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DT Sampling, Decimation, and Interpolation
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ﬁ AM with an Arbitrary Periodic Carrier
X(t) - ? — y(t)

c(t)
c(t) — periodic with period 7', carrier frequency w, = 2%

Remember: periodic in ¢ «+— discrete in w

1

Cjw) = 2m k; ard(w — kwe) (ar = 7 for impulse train )
4
V(o) = S-X(w)*Cliw) = X(w) ¢ 3 axblew— kwo

k=—0c0

\ =Y aX (i - hw)
k=—00







/ Modulating a (Periodic) Rectangular Pulse Train

x(t)




Modulating a Rectangular Pulse Train Carrier, cont’d

X(jo)
1
© —w (] (O]
C(jw) =27 Z ard(w — kw,) o)
k=—o00 - 2mAT
and I S
A sin(kw.A/2) .

e BT TR [ T

for rectangular pulse R e o we Lo
Y (jw) = =X (jw) * C(jw) T

Drawn assuming:
u.)c > QWM ,
Nyquist rate is met




Observations

1) We get a similar picture with any ¢(¢) that is periodic with period T

2) Aslongas w, = 27/T > 2m,,, there is no overlap in the shifted and
scaled replicas of X(jw). Consequently, assuming a, # 0:

1/a,
X(t) Q—W X(t)
[ -2 /2 ®

+0oe
c(t) =X a,eikoct
k=-=

x(t) can be recovered by passing y(¢) through a LPF

3) Pulse Train Modulation is the basis for Time-Division Multiplexing
— Assign time slots instead of frequency slots to different channels,
e.g. AT&T wireless phones

4) Really only need samples {x(nT)} when ®_, > 2m,,
= Pulse Amplitude Modulation
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FREQUENCY MODULATION (FM)
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Frequency Modulation (FM)

t
(1) = cos (wet + b / r(r)dr )
o(t)

w;(t) = we + %gb(t) = we + kx(t)



Sinusoidal Frequency Modulation (FM)

X(t) ————— Oscillator y(t) = A cos (0(t))

| T

o, Amplitude fixed
Phase modulation: (t) = wct + 0y + kpx(t
(t) = wet 1.8 + kpr(t) \ () s signal
Frequency modulation: i—? =swe+k f:t:'(t) to be
: ™ : transmitted

mstantaneous (.u

y(t) y(t) "Chirp"

0 T A A
DRV WmATATRY

x(t)=u(t) x(t)=teu(t)




Sinusoidal FM (continued)

Transmitted power does not depend on x(¢): average power = A%/2
Bandwidth of y(¢) can depend on amplitude of x()
Demodulation

a) Direct tracking of the phase (¢) (by using phase-locked loop)
b) Use of an LTI system that acts like a differentiator

()

C

|

y(t) —= H(j o)

v(t)

Envelope Detector |——

H(jw)— Tunable band-limited differentiator, over the bandwidth of y(z)

H(jw) = jw
4
- dy(t) _ ...looks like AM
v(t) = T ch + kfx(t))JA sin 0(t) envelope detection

de/dt
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Compare AM to FM for z(t) = cos(wmt).

AM: y1(t) = (cos(wmt) + 1.1) cos(wet)

FM:

o

y3(t) = cos(wct + msin(wmt))

I\

i

Advantages of FM:

constant power

no need to transmit carrier (unless DC important)

bandwidth?
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Early investigators thought that narrowband FM could have arbitrarily
narrow bandwidth, allowing more channels than AM. Wrong!

(0. ¢]

t t
= cos(wct) X cos </<;/ 3:(7')d7'> — sin(wct) X sin (kz/ :c(T)dT>
—00 —00
If £ — 0 then

s (i [ atrir) 1
sin (k /_; x(7’)d7’> — k:/_; x(7)dr

y3(t) & cos(wet) — sin(wet) x <k / t

— 00

y3(t) = cos (wct + k:/_t x(T)dT>

x(f)d7>
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Bandwidth of narrowband FM is the same as that of AM!
(integration does not change bandwidth)

P
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Wideband FM is useful because it is robust to noise.

