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The z-Transform (1)
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COURSE OUTLINE
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Properties of the ROC of the z-Transform
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Inverse z-Transform

 ﹏Ã]>G a? ¾0 ·﹞]﹆﹞z

Introduction to the z-Transform
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THE Z-TRANSFORM

 ﹏Ã]>Gz  ·Fhh﹎ 1\ل︺﹞�Ei0 f﹑C﹐ ﹏Ã]>G ®1﹞bĊ

 ﹏Ã]>Gz  ·Fhh﹎ ®1﹞b b0 ¿︺?1Gn  b0 ¿︺?1G ·? 0`z ]½\ ¿﹞ Em1﹍±Ċ

·﹁ay ﹉Ã

Unilateral

·﹁ay²\

Bilateral

 ]±`0\ ¿﹋aFl﹞ «¼﹞ n0³[ ²\ a½ Đ 1½ D²1﹀GĚf﹑C﹐ ﹏Ã]>G ·?1l﹞ę



The z-Transform

The (Bilateral) z-Transform

Motivation: Analogous to Laplace Transform in CT

We now do not

restrict ourselves

just to z = ej



13 سىگنال ها و سىستم ها
P
re
p
a
re
d
 b
y
 K
a
z
im

 F
o
u
la
d
i  
| 
  
F
a
ll 
2
0
1
7
  
| 
2
n
d
  
E
d
it
io
n

 ﹏Ã]>Gz

THE Z-TRANSFORM

﹝1Jل



14 سىگنال ها و سىستم ها
P
re
p
a
re
d
 b
y
 K
a
z
im

 F
o
u
la
d
i  
| 
  
F
a
ll 
2
0
1
7
  
| 
2
n
d
  
E
d
it
io
n

 ﹏Ã]>Gz

THE Z-TRANSFORM

﹝1Jل



The ROC and the Relation Between zT and DTFT

• Unit circle (r = 1) in the ROC ⇒ DTFT X(ej) exists

•

— depends only on r = |z|, just like the ROC in s-plane

only depends on Re(s)

, r = |z|
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Example #1

That is, ROC |z| > |a|, 

outside a circle

This form to find

pole and zero locations

This form 

for PFE and 

inverse z-

transform



Example #2:

Same X(z) as in Ex #1, but different ROC.
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Rational z-Transforms

x[n] = linear combination of exponentials for n > 0 and for n < 0

Polynomials in z

— characterized (except for a gain) by its poles and zeros



The z-Transform

depends only on r = |z|, just like the ROC in s-plane 

only depends on Re(s)

• Last time:

• Unit circle (r = 1) in the ROC ⇒DTFT X(ej) exists

• Rational transforms correspond to signals that are

linear combinations of DT exponentials



Some Intuition on the Relation between zT and LT

Can think of z-transform as DT 

version of Laplace transform with

The (Bilateral) z-Transform



More intuition on zT-LT, s-plane - z-plane relationship

• LHP in s-plane, Re(s) < 0 ⇒ |z| = | esT| < 1, inside the |z| = 1 circle.

Special case, Re(s) = ∞ � |z| = 0.

• RHP in s-plane, Re(s) > 0 ⇒ |z| = |esT| > 1, outside the |z| = 1 circle.

Special case, Re(s) = +∞ � |z| = ∞.

• A vertical line in s-plane, Re(s) = constant � |esT| = constant, a

circle in z-plane.
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Properties of the ROCs of z-Transforms

(1) The ROC of X(z) consists of a ring in the z-plane centered about 

the origin (equivalent to a vertical strip in the s-plane)

(2) The ROC does not contain any poles (same as in LT).



More ROC Properties

(3) If x[n] is of finite duration, then the ROC is the entire z-plane,

except possibly at z = 0 and/or z = ∞.

Why?

CT counterpartExamples:



ROC Properties Continued

(4) If x[n] is a right-sided sequence, and if |z| = ro is in the ROC, then

all finite values of z for which |z| > ro are also in the ROC.



Side by Side

(5) If x[n] is a left-sided sequence, and if |z| = ro is in the ROC,

then all finite values of z for which 0 < |z| < ro are also in the ROC.

(6) If x[n] is two-sided, and if |z| = ro is in the ROC, then the ROC

consists of a ring in the z-plane including the circle |z| = ro.

What types of signals do the following ROC correspond to?

right-sided left-sided two-sided



Example #1



Example #1 continued

Clearly, ROC does not exist if b > 1 ⇒ No z-transform for b|n|.
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Inverse z-Transforms

for fixed r:



Example #2

Note, particular to z-transforms:

1) When finding poles and zeros,

express X(z) as a function of z.

2) When doing inverse z-transform

using PFE, express X(z) as a 

function of z-1.

Partial Fraction Expansion Algebra: A = 1, B = 2



ROC I:

ROC III:

ROC II:



Inversion by Identifying Coefficients 

in the Power Series

Example #3:

3

-1

2

0 for all other n’s

— A finite-duration DT sequence



Example #4:

(a)

(b)
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A.V. Oppenheim, A.S. Willsky, S.H. Nawab,

Signals and Systems,

Second Edition, Prentice Hall, 1997.

Chapter 10


