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|y=vDt |=D=twD;
Finite Automata 2

Cr=L|y=vDt |xOvQ}PB 1»2

h} QaD 1»1»2

"OQ=Ov Ckwt |x_i=L xm CU=D=twD; ‘wv u} QDxO=U ’Cr=L|y=vDt uwD=twD;
%CU= OwHwt pmW wO x@ Cr=L|y=vDt |xOvQ}PB

(deterministic finite-state accepter: DFA) |a]k Cr=L|y=vDt |xOvQ}PB •

(non-deterministic finite-state accepter: NFA) |a]kQ}e Cr=L|y=vDt |xOvQ}PB •

CQwY x@ ?DQt |}=DGvB l} ’|a]k Cr=L|y=vDt uwD=twD; "(DFA) |a]k Cr=L|y=vDt uwD=twD; h} QaD

M = (Q,Σ, δ, q0, F )

u; QO xm CU=

(internal states) |rN=O |=yCr=L R= |yD=v w |y=vDt |xawtHt %Cq=L |xawtHt Q

(alphabet) |OwQw |=@ir= |xawtHt Σ

w |rai Cr=L T=U= Q@ =Q uwD=twD; |Oa@ Cr=L xm δ : Q × Σ → Q CQwY x@ Cr=L QPo ‘@=D δ

(state transition function) Ovm|t u}}aD |Q=H |OwQw O=tv

(initial state) q0 ∈ Q x}rw= Cr=L q0

(final states) F ⊆ Q |}=yv Cq=L |xawtHt F

1



Cr=L|y=vDt |xOvQ}PB 2

Control Unit

Input File

Head

Output

u} QDAJCtU” |OwQw O=tv u}rw= |wQ Q@ u; |OwQw Qov=Wv wCU= q0 Cr=L QO =OD@= DFAl} ◭

"OQ=O Q=Qk “O=tv

"OwQ|t CU=Q CtU x@ O=tv l} |OwQw Qov=Wv ’uwD=twD; CmQL Qy =@ ◭

|=yCr=L R= |m} QO uwD=twD; ’xDWQ u=}=B QO xm OwW|t xDiQ}PB |Dkw uwD=twD; \UwD xDWQ l} ◭

"OW=@ xDiQo Q=Qk OwN |}=yv

"OQmXNWt =Q δ Cr=L QPo ‘@=D O}=@ |y=vDt uwD=twD; uOQmXNWt |=Q@ ◭

%OQ=O OwHw |rm VwQ wO DFAV}=tv |=Q@ DFAV}=tv

(state-transition graph) Cr=L QPo h=Qo •
&=yCr=L s=v =@ %=yT-=Q |Q=Po?UJQ@

"OwW|t GQ=N Cr=L Qy R= p=} l} =@ir= O=tv Qy |=R= x@ %=yp=} |Q=Po?UJQ@

(state-transition table) Cr=L QPo pwOH •
"s} Q=O uwDU l} =@ir= hQL Qy |=Q@ w Q]U l} ’Cr=L Qy |=Q@

a1 a2 . . . ak

q0 q1 q2 . . . qk

q1 . . .
...

qm . . .

H
p=Ft

%OyO|t u=Wv =Q Cr=L xU =@ |y=vDt uwD=twD; l} |x}rw= |Ov@ Qm}B ’Q} R pmW
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3 |y=vDt |=D=twD;

0 1 1 1

Control Unit

Input File

Head

Output

0q 1q 2q

%CU= Q} R CQwY x@ u; Cr=L QPo h=Qo xm

q0 q1 q2

1

0

1

1

0 0

u; QO xm OW=@|tM = ({q0, q1, q2}, {0, 1}, δ, q0, {q1}) CQwY x@ uwD=twD; u}= |[=} Qh} QaD
%CU= xOW h} QaD Q} R CQwY x@ Cr=L QPo ‘@=D

δ(q0, 0) = q0

δ(q0, 1) = q1

δ(q1, 0) = q0

δ(q1, 1) = q2

δ(q2, 0) = q2

δ(q2, 1) = q1

%CU= Q} R CQwY x@ Cr=L QPo pwOH =@ u;V}=tv xm

0 1
q0 q0 q1

q1 q0 q2

q2 q2 q1

xm =Q OwN |OwQw jwi uwD=twD; ’(|rai Cr=L, |OwQw |xt=O=) CQwY x@ s=o Qy |Ov@ Qm}BV}=tv =@
%Ovm|t hQYt Q} R CQwY x@ ’CU= w = 0111 |xDWQ