AM: y1(t) = (cos(wmt) + 1.1) cos(wet)

M"M [T MMM

FM: y3(t) = cos(wct + msin(wmt))

\

Il

=<

ll
|

W\

|

I

t

FM generates a very redundant signal, which is resilient to additive noise.
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PHASE/FREQUENCY MODULATION

Find the Fourier transform of a PM signal.
x(t) = sin(wpmt)
y(t) = cos(wet + mx(t)) = cos(wet + msin(wpm,t))
= cos(wet) cos(msin(wmt))) — sin(wet) sin(m sin(wy,t)))

x(t) is periodic in T = 3—; therefore cos(msin(wy,t)) is periodic in T.

m sin(wyt)
m -

0 \/ t
cos(m sin(wyt))
1 _

(O t
increasing m

—1 -
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PHASE/FREQUENCY MODULATION

Find the Fourier transform of a PM signal.
x(t) = sin(wpmt)
y(t) = cos(wct + mx(t)) = cos(wet + msin(wpt))
= cos(wct) cos(msin(wpt))) — sin(wet) sin(m sin(w,t)))

x(t) is periodic in T = 3—:; therefore cos(msin(wy,t)) is periodic in T.

cos(m sin(wyt))

|a|
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PHASE/FREQUENCY MODULATION

Find the Fourier transform of a PM signal.
x(t) = sin(wpmt)
y(t) = cos(wct + mx(t)) = cos(wet + msin(wp,t))
= cos(wct) cos(msin(wpt))) — sin(wet) sin(m sin(w,t)))

x(t) is periodic in T = 3—77; therefore cos(msin(wy,t)) is periodic in T.

cos(m sin(wyt))

1'\/\/

|a|

Prepared by Kazim Fouladi | Spring 2018 | 3 Edition
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PHASE/FREQUENCY MODULATION

Find the Fourier transform of a PM signal.
x(t) = sin(wpmt)
y(t) = cos(wct + mx(t)) = cos(wet + msin(wpmt))
= cos(wet) cos(m sin(wmt))) — sin(wet) sin(msin(wmyt)))

x(t) is periodic in T'= =& therefore cos(msin(wy,t)) is periodic in T.

cos(m sin(wmt))

;‘\ ANS

|a| ‘
[ ]

P
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PHASE/FREQUENCY MODULATION

Find the Fourier transform of a PM signal.
x(t) = sin(wpmt)
y(t) = cos(wct + mx(t)) = cos(wet + msin(wpt))
= cos(wet) cos(m sin(wmt))) — sin(wet) sin(msin(wm,t)))

x(t) is periodic in T'= =&, therefore cos(msin(wy,t)) is periodic in T.

cos(m sin(wmt))

;'\AAA/
BIVAVAVAY

|a| ‘
L

0 10 20 30 40 50 60

P
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PHASE/FREQUENCY MODULATION

Find the Fourier transform of a PM signal.

x(t) = sin(wpmt)

y(t) = cos(wct + mx(t)) = cos(wet + msin(wp,t))

= cos(wet) cos(m sin(wmt))) — sin(wet) sin(m sin(wpyt)))

x(t) is periodic in T =

, therefore cos(msin(wy,t)) is periodic in T.

cos(m sin(wmt))

1_

/\ AMA N

—1 A

|a|

ASALAWAS

m = 10

0

P

1111,
10

30 40 50 60
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PHASE/FREQUENCY MODULATION

Find the Fourier transform of a PM signal.
x(t) = sin(wpmt)
y(t) = cos(wct + mx(t)) = cos(wet + msin(wpt))
= cos(wct) cos(msin(wpt))) — sin(wet) sin(m sin(w,t)))

x(t) is periodic in T = 3—:; therefore cos(msin(wy,t)) is periodic in T.

cos(m sin(wyt))

MMM
B 1

20

|a|

|||I|||||||
10 20

0 30 40 50 60
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PHASE/FREQUENCY MODULATION

Find the Fourier transform of a PM signal.
x(t) = sin(wpmt)
y(t) = cos(wct + mx(t)) = cos(wet + msin(wp,t))
= cos(wct) cos(msin(wpt))) — sin(wet) sin(m sin(w,t)))

x(t) is periodic in T = 3—77; therefore cos(msin(wy,t)) is periodic in T.

cos(m sin(wmt))
1_
-
i? m = 30
: |ag|
% L1 |l||||,|-|ll'- : . '
§ 0 10 20 30 40 50 60

-
,y};ﬁb/
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PHASE/FREQUENCY MODULATION

Find the Fourier transform of a PM signal.
x(t) = sin(wmt)
y(t) = cos(wct + ma(t)) = cos(wet + msin(wpt))
= cos(wct) cos(msin(wpt))) — sin(wet) sin(m sin(w,t)))

x(t) is periodic in T = 3—:; therefore cos(msin(wy,t)) is periodic in T

cos(m sin(wpt))

AN AN Al
1A

m = 40

-1

|a|
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PHASE/FREQUENCY MODULATION

