[ IR

b2 st § bR b

\‘/\u-uJJ

(1) 7 o

The z-Transform (1)

4l (0¥ 58 pIS
‘5:||‘)L§ L)‘“;‘J‘)‘{-‘ th—A-HJ-:LG-G a.AS.id‘d
Ol LAY

http://courses.fouladi.ir/sigsys



Y Lo g o Lo JLS o

G Tk

COURSE OUTLINE

Z Jass g (sldende

Introduction to the z-Transform
7 Jsasi ool Set (saial Slouo guad
Properties of the ROC of the z-Transform
Ou g5 Z Jaadd

Inverse z-Transform

Prepared by Kazim Fouladi | Fall2017 |2nd Edition

-
,y};ﬁb/






7 Lo g o Lo JLS o

Ol slagiuasus (oo sk S4S

CONCEPT MAP OF DISCRETE-TIME SYSTEMS

Block Diagram System Functional

Y 1

¥ > > Y
T—{ Delay|<—1—{ Delay |<J X 1-R—_-R2

X —

Unit-Sample Response
h[n]: 1,1,2,3,5,8,13,21,34,55, ...

Difference Equation System Function
Y(2) 7
X(z) 1—2z—22

yln] = z[n] + yln—=1] + y[n-2] H(z) =

Prepared by Kazim Fouladi | Fall2017 |2nd Edition

P



o
Ol slagiuasus (oo sk S4S
JE.

CONCEPT MAP OF DISCRETE-TIME SYSTEMS

Example: Fibonacci system

difference equation yln| = z[n] + y[n—1] + y[n—2]
operator expression Y = X +RY +R2Y
Y 1
system functional e
Y X 1-R-R2
unit-sample response hin]: 1,1,2,3,5,8,13,21,34,55,89,...
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CONCEPT MAP OF DISCRETE-TIME SYSTEMS

tedw (0l gdlolae 5 a4 sad ply (o sl
Block Diagram System Functional

X —~& @ J=Y Y 1
Delay |

L {Beiay]-1

X 1-R-R2

serie/

Unit-Sample Response
hin]: 1,1,2,3,5,8,13,21,34,55,. ..

Difference Equation System Function

2
yln) = afn] + yln—1] + yln—2] HG) =30 = T
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CONCEPT MAP OF DISCRETE-TIME SYSTEMS
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Block Diagram System Functional

X —~& @ J Y Y 1
Delay |

L {Beiay]-1

X 1-R-R2

Unit-Sample Response

X(z) 1—2z—22

z hln]: 1,1,2,3,5,8,13,21,34,55,... |R* %

::E \ 4

€ Difference Equation System Function
% Y(z 22
: yln] = zln] + yln—1] + yln—2 Hz) = 2
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CONCEPT MAP OF DISCRETE-TIME SYSTEMS

Block Diagram System Functional

X —~& @ J Y Y 1
Delay |

L {Beiay]-1

X 1-R-R2

A
serie/

Unit-Sample Response

X(z) 1—2z—22

z hln]: 1,1,2,3,5,8,13,21,34,55,... |R* %

- Z transforrr\

o \

E Difference Equation System Function
< Y(z 22
: yln] = zln] + yln—1] + yln—2 Hz) = 2
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CONCEPT MAP OF DISCRETE-TIME SYSTEMS

L plaisl b il
Block Diagram — System Functional
X —(+ :@ > Y Y 1
DeIay|<J

L {Beiay]-1

N

Unit-Sample Response
hin]: 1,1,2,3,5,8,13,21,34,55,. ..

\ ~N

Difference Equation System Function
yln] = zln] + yln—1] + y[n—2] Hp= Y@
X(z) 1—z-22

X 1-R-R2
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THE Z-TRANSFORM
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X(z) = Z x[n]z~"

n
48 b g9 48 oy

g Bilateral Unilateral

2 00 00

- X(z) = E x[n]z™" X(z) = g xln]z™"
E n=—oo n=0
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The z-Transform

Motivation: Analogous to Laplace Transform in CT

z[n] h[n] y[n]
We now do not " "
restrict ourselves xln] = E_ — yln] = H(z)z
just to z = ® Eigenfunction
for DT LTI

oo
H(z) = Z hn]z™™  assuming it converges

n=—oo

The (Bilateral) z-Transform

e.]

rln] «— X(2) = Z zln]z™" = Z{z[n|}

n=—o




Y

THE Z-TRANSFORM

-
[ Find the Z transform of the unit-sample signal.
d[n]
n
z[n] = d[n]
o0
X(z) = Z zn]z™" = z[0]2° =1
n=—00

