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/ The Eigenfunction Property of Complex Exponentials

CT: et —— h(t) H(s)e®
CT H(s) - f h(t)e—"'dt
"System Function" —00
DT o0

"System Function"  H(z)= Y h[n]z™"

\ oo




Fourier Series: Periodic

Signals and LTI Systems

p(t) = Y aped™t o p(t) ()= > H(jkwo)agel™ 0"
k=—o00 k=—00
ap — H(jkwg) ag
N——
“gain”

So [ar| — |H (jkwo)l|ax]
or powers of signals get
modified through filter/system

H(jkwo) = |H (jkwo)|e? 1 kwo)

includes both amplitude & phase

zln) = Y aped™om ] g —syln] = ) H(eTH0)agelteon
k=<N> k=<N>
ap — H(ejkw”)ak
N——
“gain”

H(ejka) — IH(ejkw())lejéH(ejk“’())

includes both amplitude & phase







/ The Frequency Response of an LTI System

glewt o H(jw)

~H (jw)el?

(s = jw)

CT Frequency response:

H(jw) = f (et dt

— 00

ejwn —_ H(e.?w) _,.H(ejw)ejwn
(z = el¥)
\ DT Frequency response: H(ej“”) = Z h[n]e_j“m




Frequency Shaping and Filtering
By choice of H(jw) (or H(e/¥)) as a function of w, we can shape
the frequency composition of the output

- Preferential amplification
- Selective filtering of some frequencies
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Example: Low-Pass Filtering with an RC circuit
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Calculate the frequency response of an RC circuit.

P

| H (jw)]

(jw)|

/ZH

KVL:  u(t) = Ri(t) +vo(t)
C: it = Cio(t)
Solving: v;(t) = RC,(t) + vo(t)
Vi(s) = (14 sRC)Vy(s)
Vo(s) 1
H = =
() Vi(s) 1+ sRC
w
| T |||||T|'| T ||||||T| T ||||||T| T IIII|T|'| J—
001 01 1 10 100 l/RC
:| X )
| T |||||1T| T ||||||T| T ||||||T| T |||||T|'|
001 01 1 10 100 l/RC
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FILTERING
Let the input be a square wave.
1 ——
2
0 T
1

3

= 0.1

= HHIL
0.01
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FILTERING
Low frequency square wave: wg << 1/RC.
% I
0 T t
1

k odd

1
3
. =01
; 2 A
g 0.01 w
é | T IIII|T|'| T ||||||T| T ||||||T| T IIII|T|'|
’ - 001 01 1 10 100 l/RC
3 0
2 =
5 = _EJ_X w
E* \‘ 2 | T IIII|T|'| T ||||||T| T ||||||T| T IIII|T|'|
: 001 01 1 10 100 Ll/RC
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Higher frequency square wave: wg < 1/RC.
1
2
0 T
I |
2
1 2
_ ]w kt _=n
k odd
1
3
= 0.1
= A
0.01 w
| IIIII|T|'| IIIIII|T| IIIIII|T| IIIII|T|'|
- 0.01 0.1 100 1/RC
3 0
=
T _T :| X_ w
\, 2 | IIIII|T|'| IIIIII|T| IIIIII|T| IIIII|T|'|
001 01 1 10 100 l/RC
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Still higher frequency square wave: wy = 1/RC.
1
7 —/
t
;%_1 %‘
3
1 . 27
_ = jwokt . _=n
s) = 3 Loty 2
k odd
1
3
N S 0.1
N =
il 0.01 w
g | IIIII|T|'| IIIIII|T| IIIIII|T| IIIII|T|'|
° o 001 01 1 10 100 l/RC
3 0
2 =
'g m —E J \_— w
E \‘ 2 | IIIII|T|'| IIIIII|T| IIIIII|T| IIIII|T|'|
E 001 01 1 10 100 l/RC
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FILTERING
High frequency square wave: wg > 1/RC.
1
V) —
T T t
1
— 3
1 2
_ Jwokt . _=n
x(t) = Z n e 0F s wo =
k odd
1
3,
: )
s i W|
g | ||||||T|'| |||||||T| |||||||T| IIIII|T|'|
g _ 001 01 1 100 1/RC
B
3 =
'g m _E J Xo_w
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Frequency Shaping and Filtering

Example #1: Audio System

Adjustable
Filter

A

Equalizer

A

|

Bass, Mid-range, Treble controls

For audio signals, the amplitude is much more important than the phase.