(q0, 0111) ⊢ (q0, 111) ⊢ (q1, 11) ⊢ (q2, 1) ⊢ (q1, λ)

\UwD w |xDWQ ’CU= uwD=twD; u}= |=Q@ |}=yv Cr=L l} q1 Cr=L w OW s=tD |OwQw |xDWQ uwJ w
"OwW|t xDiQ}PB uwD=twD; u}=
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Cr=L|y=vDt |xOvQ}PB 4

%s}O=O|t uwD=twD; x@ |OwQw u=wva x@ =Q w = 100 |xDWQ Qo = =t=

(q0, 100) ⊢ (q1, 00) ⊢ (q0, 0) ⊢ (q0, λ)

"OW|tv xDiQ}PB w TB &OQm|t hkwD |}=yvQ}e Cr=L l} QO u}W=t =t= OW|t s=tD |OwQw |xDWQ

N

l} ’(|rai Cr=L, |OwQw |xt=O=) CQwY x@ s=o Qy QO uwD=twD; C}a[w V}=tv x@ QmPD ◭
"OwW|t h}YwD ⊢ O=tv =@ =y}Ov@ Qm}B u}@ CmQL "OwW|t xDio |Ov@ Qm}B

Cw=iD u}= =@ ’OwW|t h} QaD δ x@=Wt (δ∗) xDi=}VQDUo Cr=L QPo ‘@=D "xDi=}VQDUo Cr=L QPo ‘@=D h} QaD
%CU= xDWQ l} ’=@ir= O=tv l} |=H x@ u; swO u=twoQ; xm

δ∗ : Q× Σ∗ → Q

%OOQo|t h} QaD |DWoR=@ CQwY x@ w

δ∗(q, λ) = q , q ∈ Q, w ∈ Σ∗

δ∗(q, wa) = δ(δ∗(q, w), a)) , q ∈ Q, w ∈ Σ∗, a ∈ Σ

H
p=Ft

%s}vm|t pta Q} R CQwY x@ |r@k p=Ft QO δ∗(q1, 011) |x@U=Lt |=Q@

δ∗(q1, 011) = δ(δ∗(q1, 01), 1)

δ∗(q1, 01) = δ(δ∗(q1, 0), 1)

δ∗(q1, 0) = δ(δ∗(q1, λ), 0)

δ∗(q1, λ) = q1

TB

δ∗(q1, 0) = δ(q1, 0) = q0

δ∗(q1, 01) = δ(q0, 1) = q1

δ∗(q1, 011) = δ(q1, 1) = q2

N

h} QaD Q} R pmW x@ CQwY u}= QO xm OW=@ P ⊆ Q Cq=L R= xawtHtl} Ov=wD|t δ pw= u=twoQ; ◭

%OwW|t
δ(P, a) =

⋃

p∈P

δ(p, a) , a ∈ Σ
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5 |y=vDt |=D=twD;

DFAl} u=@ R 2»1»2

"OwW|t xDiQ}PB uwD=twD; \UwD xm CU= |}=yxDWQ s=tD |xawtHt ’DFA l} u=@ R

|xawtHt R= CU= CQ=@a M = (Q,Σ, δ, q, F ) |y=vDt uwD=twD; \UwD xOW xDiQ}PB u=@ R h} QaD

L(M) = {w ∈ Σ∗ : δ∗(q0, w) ∈ F}

H
p=Ft

L = {anb : n ≥ 0}" R= CU= CQ=@a ’Q} R |y=vDt uwD=twD; \UwD xOW xDiQ}PB u=@ R

q0 q1 q2
b a, b

a a, b

N

s=tD DFA ’Qo}O CQ=@a x@ "“Ovvm|t pta xvt=O pm |wQ |va}” OvDUy s=D ‘@=wD δ∗ w δ QmPD ◭

