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x@U=Lt |x} Q_v Q@ |=xtOkt
An Introduction to the Theory of Computation 1

xtOkt 1»1

#CU}J x@U=Lt 1»1»1

"Oa=wk =} C=}rta R= |y=vDt |=xawtHt T=U= Q@ C=aq]= VR=OQB %x@U=Lt

jb0\aC
Processinginformation

D1︻﹑y0

information

D1︻﹑y0

input

¾\²`²

output

¿O²a[

%x@U=Lt R= |}=yp=Ft

Pe=m w srk =@ ?=UL •

xmDQJ •

|UOvy |=yQ=DN=U |Q}oQ=m@ wVm\N •

p=D}H}O |=yQDw}Bt=m •

x@U=Lt |=yx=oDUO Qo}O

. . . ’JAVA ’C |=yxt=vQ@ •

xOW‘} RwD |=ysDU}U Qo}O w CvQDv}= •

#|}=}t}W |=yVvm =w •

# DNA / =ypwrU •

#u=Uv= Ret •

#|twDv=wm |=yQDw}Bt=m •

#s}y=wN|t xJ x} Q_v R= 2»1»1

C}twta •

1



xtOkt 2

|SwrwvmD R= pkDUt –

|QwQ[Q}e C=}�RH uDiQo xO}O=v %‘=RDv= –

CkO •

uOw@ |tUQ ’uOw@ |[=} Q –

%“|ivt w C@Ft” C=@U=Lt OQwt QO =}=[k C=@F= u=mt= –
#OwW x@U=Lt Ov=wD|t |R}J xJ
#OwW x@U=Lt Ov=wD|tv |R}J xJ

|D=@U=Lt p�=Ut |=yxYNWt 3»1»1

C=aq]= R= |OwOLt O=OaD =@ sDU}U Cr=L u=}@ u=mt= %(Discreteness) uOw@ xDUUo •

C=}�RH uDiQo xO}O=v u=mt= %(Abstraction) ‘=RDv= •

=y|SwrwvmD R= |O=} R O=OaD x@ OL=w |[=} Q pOtl} p=ta= u=mt= %(Generality)C}twta •

x@U=Lt |x} Q_v |=yxRwL 4»1»1

%CU= x@U=Lt OL u}}aD ’x@U=Lt |x} Q_v |U=U=VUQB
#CU}J QDw}Bt=m |=yC}OwOLt w x}=B |=yC}r@=k

�>i1V﹞ ]W
EÂ¨?1﹇¾1½   ² �Ã1C EÃ\²]V﹞¾1½ ¾ �Ã1C ĈEhÂS �>i1V﹞

|±..¾ �Ãa i1V﹞�..>...
Theory of Computation

�Ã1C kiaCč

%OQ=O |rY= |Q_v |xRwL xU ’x@U=Lt |x} Q_v

|oO}J}B w |Q}PBx@U=Lt ’=D=twD;

¾ �Ãa|± 1G1﹞³G2
Automata Theory

¾ �Ãa|± ¾aÃ_C �>i1V﹞
Computability Theory

¾ �Ãa|± ¿﹎]ÂRÂC
Complexity Theory

|±..¾ �Ãa i1V﹞�..>...
Theory of Computation

|oO}J}B |x} Q_v •
#OvW=@v pL p@=k Ot;Q=m Qw] x@ xm OvQ=O OwHw |r�=Ut =}; %|U=U=VUQB

#OvW=@ u=U; Qo}O |NQ@ w Q=wWO |D=@U=Lt Q_v R= p�=Ut R= |NQ@ xm OwW|t Ea=@ |R}J xJ
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3 x@U=Lt |x} Q_v Q@ |=xtOkt

Q=wWO w u=U; x@ |D=@U=Lt p}=Ut |Ov@xDUO⇐ |oO}J}B |x} Q_v

#s}vm pL =Q Q=wWO p�=Ut s}v=wD|t xvwoJ

¾ �Ãa|± 1G1﹞³G2
Automata Theory

¾ �Ãa|± ¾aÃ_C �>i1V﹞
Computability Theory

¾ �Ãa|± ¿﹎]ÂRÂC
Complexity Theory

|±..¾ �Ãa i1V﹞�..>...
Theory of Computation

Ĉ]°m1>± ﹏W ﹏?1﹇ ]﹞2`1﹋ `³y �? �﹋ ]±`0\ \³O² ¿¨Ç1h﹞ 1Ã2
¾]°? «Âh﹆G ®1i2 �? ﹏Ç1h﹞ ď`0³m\

�Ã1C kiaCč

|Q}PBx@U=Lt |x} Q_v •

#OvW=@v pL p@=k QDw}Bt=m =@ xm OvQ=O OwHw |r�=Ut =}; %|U=U=VUQB

pL p@=k Q}e w pL p@=k x@ |D=@U=Lt p�=Ut |Ov@xDUO⇐ |Q}PBx@U=Lt |x} Q_v

¾ �Ãa|± 1G1﹞³G2
Automata Theory

¾ �Ãa|± ¾aÃ_C �>i1V﹞
Computability Theory

¾ �Ãa|± ¿﹎]ÂRÂC
Complexity Theory

|±..¾ �Ãa i1V﹞�..>...
Theory of Computation

Ĉ]°m1>± ﹏W ﹏?1﹇ aG³ÂB﹞1﹋ 1? �﹋ ]±`0\ \³O² ¿¨Ç1h﹞ 1Ã2
¾]°? «Âh﹆G  ﹏W ﹏?1﹇ �? ﹏Ç1h﹞ ď﹏W ﹏?1﹇ aÂ︾