Find the Fourier transform of a PM signal.
x(t) = sin(wpmt)
y(t) = cos(wct + mx(t)) = cos(wet + msin(wpt))
= cos(wct) cos(msin(wpt))) — sin(wet) sin(m sin(wm,t)))

x(t) is periodic in T = 3—77; therefore cos(msin(wy,t)) is periodic in T.

cos(m sin(wymt))

WA
0V

|a|
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PHASE/FREQUENCY MODULATION

Fourier transform of first part.
x(t) = sin(wmt)
y(t) = cos(wct + mx(t)) = cos(wet + msin(wpmt))

= cos(wct) cos(msin(wpt))) — sin(wet) sin(m sin(wymt)))

J/

-~

Ya(t)

Ya(jw)| m =50

A
v

50w,

Prepared by Kazim Fouladi | Spring 2018 | 3 Edition
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PHASE/FREQUENCY MODULATION

Find the Fourier transform of a PM signal.
x(t) = sin(wpmt)
y(t) = cos(wet + mx(t)) = cos(wet + msin(wpt))
= cos(wct) cos(msin(wmt))) — sin(wet) sin(m sin(wy,t)))

x(t) is periodic in T = 2Z, therefore sin(msin(w,t)) is periodic in 7.

m sin(wy,t)

m -
: 0 \\/ t
-
& sin(m sin(wymt)) _ _
. 1 - increasing m
.g 0 ' /\ t
: VN

-
’”’;ﬁb/
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PHASE/FREQUENCY MODULATION

Find the Fourier transform of a PM signal.
x(t) = sin(wpmt)
y(t) = cos(wct + mx(t)) = cos(wet + msin(wpt))
= cos(wct) cos(msin(wmt))) — sin(wet) sin(m sin(wy,t)))

x(t) is periodic in T = 3—:; therefore sin(msin(wy,t)) is periodic in T.

sin(m sin(wyt))
1 _

|bg|
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PHASE/FREQUENCY MODULATION

Find the Fourier transform of a PM signal.
x(t) = sin(wpmt)
y(t) = cos(wct + mx(t)) = cos(wet + msin(wpt))
= cos(wct) cos(msin(wmt))) — sin(wet) sin(m sin(wy,t)))

x(t) is periodic in T = 3—:; therefore sin(msin(wy,t)) is periodic in T.

sin(m sin(wyt))
1 _

|bg|
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PHASE/FREQUENCY MODULATION

Find the Fourier transform of a PM signal.
x(t) = sin(wpmt)
y(t) = cos(wct + mx(t)) = cos(wet + msin(wpmt))
= cos(wct) cos(msin(wmt))) — sin(wet) sin(m sin(wy,t)))

x(t) is periodic in T = 3—:; therefore sin(msin(w,,t)) is periodic in T.

sin(m sin(wyt))
1 _

|bg|
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PHASE/FREQUENCY MODULATION

Find the Fourier transform of a PM signal.
x(t) = sin(wpmt)
y(t) = cos(wct + mx(t)) = cos(wet + msin(wpm,t))
= cos(wt) cos(m sin(wmt))) — sin(wet) sin(m sin(wm,t)))

x(t) is periodic in T'= =&, therefore sin(msin(w,,t)) is periodic in T.

sin(m sin(wmt
SANAWAR
0

NNV V'

|bg| H
1

0 10 20 30 40 50 60

-
’”’;ﬁb/
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PHASE/FREQUENCY MODULATION

Find the Fourier tran

x(t) = sin(wpmt)
y(t) = cos(wct + mzx

sform of a PM signal.

(t)) = cos(wet + msin(wp,t))

= cos(wct) cos(m sin(wmt))) — sin(wet) sin(m sin(wmt)))

x(t) is periodic in T =

, therefore sin(msin(wy,t)) is periodic in T.

sm(m sin(wmt))

1_

/\/\ A A

—1 A

|bg|

VYTV VT

m = 10

I|IIII|
T

0 10 20 30 40 50 60

-
’”’;ﬁb/
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PHASE/FREQUENCY MODULATION

Find the Fourier transform of a PM signal.
x(t) = sin(wpmt)
y(t) = cos(wct + mx(t)) = cos(wet + msin(wpm,t))
= cos(wct) cos(msin(wmt))) — sin(wet) sin(m sin(wy,t)))

x(t) is periodic in T = 3—:; therefore sin(msin(wy,t)) is periodic in T.

sin(m sin(wmt))

1
01 ’f
-1
i} m = 20
; b
: AT
% 0 10 20 30 40 50 60

—
’”’;ﬁb/
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PHASE/FREQUENCY MODULATION