"Ovm|t OQ =} pw@k =Q =yu; ’xOQm VR=OQB =Q Σ∗ |=yxDWQ

"OwW|t xDiQ}PB xDWQ u; ’OW=@ OwN|}=yv Cq=L R=|m} QO uwD=twD; ’xDWQ s=tD= R=TB Qo = "xDWQl}VQ}PB h} QaD

xDWQ u; ’OW=@ OwN |}=yv Q}e Cq=L R= |m} QO uwD=twD; ’xDWQ s=tD= R=TB Qo = "xDWQl} VQ}PB sOa h} QaD
"OwW|t OQ

GQ=N u; R= Qo}O u; x@ OwQw =@ uwD=twD; xm CU= |}=yvQ}e Cr=L l} xrD Cr=L "(trap) xrD Cr=L h} QaD
"OwW s=tD =D Ovm|t hQYt =Q xDWQ |xr=@vO xrD Cr=L "OwW|tv
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Cr=L|y=vDt |xOvQ}PB 6

QYva u; =@ ’OW=@vXNWt =@ir= QY=va R= |m} =@ Cr=L QPo ’QPo ‘@=D h} QaD QO x=oQy QmPD ◭

"s} wW|t xrD Cr=L OQ=w

H
p=Ft

%CU= xrD Cr=L l} q2 Cr=L ’Q} R |y=vDt uwD=twD; QO

q0 q1 q2
b a, b

a a, b

N

%OwW|t xO=iDU= M uwD=twD; l} |=yQPo R= |=xr=@vO h}YwD |=Q@ ⊢M Qorta ⊢M Qorta

⊢M : (Q× Σ∗)→ (Q× Σ∗)

CQwY u}= QO ’OW=@ u; x@ \w@ Qt Cr=L QPo h=Qo GM OW=@ DFAl}M = (Q,Σ, δ, q0, F ) Qo = x}[k

∀qi, qj ∈ Q, w ∈ Σ∗ → δ∗(qi, w) = qj

"OW=@ OwHwt qj x@ qi R= w ?UJQ@ =@ (walk) CWo l} Qo = \ki w Qo =

(qi, w) ⊢M (qj , w
′) iff w = σw′, σ ∈ Σ, δ(qi, σ) = qj

DFAl} ptmt 3»1»2

"OQ}PB|t =Q L(M) u=@ R xm CU= |vwD=twD; ’M |DFA l} ptmt "DFAl} ptmt h} QaD

L(M) = {w ∈ Σ∗ : δ∗(q0, w) 6∈ F}

DFAl} uOQm ptmt sD} Qwor=

"s}vm|t xi=[= OwHw sOa CQwY QO =Q xrD Cr=L “1

"s}vm|t p}O@D |}=yv x@ =Q |}=yvQ}e Cq=L w |}=yvQ}e Cq=L x@ =Q |}=yv Cq=L “2
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7 |y=vDt |=D=twD;

H
p=Ft

’OvDUy 001 |xDWQQ} R pt=W xm |}=yv; RH@ {0, 1}∗ |wQ |=yxDWQ |xty VQ}PB |=Q@ DFA l}
%CU= Q} R CQwY x@

λ 0 00 001

0

1

0 1

1 0 0, 1

N

"u; |rai Cr=L j} Q] R= xmr@ ’x_i=L j} Q] R= xv =t= ’OQw; O=} x@ =Q |r@k |OwQw Ov=wD|t DFA xDmv ◭

=yDFA ?}mQD 4»1»2

R}v w OW=@ L1 = L(M1) u=@ R VQ}PB |=Q@ DFA l} M1 = (Q1,Σ, δ1, q01 , F1) Qo =
’‘=tDH= |=Q@ x=ou; ’OW=@ L2 = L(M2) u=@ R VQ}PB |=Q@ DFAl}M2 = (Q2,Σ, δ2, q02 , F2)

%OQw;CUO x@ Q} R CQwY x@ u=wD|t =QM = (Q,Σ, δ, q0, F ) |DFA ’L2 w L1 p[=iD w l =QDW=

Q = Q1 ×Q2

δ((q1, q2), a) = (δ1(q1, a), δ2(q2, a)) , q1 ∈ Q1, q2 ∈ Q2, a ∈ Σ

q0 = (q01 , q02)