�Ã1C kiaCč

=D=twD; |x} Q_v •

#CU}J QDw}Bt=m %|U=U=VUQB

x@U=Lt |=Q@ hrDNt |=ypOt⇐ =D=twD; |x} Q_v

=yu=@ R w =D=twD; |x} Q_v %x@U=Lt |x} Q_v |xar=]t |=Q@ =t ‘wQW |x]kv
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|[=} Q C=tOkt 4

¾ �Ãa|± 1G1﹞³G2
Automata Theory

¾ �Ãa|± ¾aÃ_C �>i1V﹞
Computability Theory

¾ �Ãa|± ¿﹎]ÂRÂC
Complexity Theory

|±..¾ �Ãa i1V﹞�..>...
Theory of Computation

ĈEhÂS aG³ÂB﹞1﹋
�>i1V﹞ ل]﹞

�Ã1C kiaCč

|[=} Q C=tOkt 2»1

=yxawtHt 1»2»1

“x 6∈ S ’x ∈ S” =yxawtHt QO C}w[a •

“|[=} Q O=tv =@V}=tv ’=[a= =@V}=tv” =yxawtHtV}=tv |=yVwQ •

=yu; X=wN w (Empty set) |yD |xawtHt w (Universal set) |v=yH |xawtHt •

stDt ’p[=iD ’l =QDW= ’‘=tDH= %|=xawtHt |=yQorta •

(disjoint) =RHt |=yxawtHt ’ZLt |xawtHtQ} R ’=yxawtHt |w=UD w uOw@ xawtHtQ} R •

(2S) xawtHt l} |v=wD |xawtHt •

(infinite) |y=vDt=v w (finite) |y=vDt |=yxawtHt •

‘@=D w x]@=Q 2»2»1

xawtHt wO |DQ=mO ?Q[ •

(Df ⊂ A) (partial) |} RH ‘@=wD w (Df = A) (total) s=D ‘@=wD %(f : A → B) ‘@=D •

=WwB ‘@=wD ’l} x@ l} ‘@=wD •

“?}DQD ’|RQ=sy” \@=wQ ‘=wv= %x]@=Q •

=yCNQO w =yh=Qo

“=yp=} w =yT-=Q” h=Qo •

T-=Q ?UJQ@ ’p=} ?UJQ@ ’Q=OCyH h=Qo ’xO=U h=Qo •

sy x@ pYDt |=yp=} R= |=xr=@vO %(walk) CWo •

OYkt =D -=O@t R= CWo |=yp=} O=OaD %CWo l} pw] •
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5 x@U=Lt |x} Q_v Q@ |=xtOkt

|Q=QmD p=} uwO@ CWo %(path) Q}Ut •

|Q=QmD T-=Q uwO@ Q}Ut %(simple path) xO=U Q}Ut •

“v |x}=B =@ QwO” |Q=QmD p=} uwO@ VOwN x@ v T-=Q R= CWo l} %(cycle) “xNQJ” QwO •

“x}=B T-=Q RH@” |Q=QmD T-=Q uwO@ QwO %(simple cycle) xO=U QwO •

VOwN x@ T-=Q l} R= p=} l} %(loop) xkrL •

xW} Q s=v x@ X=N T-=Q l} |=Q=O w QwO uwO@ Q=OCyH h=Qo %“CNQO” Q=OCyH CNQO •

H
p=Ft

%s} Q}o|t Q_v QO =Q Q} R h=Qo

1
v

2
v

3
v

(v1, v3), (v3, v3), (v3, v1), (v1, v3), (v3, v2) %CWo l}
(v1, v3), (v3, v2) %Q}Ut l}

(v1, v3), (v3, v3), (v3, v1) %QwO l}

N

C=@F= |=yVwQ 3»2»1

%|[=} Q |=}=[k C=@F= |=Q@ pw=ODt |=yVwQ

“|wk |=QkDU= ’h}a[ |=QkDU=” |[=} Q |=QkDU= =@ C=@F= •

hrN u=yQ@ =@ C=@F= •
"CU= CUQO=v α ∧ ¬β xm s}yO|t u=Wv α ⇒ β C=@F= |=Q@

(proof by construction) uDN=U =@ C=@F= •
"CU= -|}W l} OwHw uO=O u=Wv hOy xm |OQ=wt C=@F= |=Q@

H
p=Ft

u; Tw�Q s=tD |xHQO xm OQ=O OwHw T-=Q n =@ xO=U h=Qol} ’n ≥ 3 Qy |=Q@ s}vm C@=F s}y=wN|t
"CU= 2 =@ Q@=Q@

%CU= C@=F smL w s} R=U|t Q} R CQwY x@ =Q G h=Qo %C=@F=

G = (V,E)