Find the Fourier transform of a PM signal.
x(t) = sin(wpmt)
y(t) = cos(wct + mx(t)) = cos(wet + msin(wpt))
= cos(wct) cos(msin(wmt))) — sin(wet) sin(m sin(wy,t)))

x(t) is periodic in T = 3—:; therefore sin(msin(wy,t)) is periodic in T.

sin(m sin(wyt))
1 _

0 t

—1 A

|bg|
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—
’”’;ﬁb/



Y5 Lo g o Lo JLS o

oS B8/ 5 ¢ g g

PHASE/FREQUENCY MODULATION

Find the Fourier transform of a PM signal.
x(t) = sin(wpmt)
y(t) = cos(wct + mx(t)) = cos(wet + msin(wp,t))
= cos(wct) cos(msin(wmt))) — sin(wet) sin(m sin(wy,t)))

x(t) is periodic in T = 3—:; therefore sin(msin(wy,t)) is periodic in T.

sin(m sin(wyt))

WA A

|bg|
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—
’Ujﬁb/



\u% Lo g o Lo JLS o

oS 8 /51 § gaud g

PHASE/FREQUENCY MODULATION

Find the Fourier transform of a PM signal.
x(t) = sin(wpmt)
y(t) = cos(wct + mx(t)) = cos(wet + msin(wpt))
= cos(wct) cos(msin(wmt))) — sin(wet) sin(m sin(wy,t)))

x(t) is periodic in T = 3—:; therefore sin(msin(wy,t)) is periodic in T.

sin(m sin(wyt))

WA M
T ST

|bg|

Prepared by Kazim Fouladi | Spring 2018 | 3 Edition
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PHASE/FREQUENCY MODULATION

Fourier transform of second part.
x(t) = sin(wmt)
y(t) = cos(wet + ma(t)) = cos(wet + msin(wpt))

= cos(wct) cos(msin(wmt))) — sin(wet) sin(m sin(wy,t)))

J/

yp(t)
Y3 (jow)] m = 50
bl | bl
We We

< >

50w,

Prepared by Kazim Fouladi | Spring 2018 | 3 Edition
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PHASE/FREQUENCY MODULATION

Fourier transform.
x(t) = sin(wmt)
y(t) = cos(wct + mx(t)) = cos(wet + msin(wpmt))

= gos(wct) cos(m sin(wmt)))/ — sin(wet) sin(m sin(wymt)))

-~

ya(t) yp (1)
¥ (juw) m = 50
O hisitih. | Al
We We

< >

50w,
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DT Sinusoidal AM

Multiplication < Periodic convolution

yln) = aln] - cln] = V() = & f, X(@)O()do
X(ely
Example #1: /\ A\ /\
c[n| = eJwen S
. > eh)
= C(e!) =2m Z 0(w — we + 27k) 2w C:__zn______l 2w
. I
: S T
‘ I I
Tem —2mtag b_ R | 2T+, w
Y(ek)

V() = 5= X(e) & O(e™)

VANRVA

2w 2 tuc (e~ wp) we (wetwy)




Example #2: Sinusoidal AM

cln] = coswen
o0
Ce?”) = = E w —we + 27k) + 6(w + we + 27k)
k=—oc
X(el)
/\ 1 /\ Drawn assuming:
| |
—oq —wy 0 wy 2% @ We —Wp > 0 and
cieh) 2T — We — W > We + Wiy
g :- _'TI_ - - _'IT o T
| | i.€.,
| I | | Wy < We < T — Wy
1
—27m  —2mtw, I:mL __0_ g 2m-w, 2% 2Ttw, W = wy < 7‘—/2
() = = X (%) ® C(e*)
2w

No overlap of
shifted spectra




Example #2: Sinusoidal AM

cln] = coswen
o0
Ce) = = E w — we + 27k) + 0(w + we + 27k)
k=—oc
X(e]m)
/\ 1 /\ Drawn assuming:
| |
—oq —wy 0 wy 2% @ We —Wp > 0 and
cieh) 2T — We — W > We + Wiy
T r _'TI_ - - _'IT m T
: | i.e.,
{ | | | Wy < We < T — Wy
[
—27m  —2mtw, I:mL __o_ _ _w,;; 2m-w, 2% 2Ttw, W = wy < 7‘—/2
Y(e") 1 . .
(2T —w.—wy) Jwy — Jw Jw
Y (e?¥) 2"TX(e )@ C(e?)
A /\ /\ \/\ /\ No overlap of
—2T+ . —we 21w, 2w shifted spectra