Z{o[n]} =1, analogous to L{i(t)} = 1.
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THE Z-TRANSFORM
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[ Find the Z transform of a delayed unit-sample signal.

z[n]




The ROC and the Relation Between zT and DTFT

Z:T’(ij sr:|Z|

X(re?) = Z z[n] (ref*) " = Z (a[n]r—) e=don
= F{z[nr "}

. ROC = {z = re/* at which Z |z[n]r~"| < oo}

n=—co

— depends only on r = |z], just like the ROC in s-plane
only depends on Re(s)

e  Unitcircle (r=1)inthe ROC = DTFT X(&') exists
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THE Z-TRANSFORM

Example:
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—4-3-2-10
o0 n (0.9] n
7) n (7) n 1 z
Z <) 7 tulnl = Z ) 7 = 71 7
n=—00 <8 n=>0 8 1_gz ! <738
|z| > %.
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THE Z-TRANSFORM

Example: Find the Z transform of the following signal.

—4—-3-2-1 0
oo n oo n
7 7 1 z
X(z) = Z (—) 2" "uln] = Z (—) 27" = = =

5 _7.-1 _ 7
. oo \8 nmo NS =g 2-%
§ provided ‘%z‘l‘ <1,ie., |z >
5 ROC |z-plane
& s
: zfn] = (%) uln) / \
< z
o Fany N
(Tree, 7 TJH
s -0—0—0—0 n
2 43210123 4
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THE z-TRANSFORM
Example: z[n] = a™uln]
[0.9] o0
X(z) = Z aun]z™" = Z altzmh
n=—00 n=0
__ 1 1
“ToaeT fe <
z
= szl > e
zZ—

ROC |z-plane

x[n] = a"uln]

-
IUUARAE S

—4-3-2-10 1 2

N
vy
‘J

N
o

Prepared by Kazim Fouladi | Fall2017 |2nd Edition

P



Example #1

z[n| = a™u[n| r right-sided

."--..--““.’oo
F((z) = Z a"ulnlz™"
n=-—00
This form Unit Circle
for PFE and oo
inverse z- — (az™h)" z-plane
transform =,
\ JCLLLLLCL TN .‘o“‘-...'o (R.‘e
_.:" 1 __ Sz )
1 - az ._"-z —a {
If laz7 ] < 1, ie., |z] > |q \
. This form to find
That is, ROC [z] > |, pole and zero locations

outside a circle




Example #2:
z[n] = —a"u|—n — 1] - left-sided

o0

X(z) = Z {—a"u[-n —1]z7"}

Unit Circle

z-plane

Re

= 1 — =
l—a 'z alz-1
z

’
zZ—a

If [a='2] < 1, i.e.,|z| <|q

Same X(z) as in Ex #1, but different ROC.
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Rational z-Transforms

x[n] = linear combination of exponentials for n > 0 and for n <0

4

X (z) is rational

X(z) = D(z) L — Polynomials in z

— characterized (except for a gain) by its poles and zeros




/ The z-Transform \

zln] «— X(z) = Z xz[n]z™" = Z{z[n]}

n=—oo

ROC = {z = rel“ at which Z |z[n]r™ " < oo}

depends only on r = |z|, just like the ROC in s-plane
only depends on Re(s)

* Last time:
e Unit circle (r = 1) in the ROC =DTFT X(&/®) exists

* Rational transforms correspond to signals that are

\ linear combinations of DT exponentials /




ﬁ Some Intuition on the Relation between ZT and LT
o0

2(t) s X(s) = / p(t)e=*dt = L{z())

Let t =nT — lim LL’(TLT)(BST)_n .T
T—0 n:—oo\ﬂ’—/
z[n]
B sT\—n
= TI“ILHOTHZ_OO:U[R](G )
The (Bilateral) z-Transform
zln] —— X(z) = ) zln]e" = Z{z[n]}

Can think of z-transform as DT

version of Laplace transform with
z = et




More intuition on T-LT, s-plane - z-plane relationship

esT — 5
jw axis in s-plane (s = jw) & |z| = [e/“?| = 1 - a unit circle in z-plane
dIm 9m

jo-axis |zI=1
s-plane f\ z-plane
Re R

"LHP"
LHP RHP
||HHP"

* LHP in s-plane, Re(s) <0 =
Special case, Re(s) = —c0o < |z] =0.

* RHP in s-plane, Re(s) >0 =
Special case, Re(s) = +00 < 7] = oo

Izl = | es?] < 1, inside the |z] = 1 circle.

1z| = |esT| > 1, outside the |z] =1 circle.