Speaker N




Example #2: Frequency Selective Filters
— Filter out signals outside of the frequency range of interest

CT
Lowpass Filters: IH(jo)!
Only show
amplitude here.
®
Stopband Passband Stopband
DT
Note for DT \Hel®)|
H(ej“’) — H(ej(w+27r))
low low
| |

| T T \ w
21 -T i 27




Highpass Filters

CT
|H(j o)l
®
Remember:_ DT
—1)* = ei™
1) H(e’®)

7w = highest frequency in DT | high
high

ﬂw /ﬁ -
1\ | |
T

| ] 1 ®
T 2n 3N




Bandpass Filters

CT
|H(j o)l
e N 4 ™
| ‘ | \
- | I N
—w, ®,
DT
[H(ei®)l
' -\\ ..’/7_ Y
_ ‘ N |/ \.
- -, @,

Demo: Filtering effects on audio signals




Idealized Filters

oT H(jo)

1

w.— cutoff
frequency

-0 0 (O ®
«—— Stopband ——|<——Passband——|<«—— Stopband ——

jo
DT H(el®)

| I | |
-21 -t -0 0 o T 2

Note: |H|=1 and «£H = 0 for the ideal filters in the passbands,
no need for the phase plot.




CT

DT

Highpass

H(jo)

H(el®)

| I

27 2n+m, T —O¢ ()N

Tc 2Tl'.—(1)c

2n




CT

DT

Bandpass

H(jo)

~Wco

[

~Mc1

Wc1

lower cut-off

H(el®)

I

upper cut-off

-2T

T —Wc2 —Wg1 Wy

0)02 1"
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Example #3: DT Averager/Smoother

1
yln] = 3 {z[n — 1] + z[n] + z[n + 1]}
1
hln] = : {6[n — 1] + d[n] + d[n + 1]}
{ FIR (Finite Impulse
I ? ] 1/23 i Response) filters
a1 01 i i on
1 2
H(e) Z h[n]e=7“™ — [ _3“’+1+e~"“’} = §+§cosw
n=—oo
IH(ejm)l
LPF




Example #4: Nonrecursive DT (FIR) filters
M

1
y[’”l‘mMHZ =k — hin) = 5y 2 Ol

R N
M .
H(e™) = 1 Z ik _ 1 piw[(N—1)/2] SID (w(M +N+1)/2]
N+M+1, = N+M+1 sin(w/2)
IH(el®)|
1
M+N+1 = 33
= 2 6 w72 "o

Rolls off at lower
w as M+N+1

increases




Example #4:

y[’“l‘mMHZ In — k] — hln] =

Nonrecursive DT (FIR) filters

1

N+M+1

M

Z d[n — kj

-N

D - pup— S—
N+M+1k__ N+M+1
IH(el®)|
1
M+N+1 = 33
-1 -1t/2 0 /2 T w
IH(el®)l
1
M+N+1 =65
T g 0 /o T o

ol (N—-py/2) 8 (WM + N +1)/2]

sin(w/2)

Rolls off at lower
w as M+N+1

increases




Example #5:

Simple DT “Edge” Detector

— DT 2-point “differentiator”

1 1/2
yln] = 5 {z[n] — z[n — 1]} I 1
1 d hd * . . .
hln] = 5 {oln] = d[n—1]} 0 lm n
Qi.le_jW/Z(ejw/Q _ e—jw/?) = J'(J_J"w‘/‘z f\lll(w’/?) | H(eJm) |
g
o o 1
H(e™) = 5(1 —e™) = je7*/* sin(w/2)

[H(e7)| = | sin(w/2)]

Passes high-frequency components




Demo: DT filters, LP, HP, and BP applied to DJ Industrial average

[ Original sigf{ W Filtered signl E Zoon
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Example #6: Edge enhancement using DT differentiator




ﬂxample #7: A Filter Bank

xn]

HPF ———

BPF#1 —

BPF#M [

LPF




Demo: Apply different filters to two-dimensional image signals.

Face of a monkey. ‘ HP

Image removed do to
copyright considerations LP

—

HP BP

Note: To really understand these examples, we need to understand
frequency contents of aperiodic signals = the Fourier Transform
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ALAM V. OPPENHEIM
ALAN S. WILLSKY

WITH 5. HAMID HAWAD

A.V. Oppenheim, A.S. Willsky, S.H. Nawab,
Signals and Systems,
Second Edition, Prentice Hall, 1997.
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