V = {1, 2, 3, . . . , n}

E = {(i, i + 1) : i = 1, 2, . . . , n − 1} ∪ {(n, 1)}

N
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x@U=Lt |x} Q_v |O=}v@ s}y=it 6

x@U=Lt |x} Q_v |O=}v@ s}y=it 3»1

u=@ R %pw= swyit 1»3»1

=@ir=

Q}PB=vx} RHD |=yO=tv R= |yD=v w |y=vDt |xawtHt l} "(Alphabet) =@ir= h} QaD

"s}} wo|t O=tv l} a ∈ Σ =@ir= w[a Qy x@ "s}yO|tV}=tv Σ =@ ,qwtat =Q =@ir=

H
p=Ft

%OyO|t u=Wv =Q =@ir= l} Q} R |=yxawtHt R= l} Qy

Σ1 = {1, 2, 3, 4, . . . ,9}

Σ2 = {a, b, c, . . . , z, A,B,C, . . . , Z}

Σ3 = {∗,+, /,=}

N

=yxDWQ

=@ir= |=yO=tv R= |y=vDt |=xr=@vO "(String) xDWQ h} QaD

H
p=Ft

%CU= Σ3 w Σ2 ’Σ1 |=@ir= |wQ xDWQ l} ?}DQD x@ Q} R OQ=wt R= l} Qy

w1 = 12345

w2 = aabbaaab

w3 = +/ ∗ + ∗ ∗

N

|=xDWQ v w u j=Lr= pY=L ’OvW=@ xDWQ wO v w u Qo = %(concatenation) xDWQ wO j=Lr= •
"O};|t CUO x@ uv CQwY x@ u p=@vO x@ v uO=O Q=Qk R= xm CU=

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



7 x@U=Lt |x} Q_v Q@ |=xtOkt

“xDWQ l} Q=QmD Qov=}@” %xDWQl} |=yu=wD •

w1 = w, wn+1 = wnw

h} QaD u; |=yO=tv O=OaD =@ Q@=Q@ ’OwW|t xO=O u=Wv |w| =@ xm w |xDWQ pw] %xDWQl} pw] •

"OwW|t
w = a1a2 · · · an ⇒ |w| = n

"OwW|t xO=O u=Wv “ǫ =}” λ =@ |yD |xDWQ "CU= QiY u; pw] xm |=xDWQ %|yD |xDWQ •

|λ| = 0

%CU= j=Lr= pta |=FvN w[a |yD |xDWQ

∀w ∈ Σ∗ ⇒ λw = wλ = w

%s} Q=O w |xDWQ Qy |=Q@ h} QaD Q@ =v@

w0 = λ

%CU}v |}=@ir= I}y w[a |yD |xDWQ

∀Σ λ 6∈ Σ

"“|�| = 1” CU= Cw=iDt (�) |r=N |xrY=i =@ |yD |xDWQ QmPD ◭

"OwW xDWQ u; =@ Q@=Q@ OwW xOv=wN =yDv= R= Qo = xmCU= |=xDWQ %xDWQl} (reverse)Twmat •

w = a1a2 · · · an ⇒ wR = an · · · a2a1

%|DWoR=@ h} QaD

w = av, a ∈ Σ, v ∈ Σ∗ ⇒ wR = vRa

"OQ=O s=v u; |xDWQQ} Rl} ’xDWQl} |B QO |B |=yO=tv R= |WN@ %(substring) xDWQQ} R •
xDW=O OwHw β w α |=yxDWQ Qo = \ki w Qo = u ⊑ w s}U} wv|t wCU= w |xDWQQ} R u s}} wo|t

%s}W=@ xDW=O =yu; |=Q@ xm OvW=@

w = αuβ

|SUBSTRINGS(w)| ≤ 12(|w|(|w|+ 1)) + 1 %w xDWQl} |=yxDWQQ} R O=OaD QFm =OL

(α = λ) OwW ‘wQW xDWQ |=OD@= R= xm |=xDWQQ} R %(prefix) OvwW}B –
|PREFIXES(w)| = |w| + 1 %w xDWQ l} |=yOvwW}B O=OaD

(β = λ) "OwW sDN xDWQ |=yDv= x@ xm |=xDWQQ} R %(suffix) OvwUB –
|SUFFIXES(w)| = |w| + 1 %w xDWQ l} |=yOvwUB O=OaD

"xDWQ R= QDW}@ =} O=tv QiY hPL R= pY=L |xDWQ %(subsequence) xr=@vOQ} R •
|SUBSEQUENCES(w)| ≤ 2|w| %w xDWQ l} |=yxr=@vOQ} R O=OaD QFm =OL

"CU= |=xDWQ Qy |xr=@vOQ} R w OvwUB ’OvwW}B ’xDWQQ} R ’|yD |xDWQ

"CU= VOwN |xr=@vOQ} R w OvwUB ’OvwW}B ’xDWQQ} R |=xDWQ Qy
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x@U=Lt |x} Q_v |O=}v@ s}y=it 8