(A)C+UJM




Example #2 (continued):

Possible as long as there is
no overlap of shifted replicas
of X(e/®)

i.e-’ wc—CUM >O
and we +wyr <27 — we — Wi
= Wy < We < T — Wiy

W) = oY () © ()

Misleading drawing — shown for a /

very special case of ,=m/2

Demodulation
COs wehn Lowpass filter
H(e!*)
2
&@ﬂ» — X[n]
—W W w

Y(el)

/\/\T/\/\

—we 0

—2‘A'r+wC

W(eju:)

We v

211 we




Example #3: An arbitrary periodic DT carrier

cln] = Z ape? ™ N — cln + N|, w, = —
k=<N>
27k
C(e¥) = 2rm Z a0 (wL)
k=—o0
. 1 . .
Y(e¥) = 2—X(ef‘“) ® C(e’¥) — periodic convolution
T

2k

2m
N

N-1
= —X (e79) % 2mard | w — —— ) —regular convolution
N g
k=0

N—-1
Z akX(ej(w—Q'rrk/N))
k=0




Example #3 (continued):

2T -0, O, 2n ®
Ce’” 2may = 2na,
2ma , R e?tas (N=3)
l —20, 0, 2™ o, 20, || o
2m J J ' I l, :21: ®
2ma, 2ma : 2ma, 21ta 1

No overlap when: @, > 2m,; (Nyquist rate) = w,,< /N




Example #3 (continued):

2 —, o, 27 ®
Cle™) 2ma, = 2ma,
2ma , Fe=———————- %Ims (N=3)
l — 20, -0, : 2ma, o, 20 I .
. I
2m J J : I l, 121 ®
2ma, 2ma | 2Ta, 2ma _!
Ye'") = —X(e/¥) @ C(e?¥)

VARV ST VARV AR
a.s a, a, a;

No overlap when: @, > 2m,, (Nyquist rate) = ;< /N







DT Sampling

Motivation: Reducing the number of data points to be stored or
transmitted, e.g. in CD music recording.

x[n] —>®—> Xpln]
f

oln] =5 & [n - kN]

k=-c0

I

x[n]




Tp[n

(0.0]

k=—o0

Note: z,[n]

DT Sampling (continued)

o0

jwy 2m . 2m
D dn kN PE) =5 3 S ke, we= g
= z([n| - p[n] = Z x[kN]d[n — kN]
k=—o00

x[n,
0,

, 1
X,(e’) = %X(ejw) ® P(e?*) =

— periodic with period w;

if n is integer multiple of N

otherwise
N—
k=0

=]y

= Pick one out of N

ej(w kwg)




ifo,=2UN>20y, 7\

DT Sampling Theorem

X(el)
We can reconstruct x[n] /K /\
2|1'r w

—2% “wy 0wy
P(e")
211%
(I I S o+
Ws 27w
Drawn assuming X e

O, > 2my,

SRR AAAIN AN
|
27w

(wg—wyy)

Drawn assuming X (&)

W< 20y, ]
Aliasing! N
|

W,

S




Decimation — Downsampling

xp[n] has (n — 1) zero values between nonzero values:
Why keep them around?

N

|

X[n] ———— Decimation — X, [n] = X[nN]

Useful to think of this as sampling followed by discarding the zero values

l N

X, [n
x[n] X oI Discard Zero Values|—— x,[n] = x[nN]

compressed in
time by N

p[n]







Decimation in the Frequency Domain

> mlkle ¥ (ay[k] = 2, [kN])

k=—o00

Z z,[kN)e 7%  Let n = kN or k =n/N
k=—o0

n= an integer
multiple of N

i p[n)e 3@/NIn(Since x,[n # EN] = 0)

j (w / N) Squeeze in time
X (e ) Expand in frequency

- still periodic with period 27

since X, (e’*) is periodic with period 27 /N




Ilustration of Decimation in the Frequency Domain

X (e!®)
-y Oy T 2T ®

Xp(€*®)  After sampling

1
N

N NSNS SN N SN

Om g=21/N T

Xq4(e'®)  After discarding zeros

-Noy, Ny n




The Reverse Operation: Upsampling (e.g. CD playback)

Conversion of xp[n] N
X[ —"’dengtsead ”;a‘;alggence P _j x[n]
sequence | | .
- I —142 wg2 ©
Inserting (N-1) zeros

xoln] Xale)

i AN

20

x[n] Stretchintime b (") Squeeze in frequency
afactorof N = an by afactorof N=2

|\ -

ki 2T W
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