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s_vt |=yu=@ R C=}YwYN
Properties of Regular languages 4

#OvDUy s_vt ’|tUQ |=yu=@ R |xty =}; ◭

#CU= VQ}PB p@=k “xO}J}B OvJQy” |y=vDt uwD=twD; l} =@ |v=@ R Qy =}; ◭

"CU= |ivt jwi |=yVUQB MU=B ◭

%u=@ R C=}YwYN

(Closure Properties) |Q=DU@ X=wN •

#CU= s_vt |v=@ R ’s_vt |=yu=@ R |wQ Q@ C=}rta l} pY=L =};

(Deciding Questions) |Q}os}tYD |=yVUQB •
#OQm Q_v Q=y_= “. . . ’|w=UD ’uOw@ |y=vDt” s_vt u=@ R l} X=wN OQwt QO u=wD|t =};

s_vt |=yu=@ R |Q=DU@ X=wN 1»4

=yu=@ R pw=ODt p=ta= |=Q@ Q=DU@ 1»1»4

x=ou; ’OW=@ s_vt L2 w L1 |=yu=@ R Qo = x}[k

"CU= s_vt L1 ∪ L2 “1

"CU= s_vt L1 ∩ L2 “2

"CU= s_vt L1L2 “3

"CU= s_vt L̄1 “4

"CU= s_vt L∗

1 “5

"CU= s_vt LR
1 “6

"CU= s_vt L1 − L2 “7

"C=@F= ◭

%s}vm|t xO=iDU= =Q Q} R |Q=PoO=tv ’C=@F= OvwQ uOW QDxYqN |=Q@

1



s_vt |=yu=@ R |Q=DU@ X=wN 2

’Σ |=@ir= |wQ s_vt |=yu=@ R s=tD |xO=wv=N %REG(Σ)

’Σ |=@ir= |wQ s_vt |=yCQ=@a s=tD |xawtHt %REGEX(Σ)

"Σ |=@ir= |wQ |y=vDt |=D=twD; s=tD |xawtHt %FA(Σ)

"Σ |=@ir= |wQ |a]k |y=vDt |=D=twD; s=tD |xawtHt %DFA(Σ)

“5’3’1”







L1 ∈ REG(Σ) ⇒ ∃r1 ∈ REGEX(Σ)(L(r1) = L1)

L2 ∈ REG(Σ) ⇒ ∃r2 ∈ REGEX(Σ)(L(r2) = L2)
⇒

r1r2 ∈ REGEX(Σ) ⇒ L(r1r2) ∈ REG(Σ)

⇒ L(r1)L(r2) = L1L2 ∈ REG(Σ),

r1 + r2 ∈ REGEX(Σ) ⇒ L(r1 + r2) ∈ REG(Σ)

⇒ L(r1) ∪ L(r2) = L1 ∪ L2 ∈ REG(Σ),

r∗1 ∈ REGEX(Σ) ⇒ L(r∗1) ∈ REG(Σ)

⇒ [L(r1)]
∗ = L∗

1 ∈ REG(Σ).

“2”







L1 ∈ REG(Σ) ⇒ ∃M1 ∈ FA(Σ)(M1 = (Q1,Σ, δ1, q
1
0, F1) ∧ L(M1) = L1))

L2 ∈ REG(Σ) ⇒ ∃M2 ∈ FA(Σ)(M2 = (Q2,Σ, δ2, q
2
0, F2) ∧ L(M2) = L2))

xm s} R=U|t |=xvwo x@ =Q M ′ = (Q′,Σ, δ′, q′0, F
′) uwD=twD;







Q′ = Q1 × Q2

∀a ∈ Σδ′((q, p), a) = (δ1(q, a), δ2(p, a))

q′0 = (q10, q
2
0)

