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The Continuous-Time Fourier Transform (2)
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/ The CT Fourier Transform Pair \

z(t) —— X(jw)

X (jw) 2/ r(t)e 7¥tdt  ~FT
—00 (Analysis Equation)

1 [ :
x(t) = 2—/ X(jw)e’'dw  — Inverse FT
T J—co (Synthesis Equation)

Last lecture:  some properties

\ Today: further exploration /




Convolution Property
y(t) = h(t) x z(t) «— Y (jw) = H(jw) X (jw)

where h(t) <« H(jw)
A consequence of the eigenfunction property:

x(t) = [_Z \(%X(jw)dw)lej“’t

v

coefficient a

aewt ———— h(1)

H(jw)ael“?

y(t) = f_o; (H(jw)%X(jw)dw) ewt

—

"~

H(jw)-a

_ L f - H(jw)X (jw) e¥tdw Synthesis equation
—00 ST g for y(7)

Y (jw)







The Frequency Response Revisited

. impulse response

y(t) = h(t) = z(t)

z(t) h(t)

Y(jw) = H(jw) X (jw)
™~ frequency response

The frequency response of a CT LTI system is simply the Fourier
transform of its impulse response

Example #1:

z(t) = et ——  H(jw) (1)

Recall _
eIt —— 25 (w — wy)

Y (jw) = H(jw)X (jw) = H(jw)27d(w — wo) = 27 H (jw)d(w — wo)
| inverse FT
y(t) = H(jwo)e’ !




Example #2: A differentiator

Differentiation property: Y (jw) = jwX (jw)

4
H(jw) = jw

1) Amplifies high frequencies (enhances sharp edges)

. ) . Larger at high @,
2) 4 /2 phase shift (j = e/™/2) /
% sin (U()t = Wp COS L()Ot —

dt

- an LTI system

phase shift

/

wo sin(wet + 5)

wo cos(wot + %)




Example #3:

Impulse Response of an Ideal Lowpass Filter

H(w We
10 ) h(t) = % » e/t duw
_ sinwct
B it
— ©
(01 (O3 B & - w_cz‘
Questions: B
: 0 .
1) Is this a causal system?  No. Define: sinc(d) = sin ;1'9
2) What is h(0)? i
1 [~ Q. i
- — H . e = —
WO =g [ Ao = =
3) What is the steady-state value of .
the step response, i.e. s(09)? ™
t
s(t):[%/z(t)dt 3 o
o0 b \/}c n’f\/
s(00) 2/ h(t)dt = H(j0) =1 Coc O
— o0




Example #4: Cascading filtering operations

—_————— =

H,(jo)

- HB({o) ——

-/

e.g. H,(jow) = H,(jw)

e

H(jo) = H,(jo) H(jo)

H(jw) H(Gw) = Hf(im) has a
~ —> sharper frequency
selectivity




sindnt sin 87t

Example #5: %
7t 7t
z(t) h(t)
U
X(jo) H(jw)

—47 4t ® _8x




Example #5: sin 4t , Sin 3mt _ 0 Y (jw) = X (jw)

Tt 7t
= y(t) = x(t
~ e y(t) = x(1)

l

X(jw) H(jw) Y(jo)

-4 it ©® —8x gn © —4n . ©®




sindnt sin 87t

Example #5: N = 7 Y(jw) = X(jw)
Tt 7t N ( t) ., ( t)
() h(t) v (
U
X(jw) H(jw) Y(jo)
1 y 1 1
—4n it © -8x gt —4n it ©
Example #6: B_Qtz . e_btz _ o




Example #5: sin 4t , Sin 3mt _ 0 Y (jw) = X (jw)

7t 1y’
~ e = y(t) = x(t)
i» |
X(joo) H(jo) Y (joo)
1 y 1 B 1
—4n it © -8x gt —4n it ©

Example #6: —at? b _ 9 /a 1 e o~

T w2 ™ __ng ™ _%(
—e Ada X —e 4 —_ ——— 2
a \ b Vab

Gaussian X Gaussian = Gaussian = Gaussian * Gaussian = Gaussian

o~
+

o=

N




Example #2 from last lecture

z(t) = ":.e_atu(t‘)} , a>0 ! a :
Ya, w.l“ . o0 )
X(jw) = f z(t)e It dt = / e eIt 4t
—00 0 .
e-lativ)

oo 0“ .... S
— — 1 e_(a'_l_.?w)t _:-; 1 “-
a+ jw 0 0t Jws

X(i0)] = 1/(a% o?)'"2 ZX(j®) = -tan” (w/a)

/2




ﬁlmple #7:
A(t) e tu(t): a(t) = 2u(t]

*

-

G .
---------

y(t) = h(t) (1
J

LN Y

PELE Y
. . "‘ Ll
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Y(jw) = H(jw)X (jw) = (1 +jw) (2 +]w) :

- a rational function of jw, ratio of polynomlals of jw

|l Partial fraction expansion
1 1

14 jw 2+ jw

|l inverse F'T
\ y(t) = e — e u(t

Y (jw) =




Example #8: LTI Systems Described by LCCDE’s
(Linear-constant-coefficient differential equations)

Zak dt’“ Zbk dtk

Using the Differentiation Property

d*z(t) _ .
(W) X (jw)
|} Transform both sides of the equation

Y ak- (W)Y (jw) = ) bk - (jw)* X (jw)
k=0 k=0

1) Rational, can use

b PFE to get h(t)
M VK 2) IfX(jw) is rational
_obr(Jw ,
Y (jw) = [Zﬁir“ g )k] X(jw) eg alt) =Y ae " u(t)
> k=0 @k (Jw) J then Y (jw) is also rational

H (jw)







Parseval’s Relation

2 _ 1 .
/; |fE( dt / ju) | dw %IX(]W)F

~ g - Spectral density

Total energy Tot‘a.l energy
in the time-domain in the frequency-domain

Multiplication Property
FTis highly symmetric,

o0

(1) f—_léiﬂ / X (jw)e dw, X (jw) Z / (t)e It gt

We already know that: z(t) * y(t) «— X(jw) - Y (jw)

Then it isn’t a

surprise that: z(t) - y(t) «— —X(J““) Y(jw)

Convolution in w

~ o [ XGOY (it - 0)as

— A consequence of Duality




/ Examples of the Multiplication Property \

r(t) =) plt) > R(jw) = o~[S(jw) * P(jw)

For p(t) = coswgt +— P(jw) =7 (w — wy) + 76 (w + wp)

U
For any s(?) ...

R(jw) = 35(i(w — wo)) + 35(i(w +w0))

. /




Example (continued)

S(jm)
A
r(t) = s(t) - cos(wot) o, o; %
Amplitude modulation
(AM)
T P(jw) i
~Wp W w
R(jw) = 5[S(w—wo)
jw) = =[SUw—-w
’ 2PV TEOT Rie) = [8(0) « Plo)
+5(j(w + wo))]
| |
-0 T Wy T ®

(-0 - @)  (-wp + w4) (0 - @)  (wg+ )

Drawn assuming:

wo —wy >0

e Wy > Wi
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ALAM V. OPPENHEIM
ALAN S. WILLSKY

WITH 5. HAMID HAWAD

A.V. Oppenheim, A.S. Willsky, S.H. Nawab,
Signals and Systems,
Second Edition, Prentice Hall, 1997.
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