∀i(1 ≤ i ≤ k)→ Xi ∈ Null}

6 return Null′

|Oa=wk u}vJ Ok=i xm P ′ Oa=wk uOQw; CUO x@ w P R= λ Oa=wk hPL |=Q@ λ Oa=wk hPL pL=Qt
%s}vm|t pta Q} R CQwY x@ ’OW=@

’P QO A→ X1X2 . . . Xk pmW x@ xOa=k Qy |=R= x@
%xm |=xvwo x@ s}vm|t xi=[= P ′ x@ =Q A→ α1α2 . . . αk Oa=wk

αi = Xi x=ou; ’OW=@v =Q}t Xi Qo = •

"“OvwWv λ =yαi |xty xm |]QW x@” αi = Xi|λ x=ou; ’OW=@ =Q}t Xi Qo = •

"s} Q=O R=}v S → λ x@ pk=OL xvQo w ’OQm hPL =Q λ Oa=wk s=tD u=wD|t ’OW=@v λ pt=W u=@ R Qo = ◭

"OvDUy u} Qi;pmWt =yQox} RHD |NQ@ QO |yD Oa=wk ◭

"OQ=OvλOa=wk xm OQ=O OwHwG =@ RQ=sy Ĝ Qt=Qo x=ou; ’OW=@λOk=iL(G) xmOW=@uDt R=pkDUt Qt=Qol}G Qo = x}[k

H
p=Ft

%O} Q}o@ Q_v QO =Q Q} R Qt=Qo

S → aS1b

S1 → aS1b | λ

%CU= Q} R CQwY x@ λ Oa=wk hPL R=TB pY=L Qt=Qo "Nullable = {S1} s} Q=O

S → aS1b | ab

S1 → aS1b | ab

N

H
p=Ft

%O} Q}o@ Q_v QO =Q Q} R Qt=Qo
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7 p=tQv |=ysQi w uDt R= pkDUt |=yQt=Qo |R=UxO=U

S → ABaC

A → BC

B → b | λ

C → D | λ

D → d

%s}vm|t =QH= =Q Nullable sD} Qwor= ’=Q}t |=yQ}eDt uDi=} |=Q@

Null Null′

∅ {B,C}

{B,C} {B,C,A}

{A,B,C} = {A,B,C}

%CU= Q} R CQwY x@ λ Oa=wk hPL R=TB pY=L Qt=Qo "Nullable = {A,B,C} s} Q=O

S → ABaC | AaC | ABa | a | BaC | Aa | Ba | aC

A → BC | B | C

B → b

C → D

D → d

N

xm} Oa=wk hPL 4»1»6

xm} |xOa=k ’OW=@ A,B ∈ V u; QO xm A → B pmW x@ xOa=k Qy ’uDt R= pkDUt Qt=Qo l} QO h} QaD
"OQ=O s=v (chain) Q}HvR =} (unit production)

Qt=Qo CQwY u}= QO ’OW=@ λ Oa=wk uwO@ w uDt R= pkDUtQt=Qo l} G = (V, T, S, P ) O}vm ZQi x}[k
"OQ=Ov |=xm} |xOa=k I}y xm OQ=O OwHw G =@ RQ=sy Ĝ uDt R= pkDUt

xm} Oa=wk hPL pL=Qt

A→ A pmW x@ Oa=wk hPL •

B Oa=wk |v} Ro}=H =@ A→ B pmW x@ Oa=wk hPL •

%B → A w A→ B Oa=wk OwHw Cr=L QO Oa=wk hPL •
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=yQt=Qo p}O@D |=yVwQ 8

|oDU@=w h=Qo R= xO=iDU= =@ "s}@=}|t A⇒∗ B xm =Q B |=yQ}eDt |xty A ∈ V Qy |=Q@ –
"OW=@ xDW=O OwHw B w A u}@ CWol} Qo = \ki w Qo = A⇒∗ B 1xm} Oa=wk |=Q@ Qt=Qo