%s} Q=O n ≥ 0 w u, v, w ∈ Σ∗ |=Q@ "=yxDWQ OQwt QO x]@=Q OvJ

• |λ| = 0

• |a| = 1, a ∈ Σ

• |uv| = |u| + |v|

• |wn| = n|w|

• (uv)R = vRuR

• (wn)R = (wR)n

=} QiY p=YD= R= u=wD|t =Q Σ |=@ir= R= O}rwD p@=k |=yxDWQ |x}rm |xawtHt "=@ir= l} Q=DU@
%s}yO|t u=Wv Σ∗ =@ =Q xawtHt u}= "OQw; CUO x@ Σ |=yO=tv R= |O=OaD

Σ∗ = Σ0 ∪ Σ1 ∪ Σ2 ∪ · · · =

∞⋃

i=0
Σi

%OwW|t h} QaD Q} R CQwY x@ Σ |=yu=wD u; QO xm

Σ0 = {λ}, Σi+1 = {aw : a ∈ Σ, w ∈ Σi}

%CW=O s}y=wN =Q Σ+ ’s} Q=Po@ Q=vm Σ∗ R= =Q |yD |xDWQ Qo =

Σ+ = Σ1 ∪ Σ2 ∪ Σ3 ∪ · · · =

∞⋃

i=1
Σi

xm CU= |y}O@

Σ+ = Σ∗ − {λ}

Σ∗ = Σ+ ∪ {λ}

"OvDUy |y=vDt=v xW}ty Σ+ w Σ∗ =t= ’CU= |y=vDt Σ xJQo = •

%s} Q=O i Qy |=Q@ w CU= Σ |=@ir= |wQ Q@ i pw] x@ |=yxDWQ |xty |w=L Σi xm CU=XNWt •

|Σi| = |Σ|i

H
p=Ft

%s} Q=O Σ |iQL wO |=@ir= l} |=Q@

Σ = {a, b}

Σ∗ = {λ, a, b, aa, ab, ba, bb, aaa, aab, . . .}

Σ+ = {a, b, aa, ab, ba, bb, aaa, aab, . . .}

N
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9 x@U=Lt |x} Q_v Q@ |=xtOkt

u=@ R

L ⊆ Σ∗ |va} ’CU=@ir= l} |=yxDWQ R= |=xawtHt u=@ R l} "u=@ R h} QaD

"CU= |y=vDt=v CQwY u}= Q}e QO w CU= |y=vDt u=@ R l} L ’OW=@ |y=vDt L |xawtHt Qo =

"OwW|t xDio xrtH =} xDWQ l} L |xawtHt w[a Qy x@ "xrtH h} QaD

H
p=Ft

%OvDUy Σ = {a, b} |=@ir= |wQ Q@ |}=yu=@ R wO Qy L2 w L1

L1 = {a, aa, aab}

L2 = {anbn : n ≥ 0}

N

L,L1, L2 ∈ Σ∗ s}vm|t ZQi %=yu=@ R |wQ C=}rta

%u=@ R wO ‘=tDH= •

L1 ∪ L2 = {x : x ∈ L1 ∨ x ∈ L2}

%u=@ R wO l =QDW= •

L1 ∩ L2 = {x : x ∈ L1 ∧ x ∈ L2}

%u=@ R wO p[=iD •

L1 − L2 = {x : x ∈ L1 ∧ x 6∈ L2}

%u=@ R l} stDt •
L̄ = Σ∗ − L

%u=@ R l}Tma •

LR = {xR : x ∈ L}

%u=@ R wO j=Lr= •

L1L2 = {x1x2 : x1 ∈ L1 ∧ x2 ∈ L2}

Kazim Fouladi <kazim@fouladi.ir>, 3rd Edition, Spring 2015



x@U=Lt |x} Q_v |O=}v@ s}y=it 10

%u=@ R l} u=wD •

L0 = {λ}, Ln+1 = LnL = LLn

%|=xQ=DU Q=DU@ •

L∗ = L0 ∪ L1 ∪ L2 ∪ · · · =

∞⋃

i=0
Li

%C@Ft Q=DU@ •

L+ = L1 ∪ L2 ∪ L3 ∪ · · · =

∞⋃

i=1
Li

%s} Q=O h} QaD wO u}= j@=]t

L∗ = L+ ∪ {λ}

L+ = LL∗

"“#=QJ” CU}v CUQO |rm Cr=L QO L+ = L∗ − {λ} |x]@=Q QmPD ◭

H
p=Ft

%s} Q=O CQwY u}= QO OW=@ L = {anbn : n ≥ 0} Qo =

LR = {bnan : n ≥ 0}

L2 = LL = {anbn : n ≥ 0}{ambm : m ≥ 0} = {anbnambm : n,m ≥ 0}

N

"OwW|t xO=O u=Wv {} =} ∅ =@ w OQ=Ov |=xDWQ I}y xm CU= |v=@ R ’|yD u=@ R %|yD u=@ R
{} 6= {λ}" xm CU= |y}O@

%CU=yu=@ R j=Lr= pta QiY w[a |yD u=@ R

L∅ = ∅L = ∅

%CU=yu=@ R j=Lr= pta |=FvN w[a {λ} xm |r=L QO

L{λ} = {λ}L = L

%s} Q=O xwqa x@
∅

∗ = {λ}, ∅
+ = ∅
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11 x@U=Lt |x} Q_v Q@ |=xtOkt

%s} Q=O ’OvW=@ Σ∗ |wQ |}=yu=@ R L3 w L2 ’L1 ’L Qo = "=yu=@ R |wQ C=}rta OQwt QO x]@=Q OvJ

