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Unilateral z-Transforms
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Properties of z-Transforms

(1) Time Shifting  z[n — ng)] «— 27" X(2),

The rationality of X(z) unchanged, different from LT. ROC unchanged

except for the possible addition or deletion of the origin or infinity
n> 0 = ROC z #0 (maybe)
n,<0 = ROC z # co(maybe)

S _ dX(z)
(2) z-Domain Differentiation nz[n| «— —z — ", same ROC
Derivation: X(z) = Z zn)z ™
n=—00
d)fliz) _ _n:z—:oo nm[n]z n—1
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THE Z-TRANSFORM
Property x[n] X (z) ROC
Linearity axi[n| + bxra[n] aX1(z) +bXa(z) D (R1NRy)
Delay x[n — 1] 21X (2) R
X
Multiply by n nxn —zd d<z) R
z
(©.9)
Convolve in n Z z1[m]xa[n —m|  X1(2)X2(2) D (R1NR2)
m=—00
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THE Z-TRANSFORM

(n+ Duln+ 1] = (n 4+ 1)uln]






Convolution Property and System Functions

[n] ———

yln] = x[n] * hin]

h[n]

Y(z) = H(2)X(z)

ROC at least the intersection of the
ROCs of H(z) and X(z),

can be bigger if there is pole/zero
cancellation. e.g.

1
H(z) = p— |z| > a
X(z) = z—a, z#x

Y(:) = 1 ROCallz

n=—~co

H(z) = Z hin|z~™ | — The System Function

H(z) + ROC tells us everything about system




CAUSALITY

(1) h[n]right-sided = ROC is the exterior of a circle possibly
including z = oo:

H(z) = Z hln]z™"

n:Nl

If N; < 0, then the term h[N;]z™ — 00 at z = oo
= ROC outside a circle, but does not include .

Causal < N1y >0 No z™ terms with m > 0
U = 2z =00 € ROC

A DT LTI system with system function H(z) is causal < the ROC of
H(z) is the exterior of a circle including z = o




Causality for Systems with Rational System Functions

barz™M 4+ bpr—12M 4 bz + b
anzV +an_12V "4+ a1z + ag
Il No poles at oo, if M < N

H(z)=

A DT LTI system with rational system function H(z) is causal

< (a) the ROC is the exterior of a circle outside the outermost pole;

and (b) if we write H(z) as a ratio of polynomials

N(z)
D(z)

H(z) =

then

degree N(z) < degree D(z)




Stability

LTI System Stable < > >° _|h[n]| < 0o < ROC of H(z) includes
the unit circle |z] = 1

= Frequency Response H(¢/®) (DTFT of h[n]) exists.

A causal LTI system with rational system function is stable < all
poles are inside the unit circle, i.e. have magnitudes < 1







Geometric Evaluation of a Rational z-Transform

Example #1:
X1(z) = z —a - A first-order zero

I9m

Example #2:
1
Xo(z) = o A first-order pole
1
Xo(2)| = [X5(2) = —LX
’ Q(Z)‘ ‘X1(2)|7 2(2) 1(2)
R —_— .
Example #3: X (z) = MH;-;I(Z Bi)
i1 (2 — o)
L, |z — B
X(2)] = | M| =z =

HP:I‘Z - aj‘

A

R
[X(2)=(M+)Y Lz B) Zz (z — aj)
i=1

All same as
in s-plane




Geometric Evaluation of DT Frequency Responses

First-Order System  H(z) = : — - . |z] > al
— one real pole l—az"t z-a

hin] = a™u[n] , la| <1

IH(elw)|

o0) 1 ZH(el®)

E w2

Unit circle

an







Second-Order System
Two poles that are a complex conjugate pair (z,= re/®=z,")

22 1
H — = 0 1, 0<6<
(2) (z—21)(2 —22) 1—(2rcosf)z=!+r2z=2’ <r<b 9aUaT
: 1 sin[(n + 1)0]
H(el™ . — . hin] ="
[H ()] |(edw — reif)(edw — re—i0)|’ nl=r sin 6 uln]
Clearly, |H| peaks near o=+ 0
IH(el®)| ZH(el®)
Im L
Unit circle Z-plane
N
r=0.95
0 o

JC
2 -




Demo: DT pole-zero diagrams, frequency response, vector
diagrams, and impulse- & step-responses

ginary par

] Ima

e o ° o
o o, AN

o o o o
h = » b =

o

=T

zplane

Real par

1 06060402 0 02 04 06 08 1

Create or Remove —

Theta:

MAGNITUDE
s

e
melal] pi

]
E
vRspsdI 5 ol
3
z
=
Madify Markers pir2
Marker size: —— )
pi
Line width: o ¢
[Taxs |

Step response.

2 4 [ 8 lg 12 416 8 20




DT LTI Systems Described by LCCDEs

Z aryln — k] = Z brx[n — K|
k=0 k=0

Use the time-shift property

N M
Z arz *Y (2) = Z brz X (2)
k=0 k=0
J
Y(z) = H(2)X(2)

M —k
H(Z) o Zk:O bkz

= =N
D p—o WkZF

ROC: Depends on Boundary Conditions, left-, right-, or two-sided.

— Rational

For Causal Systems = ROC is outside the outermost pole







System Function Algebra and Block Diagrams

e[n]
Feedback System xin] ) _ ';][ﬁ > yin]
(causal systems) T )
i ':z[(:l) < negative feedback
’ configuration

Example #1:
x[n] ,® > y[n]
‘ [1]
Els
z'l < |D
Delay

yln] = gyl 1]+




____________________________________________________

1—2z71 1
H(z) = —12 = (1_1> (1—2z7%) — Cascade of
1 - two systems

yln]

X[n——(%) i ~(H—s







Unilateral z-Transform

Note: 77

(1) Ifx{n]=0forn<0,then X(z)= X(2)

(2) UZT of x[n] = BZT of x[n]Ju[n] = ROC always outside a circle
and includes 7 = 00

(3) For causal LTI systems, H(z) = H(z)




Properties of Unilateral z-Transform

Many properties are analogous to properties of the BZT e.g.

»  Convolution property (for x;[n < 0] =x,[n <0] =0)

x1[n] * xo[n] N X1(2)Xs(2)

»  But there are important differences. For example, time-shift

03 -
.
------

Derivation: Initial condition
y(z) — Z y[n]z_” = Z ZU[’I’L — l]z_" = Qg[_l] + Zx[n _ l}z—n
n=0 n=0 n=1
= 2[-1]+z"" > x[m]z™"

m =0




Use of UZTs in Solving Difference Equations
with Initial Conditions

yln| +2yln — 1] = z|n|

Q
-1 =, aln] = aufn) — —"—
UZT of Difference Equation
UZ{yJ[:L—ll}
“ ~ N Q
VR +2[B+27Y0)] = 17—
23 '
Q
Vz)=—1 o1 (14 2271)(1 — 2~ 1)
N — g J
ZIR ZSR

ZIR — Output purely due to the initial conditions,
\ZSR — OQOutput purely due to the input.




ﬁ Example (continued)

B=0 = System is initially at rest:

1 o
ZSR V(z) = Hl(2)2(2) = T2 11—21
He) ()
H(z) = H(z) = ——
B 14221

a=0 = Get response to initial conditions

ZIR 25
Yz) = 14221

\ yln] = —26(—2)"u[n]
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Signals and Systems,
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