L(M) (q1, q2) ∈ F

L(M1) ∪ L(M2) q1 ∈ F1 ∨ q2 ∈ F2

L(M1) ∩ L(M2) q1 ∈ F1 ∧ q2 ∈ F2

L(M1)− L(M2) q1 ∈ F1 ∧ q2 6∈ F2

DFA OQwt QO |}=}=[k 5»1»2

xOW xDiQ}PB u=@ R x=ou; ’OQ}PB@ =Q k − 1 R= QDW}@ pw] =@ w |xDWQ Cr=L k =@ DFA l} Qo = •
"CU= |y=vDt=v u; \UwD

"CiQ}PB Oy=wN =Q k R= QDtm pw] =@ |=xDWQ ,=tDL ’OQ}PB@ =Q w |xDWQ Cr=L k =@ DFAl} Qo = •

k ≤ |w| ≤ 2k pw] =@ w Ovv=t |=xDWQ ’OQ}PB@ =Q |y=vDt=v u=@ Rl} ’Cr=L k =@ DFAl} Qo = •
"CiQ}PB Oy=wN =Q

Q}PBTQDUO Cq=L |t=tD xm CU= u; ’OQ}PB@ =Q Σ∗ u=@ R DFAl} xmu; |=Q@ |i=m w sRq \QW •
"OW=@ |}=yv Cr=L ’u;
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s_vt u=@ R 8

Q}PBTQDUO Cq=L |t=tD xm CU= u; ’OQ}PB@ =Q ∅ u=@ R DFAl} xmu; |=Q@ |i=m w sRq \QW •
"OW=@ |}=yvQ}e Cr=L ’u;

Cr=L u; ‘wQW Cr=L xm CU= u; ’OQ}PB@ =Q λ |xDWQ DFA l} xmu; |=Q@ |i=m w sRq \QW •
"OW=@ sy |}=yv

s_vt u=@ R 2»2

L = L(M) xm OW=@ OwHwtM Ovv=t DFAl} Qo = \ki w Qo = ’OQ=O s=v s_vt L u=@ R "s_vt u=@ R h} QaD

"OwW|t xDiQ}PB DFA l} \UwD s_vt u=@ R Qy xH}Dv

H
p=Ft

%OQ=O OwHw Q} R |DFA u; |=Q@ =Q} R ’CU= s_vt u=@ R l} L = {awa : w ∈ {a, b}∗} u=@ R

q0 q1 q2

q3

a

b

a

b

b a

a, b

N

|a]kQ}e |y=vDt uwD=twD; 3»2

QPo ‘@=D xm Cw=iD u}= =@ ’CU= DFA Ovv=ty NFAl} "(NFA) |a]kQ}e Cr=L |y=vDt uwD=twD; h} QaD
%OwW|t h} QaD Q} R CQwY x@ u; Cr=L

δ : Q× Σ→ 2Q

"CU= QDQwH w ‘tH ,qwtat NFA =t= ’CU= QD=v=wN DFA xDmv ◭

"CU= Q R= |=xawtHtQ} R u; Q=Okt u}=Q@=v@ ’CU= 2Q |v=wD |xawtHt δ ‘@=D OQ@ ◭

pO=at ∅” s} Q=Ov |Dr=L Q}}eD I}y a |OwQw =@ |va} ’δ(q1, a) = ∅ s}W=@ xDW=O CU= umtt ◭

"“CU= xrD Cr=L
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9 |y=vDt |=D=twD;

H
p=Ft

%OyO|t u=Wv =Q |a]kQ}e Cr=L |y=vDt uwD=twD; xvwtv l} Q} R pmW

q0 q1 q2
a a

a, b

N

=@ ’CU= NFA Ovv=ty λfflNFA l} "(λ-NFA) λ C=mQL =@ |a]kQ}e Cr=L |y=vDt uwD=twD; h} QaD
%OwW|t h} QaD Q} R CQwY x@ u; Cr=L QPo ‘@=D xm Cw=iD u}=