F ′ = {(q, p) ∈ Q′ : q ∈ F1 ∧ p ∈ F2}

s} Q=O CQwY u}= QO

L(M ′) = {w ∈ Σ∗ : δ′∗(q′0, w) ∈ F ′}

= {w ∈ Σ∗ : δ′∗((q10, q
2
0), w) ∈ F ′}

= {w ∈ Σ∗ : (δ∗1(q
1
0, w), δ∗2(q

2
0, w)) ∈ F ′}

= {w ∈ Σ∗ : δ∗1(q
1
0, w) ∈ F1 ∧ δ∗2(q

2
0, w) ∈ F2}

= {w ∈ Σ∗ : δ∗1(q
1
0, w) ∈ F1} ∩ {w ∈ Σ∗ : δ∗2(q

2
0, w) ∈ F2}

= L(M1) ∩ L(M2)

= L1 ∩ L2.
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3 s_vt |=yu=@ R C=}YwYN

u}=Q@=v@

∃M ′ ∈ FA(Σ)(L(M ′) = L1 ∩ L2) ⇒ L1 ∩ L2 ∈ REG(Σ)

“4”

L1 ∈ REG(Σ) ⇒ ∃M1 ∈ DFA(Σ)(M1 = (Q1,Σ, δ1, q
1
0, F1) ∧ L(M1) = L1))

xm s} R=U|t |=xvwo x@ =Q M ′ = (Q′,Σ, δ′, q′0, F
′) uwD=twD;







Q′ = Q1

δ′ = δ1

q′0 = q10

F ′ = Q − F1

s} Q=O CQwY u}= QO

L(M ′) = {w ∈ Σ∗ : δ′∗(q′0, w) ∈ F ′}

= {w ∈ Σ∗ : δ′∗(q′0, w) ∈ Q − F1}

= {w ∈ Σ∗ : δ∗1(q0, w) 6∈ F1}

= L(M1)

= L1

u}=Q@=v@

∃M ′ ∈ DFA(Σ)(L(M ′) = L1) ⇒ L1 ∈ REG(Σ)

“6”

L1 ∈ REG(Σ) ⇒ ∃M1 ∈ FA(Σ)(M1 = (Q1,Σ, δ1, q
1
0, F1) ∧ L(M1) = L1))

xDW=O =Q q1f |}=yv Cr=L l} \ki xm OQm p}O@D pO=at uwD=twD; l} x@ =Q M1 u=wD|t xmv}= x@ xHwD =@
xm s} R=U|t |=xvwo x@ =Q M ′ = (Q′,Σ, δ′, q′0, F

′) uwD=twD; |va}F = {q1f}’ ’OW=@







Q′ = Q1

∀a ∈ Σ q ∈ δ′(p, a) ⇔ p ∈ δ1(q, a)

q′0 = q1f

F ′ = {q10}
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s_vt |=yu=@ R |Q=DU@ X=wN 4

s} Q=O CQwY u}= QO

w ∈ L(M1) ⇔ δ∗1(q
1
0, w) = {q1f}

⇔ δ′∗(q1f , wR) = {q10} “=QkDU= x@ C=@F=”

⇔ δ′∗(q′0, w
R) = F

⇔ δ′∗(q′0, w
R) ⊆ F

⇔ wR ∈ L(M ′)

u}=Q@=v@

∃M ′ ∈ DFA(Σ)(L(M ′) = LR
1 ) ⇒ LR

1 ∈ REG(Σ)

“7”







L1 ∈ REG(Σ) ⇒ ∃M1 ∈ FA(Σ)(M1 = (Q1,Σ, δ1, q
1
0, F1) ∧ L(M1) = L1))

L2 ∈ REG(Σ) ⇒ ∃M2 ∈ FA(Σ)(M2 = (Q2,Σ, δ2, q
2
0, F2) ∧ L(M2) = L2))

xm s} R=U|t |=xvwo x@ =Q M ′ = (Q′,Σ, δ′, q′0, F
′) uwD=twD;







Q′ = Q1 × Q2

∀a ∈ Σδ′((q, p), a) = (δ1(q, a), δ2(p, a))

q′0 = (q10, q
2
0)

