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Representation of DT signals in terms of shifted unit samples
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Convolution sum representation of DT LTI systems

Examples
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Exploiting Superposition and Time-Invariance

L3 Syst
z[n] = Zakmk[n] inearSystem y[n] = Zakyk n]
k k

Question:  Are there sets of “basic” signals so that:

a) We can represent rich classes of signals as linear combinations of
these building block signals.

b) The response of LTI Systems to these basic signals are both simple
and insightful.

Fact:  For LTI Systems (CT or DT) there are two natural choices for
these building blocks

Focus for now: DT  Shifted unit samples
CT  Shifted unit impulses




Representation of DT Signals Using Unit Samples
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z[n) = - + 2[~2]d[n + 2] + x[~1]d[n + 1] + z[0]6[n] + x[1]5[n — 1] + - --
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Coefficients Basic Signals

The Sifting Property of the Unit Sample
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LINEARITY

A system is linear if its response to a weighted sum of inputs is equal
to the weighted sum of its responses to each of the inputs.

Given

z1[n] —»| system (> yi[n]

and

xa[n] —»| system ( ys[n]

the system is linear if

azi[n] + Bro[n] —»| system > ayi[n] + Bya[n]
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is true for all o and g.
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TIME-INVARIANCE

A system is time-invariant if delaying the input to the system simply
delays the output by the same amount of time.

Given

system

—> y[n]

the system is time invariant if

x[n — ng] —»

system

—> y[n — ng

is true for all ng.
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TIME-INVARIANCE

If a system is linear and time-invariant (LTI) then its output is the
sum of weighted and shifted unit-sample responses.

d[n] —»| system

d[n — k] —»| system

—> hln — k]

z[klé[n — k] —»| system

(0.9]

z[n] = Y w[k)o[n — k] —»| system

| syl = > afklhln — &

Prepared by Kazim Fouladi | Spring 2018 | 3 Edition

k=—o00



VY

Ol g 9 5LS pax

CONVOLUTION SUM

Response of an LTI system to an arbitrary input.

x[n] —» LTI

—> y[n]

(©.@)

k=—00
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yln] = Y alklh[n — k] = (% h)[n]
This operation is called convolution.



/ x[n]——> DT System —>y[#n] \

* Suppose the system 1s linear, and define 4,[n] as the
response to o[n —k]:

dn — k| — hg|n]

From superposition: Y
el = 3 wlklsln— K —yln) = 3wl
k=—o0 k=—o0




/ x]n[——> DT System

* Now suppose the system is LTI, and define the unit
sample response h[n]:

—>y|n]

d[n] — h[n]
From TI; v
oln — k| — hln — k|
From LTI:

k=—oc0 k=—oc
Convolution Sum
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Convolution Sum Representation of
Response of LTI Systems
0@
y[n) = zln] x hin) = ) w[k]h[n — ]
k=—o00
Interpretation
d[n] hin]
I — ] { K
0 n 0 n
U
z[k]d[n — k] z[klh[n — k]
: — ]
k n k n
T

N

Sum up responses over all k




Visualizing the calculation of y[n]

Choose value of n and consider it fixed

00
yln] = ) z[k]h[n — k]
k=—o0
View as functions of k with n fixed
o[n] "
] 1 2 3 1] | 1
o | n ,U, -1 0 ]| | n
-1 —1—1
(k]
1 y[0] =2 prod of
[T, 1 T P overlap for
-1 n=>0
n—2 12 hin — K] y[1] =2 prod of
+ 11 overlap fo
11 | » T k n=1
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k=—00
z[k) shift hik]
B S
k k
-2-101 2 3 4 5 —-2-101 2 3 4 5

hl0 — k]

k
-2-1012 3 4 5

Prepared by Kazim Fouladi | Spring 2018 | 3 Edition

P



Yy

0919 9318 £ ganns
(V¥ 517) Jte
CONVOLUTION SUM -
yl0] = > x[k]h[0— ]
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(K] multiply h[k]
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CONVOLUTION SUM
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ylo] = > w[k]h[0 — K]

k=—00
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/ Calculating Successive Values: Shift, Multiply, Sum

x[k]
1y 1 2
n—g2 12 hln — k]
2 11
IR k
n+ 1
yln] = 0 forn< -1
y—1] = 1x1=1
y[0] 0x1 + 1x2=2
yl] = CEDX1+0x2+1x(¢1)=-2
y2] = CEDX2+0x(D+1x(-1)=-3
3l = DxD+0x(-1)=1

Y =
yl4] = (D% (-1)=1
yln] = 0 forn >4
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CONVOLUTION SUM

[fe00ance * [T200nans

Express mathematically:
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Convolution, y;

1
[ — Y
L
[AC]

|
(4, 1=
il
tak
[ S].

.5

y5 = zk Skhs-k

=02-210000
1=

*
-10.53 ]

(0x-1)+(0x05)+(0x3)+(0x1)=0
(0x-1)+(0x05)+(0x3)+(2x1)=2
(0x-1)+(0x0.5)+(2x3) +(-2x 1) =4
(0x-1)+(2x0.5) +(-2x3)+(1x1)=-4
(2x-1)+(-2x0.5)+(1x3)+(0x1)=0
(2x-1)+{(1x05)+(0x3)+(0x1)=2.5

Lp (1x-1)+ (0% 0.5) +(0x3) +(0x 1) =-1—
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ALAM V. OPPENHEIM
ALAN S. WILLSKY

WITH 5. HAMID HAWAD

A.V. Oppenheim, A.S. Willsky, S.H. Nawab,
Signals and Systems,
Second Edition, Prentice Hall, 1997.
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