"s}vm|t xi=[= =Q |rY= Qt=Qo |xm} Q}e Oa=wk |xty ’O}OH Qt=Qo x@ –

A→ B QO O}OH Qt=Qo Oa=wk R= xO=iDU= =@ =Q B Oa=wk ’A⇒∗ B xm B w A Qy |=R= x@ –
"s}vm|t u} Ro}=H

"OwW|t x} RHD CaQUV}=Ri= w j=kDW= pw]Vy=m ?Hwt Q}HvR hPL xDmv ◭

H
p=Ft

%O} Q}o@ Q_v QO =Q Q} R Qt=Qo

S → Aa | B

B → A | bb

A → a | bc | B

OwHw B → A |xOa=k sy w A→ B |xOa=k sy =Hv}= QO "s}vm hPL u; R= =Q xm} Oa=wk s}y=wN|t
"OQ=O

%CU= Q} R CQwY x@ xm} Oa=wk |=Q@ Qt=Qo u}= |oDU@=w h=Qo

S A

B

%CW=O s}y=wN ’xOW xO=O K}[wD p=wQ j@=]t xm} Oa=wk hPL =@

S → Aa | bb

B → bb

A → a | bc | bb

N

OQ=O OwHw |vDt R= pkDUt Qt=Qo CQwY u}= QO ’OW=@ λ uwO@ uDt R= pkDUt u=@ Rl} L xm O}vm ZQi x}[k
"OQ=Ov |yD =} xm} ’xO}=i|@ |xOa=k I}y w Ovm|t O}rwD =Q L xm

|xOa=k Qo = \ki w Qo = OQ=O OwHw p=}l} Y w X |=yQ}eDt |=yT=Q u}@ ’xm} Oa=wk |=Q@ Qt=Qo |oDU@=w h=Qo QO 1

"OW=@ xDW=O OwHw Qt=Qo u; QO X → Y |xm}
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9 p=tQv |=ysQi w uDt R= pkDUt |=yQt=Qo |R=UxO=U

Oa=wk p=ta= ?}DQD

λ Oa=wk hPL “1

xm} Oa=wk hPL “2

xO}=i|@ Oa=wk hPL “3

%=Q} R
"Ovm|tv O}rwD λ |yD Oa=wk ’xm} Oa=wk hPL

"Ovm|tv O}rwD xm} =} |yD Oa=wk’xO}=i|@ Oa=wk hPL

|DWoR=@ ‘wQW O=tv hPL 5»1»6

O=tv l} |iQat =@ u=wD|t ’OW=@ xOW Qy=_ Oa=wk R= |NQ@ CU=Q CtU QO S Qt=Qo ‘wQW O=tv xJv=vJ
"OQm hPL =Q |DWoR=@ ‘wQW O=tv ’S′ → S O}OH |xOa=k uOwRi= w S′ O}OH ‘wQW

AJ R= |DWoR=@ hPL 6»1»6

|xOa=kl} ’CU= xOW Qy=_ R}v xOa=kCU=QCtU QOAJCtU Q}eDt u; QO xm A→ xAy |xOa=k h} QaD
" (A ∈ V, x, y ∈ (V ∪ T )∗) OQ=O s=v (recursive) |DWoR=@

xOW Qy=_ R}v xOa=k CU=Q CtU AJ x}r= |yDvt QO AJ CtU Q}eDt u; QO xm A → Ax |xOa=k
"OQ=O s=v (left recursive) AJ R= |DWoR=@ |xOa=k l} ’CU=

xOW Qy=_ R}v xOa=k CU=Q CtU CU=Q x}r= |yDvt QO AJ CtU Q}eDt u; QO xm A→ xA |xOa=k
"OQ=O s=v (right recursive) CU=Q R= |DWoR=@ |xOa=k l} ’CU=

"OQ=O s=v |DWoR=@ Q}eDt ’OW=@ xDW=O OwHw |DWoR=@ |xOa=k l} pk=OL u; |=Q@ xm |Q}eDt