F ′ = {(q, p) ∈ Q′ : q ∈ F1 ∧ p 6∈ F2}

s} Q=O CQwY u}= QO

L(M ′) = {w ∈ Σ∗ : δ′∗(q′0, w) ∈ F ′}

= {w ∈ Σ∗ : δ′∗((q10, q
2
0), w) ∈ F ′}

= {w ∈ Σ∗ : (δ∗1(q
1
0, w), δ∗2(q

2
0, w)) ∈ F ′}

= {w ∈ Σ∗ : δ∗1(q
1
0, w) ∈ F1 ∧ δ∗2(q

2
0, w) 6∈ F2}

= {w ∈ Σ∗ : δ∗1(q
1
0, w) ∈ F1} − {w ∈ Σ∗ : δ∗2(q

2
0, w) ∈ F2}

= L(M1) − L(M2)

= L1 − L2.

u}=Q@=v@

∃M ′ ∈ FA(Σ)(L(M ′) = L1 − L2) ⇒ L1 − L2 ∈ REG(Σ)

�
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5 s_vt |=yu=@ R C=}YwYN

=yu=@ R |wQ Q@ pta OvJ 2»1»4

|DN} Qty

‘@=D "OvW=@ =@ir= wO Γ w Σ O}vm ZQi "(homomorphism) |DN} Qty h} QaD

h : Σ → Γ∗

u} Ro}=H xDWQl} =@ hQLl} u; QO xmCU= |v} Ro}=Hl} ’|DN} Qtyl} "s}} wo|t |DN} Qtyl} =Q
"OwW|t

%O=O xaUwD =yxDWQ x@ =Q h |xvt=O u=wD|t

h : Σ∗ → Γ∗

h(a1a2 . . . an) = h(a1)h(a2) . . . h(an) , ai ∈ Σ, 1 ≤ i ≤ n

l} h : Σ∗ → Γ∗ w L ⊆ Σ∗ Qo = "(homomorphic image) u=@ Rl} |DN} Qty Q}wYD h} QaD
%OwW|t h} QaD Q} R CQwY x@ L |DN} Qty Q} wYD x=ou; ’OW=@ |DN} Qty

h(L) = {h(w) : w ∈ L}

%OvW=@ Σ |=@ir= |wQ u=@ R wO L2 w L1 Qo = |DN} Qty X=wN
h(L1L2) = h(L1)h(L2)

h(L1 ∪ L2) = h(L1) ∪ h(L2)

h(L1 ∩ L2) ⊆ h(L1) ∩ h(L2)

"CU= xDU@ x=wNrO |DN} Qty Qy CLD s_vt |=yu=@ R |xO=wv=N x}[k

"C=@F= ◭

pmW x@ |Oa=wk =@ CU=Q R= |]N Qt=Qol} CQwY u}= QO ’OW=@ s_vt u=@ Rl} L xm s}vm|t ZQi

A → a =} A → aB

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



s_vt |=yu=@ R |Q=DU@ X=wN 6

CtU |=yxv=}=B |wQ u; p=ta= =@ ’OW=@ x=wNrO |DN} Qty l} h Qo = "Ovm|t O}rwD =Q L xm OQ=O OwHw
pmW x@ |Oa=wk x@ jwi Qt=Qo Oa=wk CU=Q

A → h(a) =} A → h(a)B

Qt=Qo xm O=O u=Wv u=wD|t =QkDU= =@ |oO=U@ "Ovm|t O=H}= =Q CU=Q R= |]N Qt=Qo l} xm s}UQ|t
"Ow@ Oy=wN s_vt R}v h(L)TB "Ovm|t O}rwD =Q h(L) pY=L

�

"CU= s_vt R}v h(L) ’OW=@ x=wNrO |DN} Qty l} h w s_vt u=@ R l} L Qo =

CU=Q CtUk GQ=N

’CQwY u}= QO "L1, L2 ⊆ Σ∗ xm O}vm ZQi "(right quotient) u=@ R wO CU=Q CtUk GQ=N h} QaD
%OwW|t h} QaD Q} R CQwY x@ u=@ R wO u}= CU=Q CtUk GQ=N

L1/L2 = {x : xy ∈ L1, for some y ∈ L2}

x@ jraDt |OvwUB |=Q=O xm L1 |=yxDWQ |t=tD L2 x@ L1 CU=Q CtUk GQ=N uOQw; CUO x@ |=Q@
"CU= L1/L2 x@ jraDt ’OvwUB hPL R=TB =yxDWQ u}= R= l} Qy "s} Q}o|t Q_v QO =Q OvDUy L2