• L1L2 6= L2L1 “|rm Cr=L QO”

• |L1L2| 6= |L2L1| “|rm Cr=L QO”

• |L1L2| ≤ |L1||L2|

• (L1L2)L3 = L1(L2L3)

• L1(L2 ∪ L3) = L1L2 ∪ L1L3

• (L2 ∪ L3)L1 = L2L1 ∪ L3L1

• L1(L2 ∩ L3) ⊆ L1L2 ∩ L1L3

• (L2 ∩ L3)L1 ⊆ L2L1 ∩ L3L1

• L1 ⊆ L2 ⇒ Ln
1 ⊆ Ln

2 , n ≥ 0

• L1 ⊆ L1L
∗
2

• L1 ⊆ L∗
2L1

• L1 ⊆ L2 ⇒ L∗
1 ⊆ L∗

2

• L1 ⊆ L2 ⇒ L+
1 ⊆ L+

2

• L∗L = LL∗ = L+

• L∗L∗ = L∗ = (L∗)∗ = (L∗)+ = (L+)∗

• (L1 ∪ L2)
∗ = (L∗

1 ∪ L∗
2)

∗ = (L∗
1L

∗
2)

∗

• L1(L2L1)
∗ = (L1L2)

∗L1

%s} Q=O ’O} Q}o@ Q_v QO =Q Σ |=@ir=

(Σ2)∗ GwR pw] =@ =yxDWQ |xty |xawtHt
(Σ2)∗Σ OQi pw] =@ =yxDWQ |xty |xawtHt

Σn n pw] x@ =yxDWQ |xty |xawtHt
(Σk)∗ k ?Q[t pw] =@ =yxDWQ |xty |xawtHt
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x@U=Lt |x} Q_v |O=}v@ s}y=it 12

Qt=Qo %swO swyit 2»3»1

CQwY x@ ?DQt |}=DQ=yJ l} G Qt=Qo "(Grammar) Qt=Qo h} QaD

G = (V, T, S, P )

u; QO xm CU=

(variable) =yQ}eDt =} (non-terminal) =yxv=}=B=v R= |y=vDt |=xawtHt V

“Qt=Qo |=@ir=” (terminal) =yxv=}=B R= |=xawtHt T

(start symbol) ‘wQW O=tv s=v =@ V R= X=N QYva l} S

(production rule) O}rwD Oa=wk R= |y=vDt |=xawtHt P

"(V ∩ T = ∅) OvDUy =RHt w |yD=v T w V xmv}= ZQi =@

x@ ?DQt GwRl} “xOa=k” O}rwD |xOa=k Qy "CU= Qt=Qol} h} QaD T=U= O}rwD Oa=wk O}rwD Oa=wk
pmW x@ xm CU= (x, y) ∈ P CQwY

x → y

u; QO xm OwW|t xO=OV}=tv

“|yD |xDWQ RH@ Qt=Qo |=yxv=}=B=v w =yxv=}=B R= |@}mQD Qy” x ∈ (V ∪ T )+

“Qt=Qo |=yxv=}=B=v w =yxv=}=B R= |@}mQD Qy” y ∈ (V ∪ T )∗

"OwW|t xO=iDU= ‹xDWQ O}rwD› |=Q@ (derivation) j=kDW= pta QO O}rwD Oa=wk R=

"CU= xDWQ l} |wQ Q@ O}rwD |xOa=k l} p=ta= ’j=kDW= R= Qw_vt j=kDW=
|wQ Q@ =Q u; s}v=wD|t ’s}W=@ xDW=O =Q x → y O}rwD |xOa=k w OW=@ w = uxv CQwY x@ w |xDWQ Qo =
s}} wo|t j=kDW= pta u}= x@ "s} Qw; CUO x@ =Q z = uyv CQwY x@ z |xDWQ w s}vm p=ta= xDWQ u}=

s}yO|t u=Wv Q} R CQwY x@ =Q u; w
w ⇒ z

"OwW|t jDWt w R= z =} Ovm|t jDWt =Q z ’w s}} wo|t w
%O}; CUO x@ Q_v OQwt |xDWQ =D OQm xO=iDU= x=wNrO O=OaD x@ w |B QO |B Qw] x@ =Q O}rwD Oa=wk u=wD|t

w1 ⇒ w2 ⇒ . . . ⇒ wn

s}U} wv|t "OwW|t jDWt w1 R= wn xm OwW|t xDio w

w1 ⇒
∗ wn
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13 x@U=Lt |x} Q_v Q@ |=xtOkt