δ : Q× (Σ ∪ {λ})→ 2Q

"CU= pw@k p@=k |OwQw u=wva x@ λ |va}

"CU= “|SQv= hQYt” |OwQw hQYt uwO@Cr=L QPo |vat x@ λCmQL λ |OwQw =@CmQL swyit
"Ov=t|t hkwDt |OwQw uOv=wN sR}v=mt |rw OwW|t s=Hv= Cr=L Q}}eD Qo}O CQ=@a x@

NFA |=Q@ xDi=}VQDUo QPo ‘@=D

δ∗ : Q× Σ∗ → 2Q

δ∗(q, λ) = {q}

δ∗(q, wa) = {p : ∃r ∈ δ∗(q, w), p ∈ δ(r, a)}

H
p=Ft

%OyO|t u=Wv =Q λ C=mQL =@ |a]kQ}e Cr=L |y=vDt uwD=twD; xvwtv l} Q} R pmW

q0 q1 q2

1

0

λ

0, 1

0, 1

N
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|a]kQ}e |y=vDt uwD=twD; 10

C}a]k sOa |=vat 1»3»2

u=wD|t %“OQo@ka uwO@” OyO s=Hv= =Q K}LY |Q}os}tYD |a]kQ}e CQwY x@ Ov=wD|t |a]kQ}e u}W=t
’CW=O OwHw Q}Ut OvJ |OwQw hQL l} =@ x=oQy "OQ=O OwHw xOvQ=OQB |y=vDt=v O=OaD xm OQm QwYD
x=oQy "OwW|t p=@vO xOvR=OQBl} \UwD |OwQw |xt=O= =@ Q}Ut Qy w OwW|t p=ai O}OH |xOvR=OQBl}
C}=yv|@ |=H x@” "OyO|t hkwD p=vo}U =yxOvR=OQB |x}k@ x@ ’O}UQ |}=yv Cr=L x@ =yxOvR=OQB R= |m}
=Q VOwN ’OUQ|t xv} Ro OvJ x@ x=o Qy w OQ=O pFt O}rwD C}r@=k uwD=twD; xm OQm ZQi u=wD|t ’xOvR=OQB

“"Ovm|t Q}FmD

ed. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be s

H
p=Ft

%O} Q}o@ Q_v QO =Q Q} R |NFA

ed. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be s

λ

%CU=V}=tv p@=k Q} R CNQO =@ 010110 |xDWQ |wQ Q@ |a]kQ}e uwD=twD; u}= |=yCmQL

ed. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be s

N
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11 |y=vDt |=D=twD;

"“{a3}∪{a2n : n ≥ 1},qFt”CU= xO}J}B |=yu=@ Rh}YwD |=Q@ |QF-wt sR}v=mtC}a]k sOa ◭

"OQm xO=iDU= OQo@ka =@ wHDUH |=ysD} Qwor= h}YwD |=Q@ u=wD|t |a]kQ}e |=D=twD; R= ◭

NFAl} u=@ R 2»3»2

%|xawtHt R= CU= CQ=@a M Ovv=t NFA l} u=@ R h} QaD

L(M) = {w ∈ Σ∗ : δ(q0, w) ∩ F 6= ∅}

"OW=@ OwHwt xDWQ l} VQ}PB |=Q@ x=Q OvJ CU= umtt |va}

H
p=Ft

%OQm x�=Q= =Q Q} R NFA u=wD|t L = {awa : w ∈ {a, b}∗} u=@ R |=Q@

q0 q1 q2
a a

a, b

N

NFA w DFA |RQ=sy 4»2

"OvQ}PB@ =Q u=@ R l} wO Qy Qo = \ki w Qo = OvDUy RQ=sy M2 w M1 |=yuwD=twD; "RQ=sy uwD=twD; wO h} QaD

M1 ≡M2 iff L(M1) = L(M2)

x@ DFA l} x=ou; ’OW=@ MN = (QN ,Σ, δN , q0, FN ) |NFA \UwD xOW xDiQ}PB u=@ R L Qo = x}[k
L = L(MD)" xm |Qw] x@ OQ=O OwHw MD = (QD,Σ, δD, {q0}, FD) CQwY

w NFA CQOk ’Qo}O CQ=@a x@ "OQ}PB|t =Q u=@ R u=ty xm OQ=O OwHw DFA l} ’NFA Qy |=Q@ ◭