H
p=Ft

"Ow@ Oy=wN L1/L2 = L(a∗ba∗) CQwY u}= QO ’OW=@ L1 = L(a∗baa∗) w L2 = L(ab∗) Qo =

N

%OvW=@ Σ |=@ir= |wQ u=@ R wO L2 w L1 Qo = CU=Q CtUk GQ=N X=wN
L1/L2 ⊆ L1/Σ∗

λ ∈ L2 ⇒ L1 ⊆ L1/L2

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



7 s_vt |=yu=@ R C=}YwYN

"CU= xDU@ Qo}O s_vt u=@ R l} x@ C@Uv CU=Q CtUk GQ=N pta CLD s_vt |=yu=@ R |xO=wv=N x}[k

"C=@F= ◭

%s} Q=O ’OW=@ s_vt L1 Qo =

L1 ∈ REG(Σ) ⇒ ∃M ∈ DFA(Σ)(L1 = L(M) ∧ M = (Q,Σ, δ, q0, F ))

qi =@ u; ‘wQW Cr=L xm |=xvwo x@ s} R=U|t M |wQ R= =Q Mi |a]k uwD=twD; ’|Q| =D 1 R= i |=R= x@
%OW=@ xOW u} Ro}=H

Mi = (Q,Σ, δ, qi, F )

%OW=@ L2 QO xm OQ=O OwHw L(Mi) QO y l} pk=OL =}; xm s}vm|t |UQQ@ p=L

δ∗(qi, y) = qf ∈ F, qi ∈ Q, y ∈ L2

%s}}=Ri=|t F̂ |xawtHt x@ =Q qi CQwY u}= QO xm

if L2 ∩ L(Mi) 6= ∅ then qi ∈ F̂

L(M̂) = L1/L2 xm s}yO|t u=Wv "s} R=U|t =Q M̂ = (Q,Σ, δ, q0, F̂ ) |a]k uwD=twD; p=L
%CU=

x ∈ L1/L2 ⇒ ∃y ∈ L2(xy ∈ L1)

⇒ δ∗(q0, xy) ∈ F

⇒ ∃q ∈ Q(δ∗(q0, x) = q ∧ δ∗(q, y) ∈ F )

⇒ q ∈ F̂ “h} QaD j@=]t”

⇒ x ∈ L(M̂).

x ∈ L(M̂) ⇒ δ∗(q0, x) = q ∧ q ∈ F̂

⇒ ∃y ∈ L2(δ
∗(q, y) ∈ F ∧ xy ∈ L1)

⇒ x ∈ L1/L2.

TB ’CU= L(M̂) = L1/L2 u}=Q@=v@

∃M̂ ∈ DFA(Σ)(L(M̂) = L1/L2) ⇒ L1/L2 ∈ REG(Σ)

�

"CU= s_vt R}v L1/L2 x=ou; ’OvW=@ s_vt |=yu=@ R L2 w L1 Qo =

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



s_vt |=yu=@ R |Q=DU@ X=wN 8

O}=@ L1/L2 x@ \w@ Qt |DFA uwJ "L1 |DFA |wQ R= L1/L2 |DFA O=H}= sD} Qwor=
’OW=@ L2 QO u; OvwUB xm OQ}PB@ =Q L1 |=yxDWQ R= |OvwW}B Qy

Cr=L l} x@ v ?UJQ@ =@ |DWo =}; xm s}vm|t u}}aD ‘wQW Cr=L u=wva x@ q ∈ Q Cr=L Qy |=R= x@
"OW=@ v ∈ L2 u; QO xm OQ=O OwHw |}=yv

x@ =Q L1 |DFA O}=@ u}=Q@=v@ "OQ=O Q=Qk L1/L2 QO OW=@ δ∗(q0, x) = q xm x |xDWQ Qy ’Ow@ Qo =
"OW=@ |}=yv Cr=L q s}yO|t Q}}eD |=xvwo