Oa=wk ’A |DWoR=@ Q}eDt AJ R= |DWoR=@ Oa=wk hPL |=Q@ s}kDUtAJ R= |DWoR=@ Oa=wk hPL
%s}vm|t s}UkD AJ R= |DWoR=@ Q}e w AJ R= |DWoR=@VN@ wO x@ =Q A

A → Aα1 | Aα2 | . . . | Aαn

A → β1 | β2 | . . . βm

%s}vm|t u} Ro}=H Q} R Oa=wk xawtHt =@ =Q Oa=wk xawtHt u}= p=L

A → β1A
′ | β2A

′ | . . . βmA′

A′ → α1A
′ | α2A

′ | . . . | αnA′ | λ

u} Ro}=H A′ → αA′ | λ w A→ βA′ Oa=wk =@ A→ Aα | β Oa=wk ’xO=U Cr=L QO xDmv ◭
"OwW|t
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=yQt=Qo p}O@D |=yVwQ 10

"Ovm|t pmWt Q=JO =Q u}}=B x@q=@ |=yQox} RHD ’AJ R= |DWoR=@ xDmv ◭

H
p=Ft

%O}vm ‘iQ Q} R Oa=wk =@ Qt=Qo R= =Q AJ R= |DWoR=@

A → Aa | aBc | λ

B → Bb | bc

A → A

α
︷︸︸︷
a |

β1
︷︸︸︷

aBc |

β2
︷︸︸︷

λ

B → B b
︸︷︷︸

α

| bc
︸︷︷︸

β

%s} Q=O xOW x}=Q= |xOa=k j@=]t

A → aBcA′ | A′

A′ → aA′ | λ

B → bcB′

B′ → bB′ | λ

N

umtt Qt=Qo u; QO A ⇒n xAy j=kDW= Qo = \kiw Qo = CU= s}kDUt Q}e |DWoR=@ Q}eDt l} A Q}eDt h} QaD
"(n ≥ 2) OW=@

Qt=Qo u; QO A ⇒n Ax j=kDW= Qo = \kiw Qo = CU= s}kDUt Q}e AJ R= |DWoR=@ Q}eDt l} A Q}eDt
"(n ≥ 2) OW=@ umtt

Qt=Qo u; QO A⇒n xA j=kDW= Qo = \kiw Qo = CU= s}kDUt Q}e CU=Q R= |DWoR=@ Q}eDtl} A Q}eDt
"(n ≥ 2) OW=@ umtt

pta Q} R CQwY x@ ’s}kDUt Q}e AJ R= |DWoR=@ hPL |=Q@ s}kDUt Q}e AJ R= |DWoR=@ hPL
%“xm} Oa=wk uwO@ w QwO uwO@ uDt R= pkDUt Qt=Qo |=Q@” s}vm|t

"s} Q}o|t Q_v QO Qt=Qo |=yQ}eDt |wQ Q@ ?}DQD l} •

"s}vm|t hPL pw= Q}eDt |=Q@ =Q s}kDUt AJ R= |DWoR=@ •

|=Q@ =Q s}kDUt AJ R= |DWoR=@ w s}vm|t u} Ro}=H =Q |r@k Q}eDt Oa=wk %|Oa@ |=yQ}eDt |=Q@ •
"s}vm|t hPL |rai Q}eDt Oa=wk
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p=tQv |=ysQi 2»6

|mUt=J p=tQv sQi 1»2»6

CQwY x@ u; Oa=wk s=tD xm CU= |mUt=J p=tQv sQi QO |Qt=Qo "(CNF) |mUt=J p=tQv sQi h} QaD