"CU= Q@=Q@ DFA
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|a]kQ}e w |a]k |y=vDt |=D=twD; |RQ=sy 12

DFA x@ NFA p}O@D sD} Qwor=

%CU= NFA Cq=L R= |=xawtHtQ} R CQwY x@ DFA Cr=L Qy •

QD = 2QN

%OwW|t u}}aD Q} R CQwY x@ {q0, q1, . . . , qn} Cr=L Qy |=Q@ Cr=L QPo ‘@=D •

δD({q0, q1, . . . , qn}, a) =

n⋃

i=0
δN (qi, a) = {p0, p1, . . . , pm}

FN QY=va R= |m} pk=OL xm Ow@ Oy=wN QD R= |}=yCr=L pt=W FD |}=yv Cq=L |xawtHt •
"OW=@ =yv; QO

"OW=@|t q0D = {q0N} CQwY x@ DFA |x}rw= Cr=L •

"CU= s_vt u=@ R l} NFA \UwD xOW xDiQ}PB u=@ R xH}Dv

x@ NFA l} x=ou; ’OW=@ Mλ = (Qλ,Σ, δλ, q0λ , Fλ) |λfflNFA \UwD xOW xDiQ}PB u=@ R L Qo = x}[k
"L = L(MN ) xm |Qw] x@ OQ=O OwHw MD = (QN ,Σ, δN , q0N , FN ) CQwY

λfflNFA CQOk ’Qo}O CQ=@a x@ "OQ}PB|t =Q u=@ R u=ty xm OQ=O OwHw NFAl} ’λfflNFA Qy |=Q@ ◭
"CU= Q@=Q@ NFA w

NFA x@ λfflNFA p}O@D sD} Qwor=

"CU= Q@=Q@ sy =@ NFA w λfflNFA Cq=L |xawtHt •

QN = Qλ

%OwW|t h} QaD Q} R CQwY x@ NFA |=Q@ Cr=L QPo ‘@=D •

δN (q, a) = δλ(δ∗λ(q, λ), a)

hQYt uwO@” λ C=mQL =@ =yvD q Cr=L R= xm CU= |Dq=L s=tD |xawtHt δ∗λ(q, λ) u; QO xm
%O}UQ =yv; x@ u=wD|t “|OwQw

δ∗λ(q, λ) = λ−closure(q)

=yCr=L R= w s}W=@ |Dq=L xJ QO CU= umtt ’s}DUy q Cr=L QO |Dkw xm CU= u; |vat x@ w
"s} wW|t OQ=w |}=yCr=L xJ x@ |OwQw u=ty =@

%CU= u=Um} NFA w λfflNFA |x}rw= Cr=L •

q0N = q0λ

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



13 |y=vDt |=D=twD;

%OwW|t u}}aD Q} R CQwY x@ NFA |}=yv Cq=L |xawtHt •

FN = Fλ ∪ {qi : δ∗λ(qi, λ) ∩ Fλ 6= ∅}

H
p=Ft

%s} Qw; CUO x@ =Q λfflNFA =@ pO=at |NFA |=Q@ =Q δN ‘@=D s}y=wN|t

q0 q1 q2
a λ

b

a

λ−closure(q0) = {q0}, λ−closure(q1) = {q1, q2}, λ−closure(q2) = {q2}

%CU= Q} R CQwY x@ δN |=Q@ Cr=L QPo pwOH

a b

q0 {q1, q2} {}

q1 {q1, q2} {q0}

q2 {} {q0}

%O};|t CUO x@ Q} R CQwY x@ R}v Cr=L QPo h=Qo

q0 q1 q2

a

a

a

b

b

a

p=} |O=OaD λ QPo hPL R= TB =t= ’CU= xOQmv |Q}}eD uwD=twD; |=yCr=L O=OaD xm OwW|t x_Lqt
"CU= xOW xi=[= h=Qo x@ O}OH