H
p=Ft

s}y=wN|t ’OW=@ L1 = {anbm : n ≥ 1,m ≥ 0} ∪ {ba} w L2 = {bm : m ≥ 1} Qo =
%CU= Q} R pmW x@ L1 |DFA "s}vm x@U=Lt =Q L1/L2

q0 q1 q2
q3 q5
q4

a bb ba a; b
a

a b

a; b
%CW=O Oy=wNv Q=Qk L1/L2 |}=yv Cq=L |xawtHt QO q4 Cr=L xOW x}=Q= sD} Qwor= p=ta= =@ xm

q0 q1 q2
q3 q5
q4

a bb ba a; b
a

a b

a; b
Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



9 s_vt |=yu=@ R C=}YwYN

%xH}Dv QO w

L1/L2 = {anbm : n ≥ 1,m ≥ 0}

N

%CU= xDU@ Q} R p=ta= CLD s_vt |=yu=@ R |xO=wv=N

L1L2 j=Lr=
L1 ∪ L2 ‘=tDH=
L1 ∩ L2 l =QDW=
L1 − L2 p[=iD
L1ΘL2 = (L1 − L2) ∪ (L2 − L1) uQ=kDt p[=iD
L∗

1 |=xQ=DU Q=DU@
L̄ ptmt
LR
1 Twmat

h(L) |DN} Qty
L1/L2 = {x : xy ∈ L1, for some y ∈ L2} CU=Q CtUk GQ=N
L1\L2 = {y : xy ∈ L2, for some x ∈ L1} AJ CtUk GQ=N
head(L1) = L1/Σ∗ (head) QU
tail(L1) = Σ∗\L1 (tail) xD

"CU}v xDU@ |y=vDt=v l =QDW= w ‘=tDH= pta CLD s_vt |=yu=@ R |xO=wv=N QmPD ◭

H
p=Ft

|=yu=@ R |y=vDt=v ‘=tDH= =t= "CU= s_vt u=@ R l} swrat w C@=F i Qy |=Q@ Li = {aibi} u=@ R
Li s_vt

L =

∞⋃

i=0
{aibi} = {anbn : n ≥ 0}

"Ovm|t O=H}= =Q s_vt=v u=@ R l}

N

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



s_vt |=yu=@ R |=Q@ |Q}os}tYD |=ysD} Qwor= 10

s_vt |=yu=@ R |=Q@ |Q}os}tYD |=ysD} Qwor= 2»4

"Ov=xOW xO=OV}=tv OQ=Ov=DU= |}=tvR=@ l} QO EL@ OQwt s_vt |=yu=@ R xm s}vm|t ZQi

xm OQ=O OwHw |tD} Qwor= ’OW=@ s_vt u=@ Rl} L Qo = "s_vt |=yu=@ R |=Q@ C}w[a sD} Qwor= OwHw x}[k
"Q}N =} CU= w ∈ L =}; OQm u}}aD u=wD|t u; ltm x@

"C=@F= ◭

CQwY u}= QO "s}yO|tV}=tv DFA CQwY x@ =Q L u=@ R






δ∗(q0, w) ∈ F ⇒ w ∈ L

δ∗(q0, w) 6∈ F ⇒ w 6∈ L

"CU= K[=w C} w[a sD} Qwor= OwHw u}=Q@=v@

�

|tD} Qwor= ’OW=@ s_vt u=@ R l} L Qo = "s_vt |=yu=@ R uOw@ |y=vDt u}}aD |=Q@ sD} Qwor= OwHw x}[k
"Q}N =} CU= |y=vDt=v =} |y=vDt ’|yD L =}; OQm u}}aD u=wD|t u; ltm x@ xm OQ=O OwHw

"C=@F= ◭

CQwY u}= QO "s}yO|tV}=tv DFA CQwY x@ =Q L u=@ R

"CU= L = ∅ ’OW=@ xDW=O OwHw |}=yv |=yT-=Q R= |m} pk=OL x@ q0 R= |=xO=U Q}Ut Qo = •

"s}@=}|t =Q OvDUy Cr=L QPo h=Qo QO QwO l} |x}=B xm |}=yT-=Q •
"CU= |y=vDt=v u=@ R ’OW=@ |}=yv T-=Q l} x@ -=O@t T-=Q R= |Q}Ut |wQ =yT-=Q u}= R= |m} Qo =