A→ BC =} A→ a

"CU= a ∈ T w A,B,C ∈ V u; QO xm OW=@
"CU= xv=}=B l} =} xv=}=B=v wO Oa=wk CU=Q CtU Qo}O CQ=@a x@

p=tQv sQi QO Ĝ pO=at Qt=Qo |=Q=O ’λ 6∈ L(G) u; QO xm G = (V, T, S, P ) uDt R= pkDUt Qt=Qo Qy x}[k
"CU= |mUt=J

s=Hv= j=kDW= xrLQt (2n− 1) QO |mUt=J p=tQv sQi QO Qt=Qo l} =@ n pw] x@ |=xDWQ O}rwD ◭

=@ j=kDW= xrLQt n w A → BC pmW x@ Oa=wk =@ j=kDW= xrLQt (n − 1) u; QO xm OwW|t
"OwW|t s=Hv= A→ a pmW x@ Oa=wk

"CU= |} wOwO CNQO l} ’|mUt=J p=tQv pmW QO Qt=Qo l} |=Q@ j=kDW= CNQO ◭

%s}vm|t pta Q} R CQwY x@ |mUt=J p=tQv sQi x@ p}O@D pL=Qt

“xO}=i|@ Oa=wk hPL ’xm} Oa=wk hPL ’|yD Oa=wk hPL” s}vm|t xO=U =Q Qt=Qo =OD@= •

"s}yO|t s=Hv= O}OH Oa=wk w =yQ}eDt |iQat =@ =Q |mUt=J p=tQv sQi x@ |}=yv p}O@D •

H
p=Ft

%O}vm p}O@D |mUt=J p=tQv sQi x@ =Q Q} R Qt=Qo

S → ABa

A → aab

B → Ac

%s} Q=O jwi p=wQ R= xO=iDU= =@
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S → AT1

T1 → BTa

A → TaT2

T2 → TaTb

B → ATc

Ta → a

Tb → b

Tc → c

R= QDW}@ u; CU=Q CtU xm |=xOa=k Qy w s}=xOQm h} QaD O}OH |xv=}=B=vl} xv=}=B Qy |=Q@ xm O}vm CkO
"CU= xOW xDUmW xOa=k OvJ =} wO x@ ’CU= xDW=O O=tv wO

N

M=@} Qo p=tQv sQi 2»2»6

CQwY x@ u; Oa=wk s=tD xm CU= M=@} Qo p=tQv sQi QO |Qt=Qo "(GNF) M=@} Qo p=tQv sQi h} QaD

A→ ax

"CU= a ∈ T w x ∈ V ∗ u; QO xm OW=@
"CU= xv=}=B=v OvJ =} QiY u; p=@vO x@ w xv=}=B l} Oa=wk CU=Q CtU Qo}O CQ=@a x@

p=tQv sQi QO Ĝ pO=at Qt=Qo |=Q=O ’λ 6∈ L(G) u; QO xm G = (V, T, S, P ) uDt R= pkDUt Qt=Qo Qy x}[k
"CU= M=@} Qo

"OwW|t s=Hv= j=kDW= xrLQt n QO M=@} Qo p=tQv sQi QO Qt=Qo l} =@ n pw] x@ |=xDWQ O}rwD ◭

%s}vm|t pta Q} R CQwY x@ M=@} Qo p=tQv sQi x@ p}O@D pL=Qt

“xO}=i|@ Oa=wk hPL ’xm} Oa=wk hPL ’|yD Oa=wk hPL” s}vm|t xO=U =Q Qt=Qo =OD@= •

"s}vm|t hPL Qt=Qo R= =Q “s}kDUt Q}e w s}kDUt” AJ |DWoR=@ •

"s}yO|t s=Hv= =Q M=@} Qo p=tQv sQi x@ |}=yv p}O@D •

H
p=Ft

%O}vm p}O@D M=@} Qo p=tQv sQi x@ =Q Q} R Qt=Qo

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



13 p=tQv |=ysQi w uDt R= pkDUt |=yQt=Qo |R=UxO=U

S → AB

A → aA | bB | b

B → b

%s} Q=O xOW x}=Q= p=wQ R= xO=iDU= =@

S → aAB | bBB | bB

A → aA | bB | b

B → b

N

H
p=Ft

%O}vm p}O@D M=@} Qo p=tQv sQi x@ =Q Q} R Qt=Qo

S → abSd | aa

%s} Q=O xOW x}=Q= p=wQ R= xO=iDU= =@

S → aTbSTd

S → aTa

Ta → a

Tb → b

Tc → c

N

uDt R= pkDUt |=yQt=Qo |=Q@ CYK C}w[a sD} Qwor= 3»6

\UwD xm CU= |mUt=J p=tQv sQi QO uDt R= pkDUt |=yQt=Qo |=Q@ C} w[a sD} Qwor= l} CYK