N

=@ Q@=Q@ w |xDWQ VR=OQB |=Q@ “λfflNFA =} NFA ’DFA” u}W=t l} |=ys=o O=OaD QmPD ◭

"CU= |]N ’|y=vDt uwD=twD; QO VR=OQB u=tR ’Qo}O CQ=@a x@ "CU= O(|w|)
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|a]k |y=vDt uwD=twD;l} Cq=L O=OaDVy=m 5»2

|irDNt |=yDFA |va} ’CU}v jO=Y u; Tma =t= ’OQ}PB|t =Q |OQi x@ QYLvt u=@ R DFA l}
Cq=L O=OaD =t= ’OvW=@ pO=at CU= umtt DFA wO ’Qo}O CQ=@a x@ "OQ=O OwHw u=@ Rl} VQ}PB |=Q@

"OW=@ Cw=iDt =yv;
%OQm xO=iDU= Q} R Oa=wk R= u=wD|t Cq=L O=OaDVy=m |=Q@

"CiQo xO}O=vV}=yQPo s=tD =@ u=wD|t =Q xrD Cr=L ◭

=yQ}Ut |UQQ@ =@ "OQm hPL DFA R=V}=yQPo |xty =@ u=wD|t =Q q0 R= Q}PB=vTQDUO |=yCr=L ◭

"OvQ}PB=vTQDUO ’OvQ=Ov Q=Qk =yQ}Ut u}= QO xm |Dq=L ’‘wQW Cr=L R=

"Owtv s=eO= u=wD|t R}v =Q “pO=at /Q}PB=vR}=tD |=yCr=L” DFA |Q=QmD |=yCr=L ◭

Qo = ’s}} wo|t “pO=at =}” Q}PB=vR}=tD =Q DFA l} R= q w p Cr=L wO "pO=at /Q}PB=vR}=tD |=yCr=L h} QaD

δ∗(p,w) ∈ F ⇒ δ∗(q, w) ∈ F ,∀w ∈ Σ∗

w

δ∗(p,w) 6∈ F ⇒ δ∗(q, w) 6∈ F ,∀w ∈ Σ∗

"CU= |RQ=sy C}Y=N |=Q=O |Q}PB=vR}=tD

OvU} wv|t w Ov} wo QiY x@DQt pO=at =Q q w pCr=L wO "“|DWoR=@h} QaD” pO=at /Q}PB=vR}=tD |=yCr=L h} QaD
"OW=@ |}=yvQ}e wO Qy =} |}=yv =yCr=L u}= |wO Qy x=oQy p ≡0 q

p ≡0 q iff p, q ∈ F ∨ p, q 6∈ F

w xOw@ k − 1 |x@DQt pO=at q w p x=oQy p ≡k q OvU} wv|t w Ov} wo k x@DQt pO=at =Q q w p Cr=L wO
"OW=@ k − 1 |x@DQt pO=at sy δ(p, a) w δ(q, a) ’a ∈ Σ Qy |=R= x@

p ≡k q iff p ≡k−1 q ∧ ∀a ∈ Σ(δ(p, a) ≡k−1 δ(q, a))

%OvW=@ pO=at =yx@DQt |xty R= Qo = \ki w Qo = Ov} wo “Q}PB=vR}=tD” pO=at =Q q w p Cr=L wO

p ≡ q iff ∀k ≥ 0 p ≡k q

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



15 |y=vDt |=D=twD;

DFAl} |R=Ust}v|t |=Q@ pO=at |=yCr=L uDi=} sD} Qwor=

"O}vm hPL =Q Q}PB=vTQDUO |=yCr=L •

"O}vm ‘wQW k ← 0 R= •

%OQ=Ov OwHw |O}OH pO=at Cr=L wO I}y Qo}O xm |Dkw=D •

"O}vm |Q=Pos=v ,=OOHt lQDWt s=v l} =@ =Q =yv; w O}@=}@ =Q k |x@DQt pO=at |=yCr=L –

"O}vm |U} wvR=@ pO=at |=yCr=L |=Q@ O}OH lQDWt s=v |Q=Po}=H =@ =Q Cr=L QPo ‘@=D –

k ← k + 1 –

x m O v=OQ o|tQ @ M̂ s= v x @ Qo }O |DFA l } |R=Ust} v|t sD } Qwo r= ’OW= @ DFA l } M Q o = x}[k
Cr=L O=OaD =@ |Qo}O |DFA I}y xm =vat u}= x@ "CU= st}v|t M̂ xwqa x@ "L(M) = L(M̂)