"CU= K[=w uOw@ |y=vDt w uOw@ |yD |=ysD} Qwor= OwHw u}=Q@=v@

�

|tD} Qwor= ’OvW=@ s_vt u=@ R wO L2 w L1 Qo = "s_vt |=yu=@ R |w=UD u}}aD |=Q@ sD} Qwor= OwHw x}[k
"Q}N =} CU= L1 = L2 =}; OQm u}}aD u=wD|t u; ltm x@ xm OQ=O OwHw

"C=@F= ◭

%s}vm|t h} QaD Q} R CQwY x@ =Q L u=@ R

L = L1ΘL2 = (L1 ∩ L2) ∩ (L1 ∩ L2) ∈ REG(Σ)

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



11 s_vt |=yu=@ R C=}YwYN

%s}vm|t xO=iDU= s_vt |=yu=@ R uOw@ |yD sD} Qwor= R= w s}yO|tV}=tv DFA CQwY x@ =Q L p=L

L = ∅ ⇔ L1 = L2

"CU= K[=w |w=UD sD} Qwor= OwHw u}=Q@=v@

�

%s_vt |=yu=@ R |=Q@ Q}PBs}tYD p}=Ut

#OQ=O Q=Qk L s_vt u=@ R QO w =}; “1

#CU= |yD L s_vt u=@ R =}; “2

#CU= |y=vDt L s_vt u=@ R =}; “3

#Ov=|w=Ut sy =@ L2 w L1 s_vt |=yu=@ R =}; “4

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015
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s_vt=v |=yu=@ R |}=U=vW 3»4

QDw@m xvq pY= R= xO=iDU= 1»3»4

|y=vDt uwD=twD; l}› xm OyO|t CUO x@ xrtH u}= u=}@ |=Q@ j}kO pL x=Q l} ’QDw@m |xvq pY=
"‹OQ=O OwOLt |x_i=L

H
p=Ft

"CU}v s_vt ’CU= L = {anbn : n ≥ 0} u=@ R xm O}yO u=Wv

%“Σ = {a, b}” OW=@ s_vt L xm s}vm|t ZQi "OwW|t s=Hv= hrN u=yQ@ =@ C=@F= u}=

L ∈ REG(Σ) ⇒ ∃M ∈ DFA(Σ)(M = (Q,Σ, δ, q0, F ) ∧ L(M) = L))

OwOLt |Q| =t= CU= OwOLt=v =yi O=OaD uwJ "(i = 1, 2, 3, . . .) s}vm|t x=ov δ∗(q0, ai) x@ p=L
xm OW=@ xDW=O OwHw q Ovv=t |Dr=L O}=@ |QDw@m xvq pY= j@]TB ’CU=







δ∗(q0, a
n) = q ∧ δ∗(q0, a

m) = q ∧ (m 6= n)

anbn ∈ L(M) ⇒ δ∗(q, bn) = qf , qf ∈ F
⇒

δ∗(q0, a
mbn) = δ∗(δ∗(a0, a

m), bn) = δ∗(q, bn) = qf

"OW=@ s_vt Ov=wD|tv L wCU=CUQO=vhrNZQi u}=Q@=v@ "CU= n = m |x}rw= ZQi hqN u}= =t=

N

j} QRD sr 2»3»4

C@Ft K}LY OOa x=ou; ’OW=@ |y=vDt=v s_vt u=@ R l} L Qo = "(Pumping lemma) j} QRD sr x}[k
CQwY x@ Ov=wD|t |w| ≥ m \QW =@ w ∈ L |xDWQ Qy xm |Qw] x@ OQ=O OwHw m

w = xyz

u; QO xm OwW x} RHD
|xy| ≤ m, |y| ≥ 1

CQwY x@ wi |xDWQ Qy w CU=

wi = xyiz, i = 0, 1, 2, . . .