"OwW|t O}rwD xrLQt OvJ =} QiY |] wn xm CU= u; |vat x@ xm

s}v=wD|t ’Ovm =O}B j@=]D xDWQl} R= xDWQQ} Rl} =@ xOa=kl} AJ CtU x=oQy ’j=kDW= Ov};Qi QO
"s}vm u} Ro}=H xDWQQ} R u; =@ =Q xOa=k u; CU=Q CtU

w ⇒ z iff w = w1uw2, z = w1vw2, w1, w2 ∈ (V ∪ T )∗, u → v ∈ P

%OwW|t xO=iDU= Q} R |=y|Q=PoO=tv R= j=kDW= pta C=}�RH u=}@ |=Q@

G Qt=Qo \UwD j=kDW= ⇒G

“|QPo =QD C}Y=N |=Q=O” G xrLQt l} QO j=kDW= ⇒

“|QPo =QD w |@=DR=@ C}Y=N |=Q=O” G QDW}@ =} xrLQt QiY QO j=kDW= ⇒∗

“|QPo =QD C}Y=N |=Q=O” G QDW}@ =} xrLQt l} QO j=kDW= ⇒+

xrLQt n QO j=kDW= ⇒n

r |xOa=k =@ j=kDW= (r)
⇒

H
p=Ft

"s} Q}o|t Q_v QO =Q P = {S → aSb, S → λ} Oa=wk xawtHt =@G = ({S}, {a, b}, S, P ) Qt=Qo
%OQw; CUO x@ =Q Q} R j=kDW= u=wD|t Qt=Qo u}= |=Q@

S ⇒ aSb ⇒ aaSbb ⇒ aabb

%CWwv u; |=H x@ u=wD|t xm

S ⇒∗ aabb

N

"s}U} wv|t nQR@ hwQL =@ =Q =yxv=}=B=v w lJwm hwQL =@ =Q =yxv=}=B “O=OQ=Qk” xDmv ◭

Qt=Qol} \UwD xOW O}rwD u=@ R

|xawtHt x=ou; ’OW=@ Qt=Qo l} G = (V, T, S, P ) Qo = "Qt=Qol} \UwD xOW O}rwD u=@ R h} QaD

L(G) = {w ∈ T ∗ : S ⇒∗ w}

"OQ=O s=v G \UwD xOW O}rwD u=@ R
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H
p=Ft

P = {S → aSb, S → λ}Oa=wk xawtHt =@G = ({S}, {a, b}, S, P ) Qt=Qo\UwD xOWO}rwD u=@ R
%R= CU= CQ=@a

L = {anbn : n ≥ 0}

N

x=ou; ’OW=@ w ∈ L Qo =

S ⇒ w1 ⇒ w2 ⇒ . . . ⇒ wn ⇒ w

=yxv=}=B=v w =yxv=}=B |w=L xm wn ’. . . ’w2 ’w1 ’S |=yxDWQ "Ov} wo|t w |xrtH R= j=kDW= l} =Q
"OvDUy swUwt (sentential form) |=xrtH sQi x@ OvDUy

CQwY x@ w s}yO|tV}=tv SF (G) =@ =Q Qt=Qol} R= j=kDW= p@=k |=xrtH |=ysQi |xty |xawtHt

SF (G) = {W ∈ (T ∪ V )∗ : S ⇒∗ W}

xm CU= |y}O@ "s}vm|t h} QaD

L(G) ⊂ SF (G)

xm s}vm C@=F O}=@ ’OwW|t O}rwD Qt=Qo l} \UwD u=@ R l} s}vm C@=F xm u}= |=Q@ xDmv ◭

"“OwW O}rwD Qt=Qo \UwD Ov=wD|t w ∈ L |xDWQ Qy” OR=U|t =Q u=@ R |=yxDWQ s=tD Qt=Qo “1

L QO Qt=Qo \UwD xOW O}rwD |xrtH Qy” Ovm|tv O}rwD u=@ R u; R= GQ=N =Q |=xrtH I}y Qt=Qo “2
"“CU=

"L(G) ⊆ L w L ⊆ L(G) xm s}vm C@=F O}=@ ’CU= L = L(G) xmv}= C=@F= |=Q@

"Ovvm O}rwD =Q OL=w u=@ R l} wO Qy Qo = \ki w Qo = ’OvDUy RQ=sy G2 w G1 Qt=Qo wO "=yQt=Qo |RQ=sy h} QaD

G1 ≡ G2 iff L(G1) = L(G2)
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15 x@U=Lt |x} Q_v Q@ |=xtOkt

%G2 w G1 Qt=Qo wO “uOw@ pO=at” |RQ=sy |=Q@ |i=m \QWl} xDmv ◭
x ⇒∗

G2
y j=kDW= =} w OW=@ OwHwt R}vG2 QO xOa=k u}= O}=@ ’s}W=@ xDW=OG1 QO =Q x → y |xOa=k Qo =

"Owtv O}rwD u=wD@ =Q

Ovvm|t O}rwD =Q λ |xDWQ Qt=Qo wO Qy =}; xm O}vm |UQQ@ =OD@= ’=yQt=Qo |RQ=sy |UQQ@ |=Q@ QmPD ◭
"Q}N =}

%s} Q=O Σ = {a, b} |=Q@ "=yv; =@ Q_=vDt Qt=Qo w hwQat u=@ R OvJ

L(G) P (G)

{an : n ≥ 0} S → aS | λ

{an : n ≥ 1} S → aS | a

{w : na(w) = nb(w)} S → aSb | bSa | SS | λ

{w : w ∈ {a, b}∗} S → aS | bS | λ

{wwR : w ∈ {a, b}∗} S → aSa | bSb | λ

{anbn : n ≥ 0} S → aSb | λ

{anbm : n ≥ 0,m > n} S → aSb | B, B → bB | b

=yu=@ R ?}mQD |=Q@ Qt=Qo

L1 = L(G1), G1 = (V1, T, S1, P1)