"OQ=Ov OwHw OQ}PB@ =Q L(M) xm QDtm

H
p=Ft

%s}@=}@ =Q Cq=L O=OaD u} QDtm =@ Q} R |DFA =@ pO=at |DFA s}y=wN|t
q1

q0 q2 q4

q3

0

1

1

1

00

1

0

0, 1

l}miD =Q |}=yvQ}e w |}=yv Cq=L u; QO w s}vm|t O=H}= DFA u}= |=Q@ =Q Cr=L QPo pwOH ’CUNv
%“QiY |x@DQt pO=at Cq=L u}}aD” s}vm|t

0 1
q0 q1 q3

g01
q1 q2 q4

q2 q1 q4

q3 q2 q4

q4 q4 q4 g02

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



|a]k |y=vDt uwD=twD; l} Cq=L O=OaDVy=m 16

’|va}

0 1
q0 g01 g01
q1 g01 g02

g01q2 g01 g02
q3 g01 g02

q4 g02 g02 g02

%s}vm|t l}miD =Q l} |x@DQt |=ypO=at ’QiY |x@DQt |=ypO=at |wQ R=TBU

0 1
q0 g12 g12 g11

q1 g12 g13
g12q2 g12 g13

q3 g12 g13

q4 g13 g13 g13

C}=yv QO w OvDUy pO=at q3 w q2 ’q1 |=yCr=L %Ov=xOWXNWt Q}PB=vR}=tD |=yCr=L |x}rm =Hv}= QO
%Ow@ Oy=wN Q} R CQwY x@ p=t}v|t |DFA |=Q@ Cr=L QPo pwOH

0 1
g1 g2 g2

g2 g2 g3

g3 g3 g3

"CU= |}=yv Cr=L g3 w u} R=e; Cr=L g1 u; QO xm

N

H
p=Ft

%s}@=}@ =Q Cq=L O=OaD u} QDtm =@ Q} R |DFA =@ pO=at |DFA s}y=wN|t
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q0 q1 q2 q3

q4

q5

0

0

0

0

1

1

1 0, 1

0, 1

0, 1

=@ |Q}Ut I}y xm CU= |Dr=L ’Q}PB=vTQDUO Cr=L "s} Q=Po|t Q=vm =Q Q}PB=vTQDUO |=yCr=L =OD@=
Q}PB=vTQDUO q4 Cr=L u; ‘@D x@ w q2 Cr=L ’jwi uwD=twD; QO "OwWv sDN u=O@ u} R=e; Cr=L R= ‘wQW

%OQm hPL jwi s=Qo =}O R= =Q =yv; u=wD|t u}=Q@=v@ &OvDUy

q0 q1 q3

q5

0

0

0

1

1

0, 1

0, 1

R}v q5 w q3 |=yCr=L u}vJty w OvDUy pO=at sy =@ q1 w q0 |=yCr=L xm OwW|t xOy=Wt p=L
O=OaD q0 Cr=L "OvwW|t q3 |}=yv Cr=L OQ=w 1 l} uO}O =@ q1 w q0 Cr=L wO Qy %OvW=@|t pO=at
=Q wO Qy u=wD|t ‘wtHt QO "Ovvm|t hQYt xkrL l} QO =Q QiY 0 |OQi O=OaD q1 Cr=L w 0 |HwR
Cr=Ll} OQ=w 1l} uO}O =@TBU w Ovm|t hQYt =Q QiY |O=OaD xm CiQo Q_v QO q01 Cr=Ll}

q5 Qo}O |}=yv Cr=L l} OQ=w 1 =} 0 uO}O =@ xm CU= |}=yv Cr=L l} q3 Cr=L "OwW|t |v=}=B
u}= |wO Qy u=wD|tTB "OwW|t hQYt Cr=L u=ty QO xOW xO}O 1 =} 0 R}v Cr=L u}= QO "OwW|t
%Ovm|t hQYt VOwN QO =Q |OwQw O=tv Qy xm CiQo Q_v QO q35 |}=yv Cr=Ll} u=wva x@ =Q Cq=L

q01 q35
1

0 0, 1

"Ov=UQ|t xH}Dv u}ty x@ =Q =t R}v DFA Cq=LVy=m p=wQ R= xO=iDU=

N
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