"OW ‘=O@= Kasami w Younger ’Cocke

"Ovm|t pta =} wB |R} Qxt=vQ@ VwQ |x}=B Q@ sD} Qwor= u}=
w |xDWQ C} w[a s}y=wN|t w s} Q=O |mUt=J p=tQv sQi QO =Q G = (V, T, S, P ) Qt=Qo O}vm ZQi

Qo = "s}vm |UQQ@ L(G) QO =Q
w = a1a2 . . . an

|xDWQQ} R ’OW=@
w[i, j] = aiai+1 . . . aj

CQwY x@ =Q V R= Q} R |xawtHtQ} R w

V [i, j] = {A ∈ V : A⇒∗
G w[i, j]}

"OW=@ S ∈ V [1, n] Qo = \ki w Qo = CU= w ∈ L(G) xm CU=XNWt "s}vm|t h} QaD
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uDt R= pkDUt |=yQt=Qo |=Q@ CYK C} w[a sD} Qwor= 14

%V [i, j] |x@U=Lt |=Q@
"OW=@ A→ ai pmW x@ |=xOa=k |=Q=O G Qo = \ki w Qo = ’Ow@ Oy=wN A ∈ V [i, i]

"Owtv x@U=Lt =Q V [i, i] ’1 ≤ i ≤ n Qy |=Q@ u=wD|t u}=Q@=v@
A→ BC Ovv=t |=xOa=k Qo =\ki w Qo = ’Ovm|t O}rwD =Q w[i, j] |xDWQQ} R A Q}eDt ’i < j Cr=L |=Q@
B ⇒∗ w[i, k] w C ⇒∗ w[k + 1, j]|va} & s}W=@ xDW=O ’i ≤ k < j ’k l} |=Q@ xm OW=@ OwHwt

V [i, j] =
⋃

i≤k<j

{A : A→ BC,B ∈ V [i, k] ∧ C ∈ V [k + 1, j]}

i k 1k + j

A

B C

x@ w s}vm|t x@U=Lt =Q u; |rY= Q]k Q}O=kt =OD@= ’s}yO u=WvT} QD=t l} CQwY x@ =Q [V [i, j]] Qo =
"s}}=tv|t x@U=Lt =Q =yv; Q}O=kt w s} wQ|t |rY= Q]k |q=@ |=yQ]k x@ ?}DQD

1

2

3

 

!

n

1 2 3 n

QO xm CU= nn(n+1)
2 ,=@} QkD sD} Qwor= u}= |=ysOk O=OaD xm O=O u=Wv u=wD|t |oO=U x@ xDmv ◭

"n = |w| u;

H
p=Ft

#Q}N =} OQ=O OwHw Q} R Qt=Qo \UwD xOW O}rwD u=@ R QO w = aabbb |xDWQ =};

S → AB

A → BB | a

B → AB | b

%s}vm|t QB =Q u; ’xOW x}=Q= |DWoR=@ |x]@=Q j@=]t w s}yO|t p}mWD =Q CYK pwOH

1 2 3 4 5
1 {A} {} {S,B} {A} {S,B}

2 {A} {S,B} {A} {S,B}

3 {B} {A} {S,B}

4 {B} {A}

5 {B}

"OQ=O OwHw Qt=Qo u}= =@ xOW O}rwD u=@ R QO w TB ’S ∈ V [1, 5] uwJ

N
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‘H=Qt
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