L2 = L(G2), G2 = (V2, T, S2, P2)

V1 ∩ V2 = ∅, S 6∈ V1 ∪ V2

L1 ∪ L2 = L(G) G = (V1 ∪ V2 ∪ {S}, T, S, P1 ∪ P2 ∪ {S → S1 | S2})

L1L2 = L(G) G = (V1 ∪ V2 ∪ {S}, T, S, P1 ∪ P2 ∪ {S → S1S2})

L∗
1 = L(G) G = (V1 ∪ {S}, T, S, P1 ∪ {S → SS1 | λ}) ≡

G = (V1 ∪ {S}, T, S, P1 ∪ {S → S1S | λ})
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“uwD=twD;” u}W=t %swU swyit 3»3»1

"CU= QDw}Bt=m R= |a=RDv= pOt l} ’ “=D=twD; "G” uwD=twD;

Control Unit

Input File

Storage

Head

Output

"OQ=O |OwQw uOv=wN |=Q@ |tR}v=mt uwD=twD; ◭

"CU= xOW xDWwv |OwQw Q=wv |wQ Q@ xm CU= xOW xO=O |}=@ir= |xDWQ l} uwD=twD; |OwQw
"OyO Q}}eD =Q u; Ov=wD|tv =t= ’Ov=wN@ =Q |OwQw p}=i Ov=wD|t uwD=twD;
"CU=@ir= R= xv=Wv l} pwrU Qy w xOW s}UkD pwrU OvJ x@ |OwQw Q=wv
"“xv=Wv l} Q=@ Qy” OwW|t xOv=wN CU=Q x@ AJ R= |OwQw Q=wv
"OyOX}NWD =Q |OwQw |xDWQ |=yDv= Ov=wD|t uOv=wN sR}v=mt

"Ovm O}rwD |HwQN Ov=wD|t uwD=twD; ◭

"OW=@ Ckwt |x_i=L |=Q=O Ov=wD|t uwD=twD; ◭

"OyO|t |=H OwN QO =Q =@ir= O=tv l} u; pwrU Qy xm CU= pwrU |y=vDt=v O=OaD |=Q=O x_i=L
"OyO Q}}eD =Q Ckwt |x_i=L |=wDLt Ov=wD|t uwD=twD;

"OW=@ OwN |rN=O Cq=L R= |m} QO Ov=wD|t u=tR Qy xm CU= pQDvm OL=w l} |=Q=O uwD=twD; ◭

"CU= |y=vDt uwD=twD; Cq=L O=OaD

"OyO Cr=L Q}}eDXNWt ?}DQD =@ Ov=wD|t uwD=twD; –

"Ov=wN|t |OwQw R= =Q |YNWt O=tv w OQ=O Q=Qk X=N Cr=Ll} QO u=tR Qy QO uwD=twD; –

"OwW|tXNWt (transition function) QPo ‘@=D \UwD uwD=twD; |Oa@ Cr=L –

"Ovm|t u}}aD =Q |Oa@Cr=L x_i=L |=wDLt w|raiCr=L ’|OwQw O=tvT=U= Q@ QPo ‘@=D –

(configuration) |Ov@ Qm}Bl} x_i=L |=wDLt w|OwQw |xOv=t}k=@ ’pQDvmCr=L x@ –

"Ov} wo|t

"OwW x_i=L QO Q}}eD =} |HwQN O}rwD ?Hwt Ov=wD|t Cr=L Q}}eD –

"OQ=O s=v (move) CmQL ’Qo}O Cr=L x@ Cr=L l} R= C}a[w Q}}eD –

"OQ=O Q}F=D uwD=twD; ‘wv Q@ |HwQN ‘wv w x_i=L
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17 x@U=Lt |x} Q_v Q@ |=xtOkt

uwD=twD; =@ x@U=Lt

"s} Q}o|t Q_v QO =Q (Memory) x_i=L w (CPU) |RmQt VR=OQB OL=w =@ pw=ODt QDw}Bt=m l}

CPU Memory

"|Dkwt w xt=vQ@ ’|HwQN ’|OwQw %OwW|t s}UkD |Dw=iDt |=yVN@ x@ x_i=L

CPU

Program Memory

Temporary Memory

Input Memory Output Memory

"OQ}o|t Q=Qk xt=vQ@ |x_i=L QO x]w@ Qt |xt=vQ@ "s}vm x@U=Lt =Q f(x) = x3 ‘@=D s}y=wN|t O}vm ZQi

CPU

Program Memory

Temporary Memory

Input Memory Output Memory

compute x * x

compute x * x
2

"OQ}o|t Q=Qk |OwQw |x_i=L QO x = 2 |OwQw p=Ft |=Q@

CPU

Program Memory

Temporary Memory

Input Memory

Output Memoryx = 2

compute x * x

compute x * x
2

"OQ}o|t Q=Qk |Dkwt |x_i=L QO |v=}t G}=Dv w OwW|t s=Hv= QwDUO x@ QwDUO x@U=Lt
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CPU