A vertical line in s-plane, Re(s) = constant < |es’| = constant, a

circle in z-plane.







Properties of the ROCs of z-Transforms

(1) The ROC of X(z) consists of a ring in the z-plane centered about
the origin (equivalent to a vertical strip in the s-plane)

Im

(2) The ROC does not contain any poles (same as in LT).




More ROC Properties

(3) Ifx[n] is of finite duration, then the ROC is the entire z-plane,
except possibly at z= 0 and/or z = oo.

Why? No
X(z) = Z x[n]z™"
?’L:N]_
Examples: CT counterpart

dn] «— 1 ROCallz|d(t) «— 1 ROCalls

dn—1] «— 2z71 ROC2#£0|6t—-T) «— e T Re{s} #—0

Sn+1 «— 2z ROCz#c |[6(t+T) «— e Re{s}+#x




ROC Properties Continued

(4) If x[n] 1s a right-sided sequence, and if |z| = r, is in the ROC, then
all finite values of z for which |z| > r, are also in the ROC.

o 2
Iy

converges faster than

oo

e ) alnlng”
‘NHHHTTTTTTTTTTHHnn",,'" n=mN

n




Side by Side

(5) If x[n] is a left-sided sequence, and if |z| = r, is in the ROC,
then all finite values of z for which 0 < |z| <r, are also in the ROC.

(6) Ifx[n] is two-sided, and if |z| = r, 1s in the ROC, then the ROC
consists of a ring in the z-plane including the circle |z| = r,,.

What types of signals do the following ROC correspond to?
I9m Im gm

z-plane z-plane

Re Re

right-sided left-sided two-sided
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Example #1 continued

S S — b< |z < -
C1—bz!  1—blz1 7 b

X(2)

dm

Unit circle

Clearly, ROC does not exist if b > 1 = No z-transform for b,







/

for fixed r:

N

Inverse z-Transforms
X(2) = X(re?) = F{z[n)r "}, z = re?” € ROC
U

zln)r™" = F H{X(re!)} = 5 X (re?)el“™ dw
2w
Y
X(rejw)r”ejw" dw
N——

zn

1
CC[TL]:% )
K

. . 1
z=re = dz = jre’“dw = dw = =27 Nz
J

l

z[n] = % X(2)z" " 1dz




Example #2

X(2) 322—%2 3—%2_1 A N B
Z) = = =
1 1 1,_ 1,— 1, 1,
(Z—Z)(Z—g) (1—12 1)(1—§Z 1) 1_ZZ 1 1—§Z !
Partial Fraction Expansion Algebra: A=1,B=2
X(Z) = 1_112—1 _;22—1 gm
4 3
zn] = x[n] +  x2(n] / ,"/ o ! Amﬂ \E,IH Re
] VoA 1747 /3
Note, particular to z-transforms: NN T
1) When finding poles and zeros, RN
express X(z) as a function of z.
2) When doing inverse z-transform zeros at z — 0 and

5 5

using PFE, express X(z) as a 3z —3 =0or z = %
function of z-!.




ROC III:

ROC II:

ROCI:

1
H >3 - right-sided signal
i n
4
1

1 1
1< 2| < = - two-sided signal

21[n] = G)nu[n]

raln] = —2- (%)n u[—n — 1]
- left-sided signal
z1[n] = — G)nu[-n 1]
zoln] = —2- (%)n ul—n —1]

w




Inversion by Identifying Coefficients
in the Power Series

oo

X(z) = z .:L’[n]z_”
x[n| - coefficient of 27"
Example#3: Y (;) = 3% 742,74
r|-3] = 3
r|—1] = -1
x4 = 2

xz[n] = 0 forall other n’s
— A finite-duration DT sequence




/ Example #4:
1

X(2)= —— — 1 —1 -2
(a) (2) T +az"" + (az7 )" +

| — convergent for |az™!| < 1,i.e.,|z| > |a

z|n| = a"u|n]

1 i 1
O X&) = o= {1_—}
= —a 'z1+a 2+ (aT2)* 4+ )
= —alz—ar a7 -

| — convergent for [a™'z| < 1,i.e.,|2| < |q|

\ rn] = —a"ul-n—1]
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ALAM V. OPPENHEIM
ALAN S. WILLSKY

WITH 5. HAMID HAWAD

A.V. Oppenheim, A.S. Willsky, S.H. Nawab,
Signals and Systems,
Second Edition, Prentice Hall, 1997.

Chapter 10

—
)yjf@/

Prepared by Kazim Fouladi | Fall2017 | 2nd Edition