"OW=@ L QO

O=OaD xm OQm x} RHD CtUk xU x@ |=xvwo x@ u=wD|t =Q L QO nQR@ |i=m |xR=Ov= x@ |=yxDWQ |x}rm
|xDWQ s}} wo|t CQwY u}= QO "OyO CUO x@ =Q L QO |Qo}O |xDWQ ’|v=}t |xDWQ Q=QmD |y=wNrO

"CU= xOW j} QRD |v=}t
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j} QRD sr R= xO=iDU= OQwt QO |D=QmPD

"u; uOw@ s_vt xv ’OwW|t xO=iDU= u=@ R l} uOw@v s_vt uO=O u=Wv |=Q@ j} QRD sr ◭

QDW}@ =} n pw] x@ CWo Qy T=Q n =@ Cr=L QPo h=Qol} QO xm CU= Q=wDU= x}=B u}= Q@ j} QRD sr ◭

"CU= QwO |=Q=O |va} ’Ovm Q=QmD =Q T=Q l} pk=OL O}=@

w CU}J =yv; Q=Okt xm s}v=O|tv =t= ’s}W=@ u�t]t s}v=wD|t xyz |x} RHD w m OwHw R= xJQo ◭

Zk=vD x@ xm s}} wo@ ’OwW|tZkv =yv; R= |Y=N Q}O=kt |=R= x@ j} QRD sr xmv}= p}rO x@ s}v=wD|tv
"s}=xO}UQ

Zkv w =} il} |=R= x@ |DL j} QRD sr Qo =TB ’CU= jO=Y i w w ∈ L Qy |=R= x@ j} QRD sr ◭

"OW=@ s_vt Ov=wD|tv Q_v OQwt u=@ R ’OwW

|D@=kQEL@l} QO j} QRD sr R= xO=iDU= "u=@ Rl} uOw@ s_vt=v C=@F= |=Q@ j} QRD sr |Q}oQ=m@
"CU}v s_vt L s}yO u=Wv xm CU= u}= |R=@ uOQ@ QO =t hOy %CU= QD?U=vt

u=tOwN h} QL
“XNWt=vC@=F” Ovm|t ?=NDv= =Qmh} QL 1

\QW =@ =Q w ∈ L |xDWQ m T=U= Q@
"s}vm|t ?=NDv= w ≥ |m|

2

|xy| ≤\QW =@ =Qw = xyz |x} RHDh} QL
∗"OyO|t s=Hv= |y| ≥ 1 w m

3

wi 6∈ L xm s}vm|t ?=NDv= |=xvwo x@ =Q i 4
Ovm O=H}= =t \UwD |R=@ uOQ@ |=Q@ =Q Cr=L u} QDCNU xm OyO|t s=Hv= |=xvwo x@ =Q x} RHD u}= h} QL s}vm|t ZQi ∗

OQ=Ov OwOLt=v |x_i=L x@ R=}v xm |}=yVR=OQB =@ Ov=wD@ u}W=t l} xm CU= s_vt |v=@ R xDmv ◭
"OQ}PB@ =Q u;

H
p=Ft

"OvDUy s_vt=v Q} R |=y u=@ R xm O}yO u=Wv

{anbn : n ≥ 0} “1

h} QL u=tOwN
1 m ≥ 0 2 w = ambm ∈ L,

|w| = 2m ≥ m

3 w = xyz = am−k
︸ ︷︷ ︸

x

ak
︸︷︷︸

y

bm
︸︷︷︸

z

,

k ≥ 1

wi = xyiz = am−k(ak)ibm

4 i = 0 ⇒ w0 = am−kbm 6∈ L
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{wwR : w ∈ {a, b}∗} “2

m
︷ ︸︸ ︷
aa . . . a

m
︷ ︸︸ ︷

bb . . . b

m
︷ ︸︸ ︷

bb . . . b

m
︷ ︸︸ ︷

bb . . . b

⊢ ⊢⊣ ⊣

x y z

h} QL u=tOwN
1 m ≥ 0 2 w = ambmbmam ∈ L,

|w| = 4m ≥ m

3 w = xyz =

am−k
︸ ︷︷ ︸

x

ak
︸︷︷︸

y

bmbmam
︸ ︷︷ ︸

z

,

k ≥ 1

wi = xyiz =

am−k(ak)ibmbmam

4 i = 0 ⇒

w0 = am−kb2mam 6∈ L

{an! : n ≥ 0} “3

h} QL u=tOwN
1 m ≥ 0 2 w = am!