Program Memory

Temporary Memory

Input Memory

Output Memoryx = 2

compute x * x

compute x * x
2

z = 2 * 2 = 4

f(x) = z * 2 = 8

"OQ}o|t Q=Qk |HwQN |x_i=L QO f(x) = 8 |HwQN ’s=Hv=QU

CPU

Program Memory

Temporary Memory

Input Memory Output Memory

x = 2 f(x) = 8

compute x * x

compute x * x
2

z = 2 * 2 = 4

f(x) = z * 2 = 8

"OwW|t xDiQo Q_v QO ‹uwD=twD;› u=wva x@ xt=vQ@ |x_i=L w CPU ?}mQD xDmv ◭

CPU

Program Memory

Temporary Memory

Input Memory Output Memory

Automaton

"OwW|t QDW}@ CQOk ’x_i=L uOW QDxO}J}B =@ w OQ=O |oDU@ =yv; |Dkwt |x_i=L ‘wv x@ ’=D=twD; CQOk

"“Vending Machine Ovv=t %u}}=B x@U=Lt CQOk” OQ=Ov Ckwt |x_i=L %|y=vDt uwD=twD; •

|=yu=@ R Ovv=t %\UwDt x@U=Lt CQOk” CU= xDWB ‘wv R= u; Ckwt |x_i=L %|=xDWB uwD=twD; •
"“|R=Uxt=vQ@

%x@U=Lt CQOk u} QDq=@” CU= |iO=YD |UQDUO ‘wv R= u; Ckwt |x_i=L %nv} QwD u}W=t •
"“sD} Qwor= =@ pO=at
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QPo =QD / xOvQ}PB |=D=twD;

"“Ovm OQ =} pw@k =Q OwN |OwQw” OW=@ Q}N / |r@ u; |HwQN xm |vwD=twD; %(accepter) xOvQ}PB •

"CU= xDWQ l} ?r=k QO u; |HwQN xm |vwD=twD; %(transducer) QPo =QD •

|a]kQ}e / |a]k |=D=twD;

w |OwQw ’|rai Cr=L uDUv=O =@ u; QO xm |vwD=twD; %(deterministic) |a]k uwD=twD; •
"OQm u}}aD =Q uwD=twD; |Oa@ Q=DiQ u=wD|t x_i=L |=wDLt

|Ov@ Qm}B Qy QO %OW=@v |a]k xm |vwD=twD; %(non-deterministic) |a]kQ}e uwD=twD; •
"O=O s=Hv= hrDNt CmQL OvJ u=wD|t

u}W=t w Qt=Qo ’u=@ R u=}t |x]@=Q 4»1

%OvQ=O Q=m w QU xDWQ swyit =@ xU Qy ’u}W=t w Qt=Qo ’u=@ R

’CU=yxDWQ R= |=xawtHt u=@ R •

w ’Ovm|t O}rwD =Q u=@ R |=yxDWQ Qt=Qo •

"Ovm|t hQYt =Q u=@ R |=yxDWQ u}W=t •

!
N¬³$· 0

À 0b `
mF· 

½1

A
 Set of Strings

G³©Â]3°°]¶ À `mF· ½1

G
en

er
at

or
 o

f 
St

ri
ng

s

!
pa

8  3
°°
]¶ 

À 
`

mF
· 
½1

Consumer of Strings

"OW=@ xDW=O Qt=Qo =} u}W=t OvJ =} QiY Ov=wD|t u=@ R l}
"CU=Dm} xQ=wty ’u}W=t l} =@ Q_=vDt u=@ R =} Qt=Qo l} =@ Q_=vDt u=@ R ’p@=kt QO
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"OR=OQB|t =yv; |x]@=Q w =yu}W=t w =yQt=Qo ’=yu=@ R hrDNt |=yxO=wv=N |xar=]t x@ TQO u}=

"OyO CUO x@ =Q u; ?=wH w Ovm pL =Q xr�Ut l} Ov=wD|t xm CU= |r=wQ ’sD} Qwor=

�¨Æh﹞
Problem

«FÃ`³﹍©0
Algorithm

<0³O
Solution

Qt=Qo =@ Q_=vDt sD} Qwor= ’?}DQD u}ty x@ "OwW|t xO}O u=@ Rl} =@ Q_=vDt xr�Ut Qy ’x@U=Lt |x} Q_v QO
"OwW|t xDiQo Q_v QO u}W=t =}

�¨Æh﹞
Problem

®1?b
Language

«FÃ`³﹍©0
Algorithm

a﹞0a﹎
Grammar

‾Âm1﹞
Machine

H
p=Ft

%O} Q}o@ Q_v QO =Q Q} R |xr�Ut

#OQ=O b w a |w=Ut |O=OaD w |OwQw |xDWQ =};

%s}yO|t u=Wv Q} R u=@ R ?r=k QO =Q xr�Ut u}=

L = {w ∈ {a, b}∗ : na(w) = nb(w)}

"w 6∈ L =} w ∈ L xm CU= u}= =@ pO=at ’xr�Ut ?=wH
=} w ∈ L O} wo|t xm CU= |v}W=t ’Ovm|t pL |y=wNrO |OwQw Qy |=Q@ =Q xr�Ut u}= xm |tD} Qwor=

"Q}N

N
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‘H=Qt
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