|w| = m! ≥ m

3 w = xyz =

ak
︸︷︷︸

x

al
︸︷︷︸

y

am!−k−l
︸ ︷︷ ︸

z

,

k ≥ 1, k + l ≤ m

wi = xyiz =

ak(al)iam!−k−l

4 i = 0 ⇒

w0 = am!−k 6∈ L

%s} Q=O k ≤ m w m > 2 |=Q@ =Q} R &CU}v umtt |L}LY j I}y |=Q@ m! − k = j! =Q} R

m! − k > (m − 1)!

L = {anbkcn+k : n ≥ 0, k ≥ 0} “4

%s}vm|t h} QaD Q} R CQwY x@ =Q h |DN} Qty






h(a) = h(b) = a

h(c) = b

%s} Q=O

h(L) = {anakbn+k : n, k ≥ 0}

= {an+kbn+k : n, k ≥ 0}

= {ambm : m ≥ 0} 6∈ REG({a, b})
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%OW=@ s_vt Ov=wD|tv sy LTB ’CU}v s_vt h(L) uwJ

h(L) 6∈ REG ⇒ L 6∈ REG

L = {anbm : n 6= m} “5

%s}vm|t h} QaD Q} R CQwY x@ =Q L′ u=@ R

L′ = L ∩ L(a∗b∗) = {anbn : n ≥ 0}, Σ = {a, b}

CQwY u}= QO ’OW=@ s_vt L s}vm|t ZQi %hrN u=yQ@






L ∈ REG(Σ) ⇒ L ∈ REG(Σ)

L(a∗b∗) ∈ REG(Σ)
⇒ L∩L(a∗b∗) ∈ REG(Σ) ⇒ L′ ∈ REG(Σ)

"OW=@ s_vt Ov=wD|tv L w xOw@ p]=@ hrN ZQiTB ’CU}v s_vt L′ xm s}v=O|t =t=

N

j} QRD sr C=@F= ˆ

CQwY u}= QO ’OW=@ s_vt u=@ R l} L xm s}vm|t ZQi "OwW|t s=Hv= hrN u=yQ@ =@ j} QRD sr C=@F=
%CW=O Oy=wN OwHw u; |=Q@ Q = {q0, q1, . . . , qn} Cq=L |xawtHt =@ M |DFA

L ∈ REG(Σ) ⇒ ∃M ∈ DFA(Σ)(M = (Q,Σ, δ, q0, F ) ∧ L = L(M))

"OW=@ |w| ≥ m = |Q| + 1 = n + 1 xm s}vm|t ?=NDv= |=xvwo x@ =Q w ∈ L |xDWQ
“"CU= umtt Q=m u}= ’CU= xOW ZQi |y=vDt=v L uwJ”

%s} Q}o|t Q_v QO =Q OQPo|t =yv; R= w VR=OQB u}L uwD=twD; xm |Dq=L |xr=@vO

q0, qi, qj , . . . , qf

’CU= QYva |w| + 1 |=Q=O ,=k}kO xr=@vO u}= uwJ
OwW Q=QmD O}=@ QY=va u}= R= |m} pk=OL QDw@m |xvq pY= j@]

"OyO MQ s=n CmQL R=TB O}=@v Q=QmD u}= w
%OwW|t xr=@vO u}= pmWTB

q0, qi, qj , . . . , qr, qr, . . . , qr
︸ ︷︷ ︸

, . . . , qf

xm OW=@ OwHwt |rmW x@ w R= z w y ’x |=yxDWQQ} R O}=@ xH}Dv QO






δ∗(q0, x) = qr

δ∗(qr, y) = qr

δ∗(qr, z) = qf
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%CW=O s}y=wN =Hv}= R= "|y| ≥ 1 w |xy| ≤ n + 1 = m u; QO xm

δ∗(q0, xz) = qf

δ∗(q0, xy2z) = qf

δ∗(q0, xy3z) = qf

...

"OwW|t pt=m C=@F= w
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