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Undersampling and Aliasing
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Photographs in newsprint are “half-tone” images. 

Each point is black or white and the average conveys brightness.
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Photographs in newsprint are “half-tone” images. 

Each point is black or white and the average conveys brightness.

Zoom in to see the binary pattern.
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Every image that we see is sampled by the retina, 

which contains ≈ 100 million rods and 6 million cones (average spacing ≈ 3μm) 

which act as discrete sensors.



We live in a continuous-time world: most of the signals we
encounter are CT signals, e.g. x(t). How do we convert them into DT
signals x[n]?

— Sampling, taking snap shots of x(t) every T seconds.

T – sampling period
x[n] ≡x(nT), n = ..., -1, 0, 1, 2, ... — regularly spaced samples

Applications and Examples

— Digital Processing of Signals

— Strobe

— Images in Newspapers

— Sampling Oscilloscope

 —  …

How do we perform sampling?

SAMPLING
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Why/When Would a Set of Samples Be Adequate?

• Observation: Lots of signals have the same samples

• By sampling we throw out lots of information

– all values of x(t) between sampling points are lost.

• Key Question for Sampling:

Under what conditions can we reconstruct the original CT signal
x(t) from its samples?
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Impulse Sampling — Multiplying x(t) by the sampling function
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Analysis of Sampling in the Frequency Domain

Important to 

note: 
s
  1/T



18 سىگنال ها و سىستم ها
P
re
p
a
re
d
 b
y
 K
a
z
im

 F
o
u
la
d
i  
| 
  
F
a
ll 
2
0
1
7
  
| 
2
n
d
  
E
d
it
io
n

¾`0\a? ·±³¬±

SAMPLING

¾b1ib1?

]±³m ف_W `_﹎ ̄ ÂÃ1C aF¨Â﹁ ﹉Ã 1? ]°±0³G ¿﹞ ﹐1? g±1﹋a﹁ ¾1½ ¿B﹋Ċ
Ě `\ <au 1? ¯Â°R¬½T ·°﹞0\ f1Â﹆﹞ aÂÂ︽G aK0 ³︽© ¾0a?ę

 ċ]Ã1Â? `_﹎ ̄ ÂÃ1C aF¨Â﹁ ﹉Ã ®2 0¾ ﹋· ?· \±<1ل ·?au ¾b1ib1? \²]V﹞ ]±1? ¾b1ib1? \`0\ ª1±Ċ



Illustration of sampling in the frequency-domain for a 

band-limited (X(j) = 0 for || > M) signal

No overlap between shifted spectra



Reconstruction of x(t) from sampled signals

If there is no overlap between 

shifted spectra, a LPF can 

reproduce x(t) from xp(t)
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The Sampling Theorem

Suppose x(t) is bandlimited, so that

Then x(t) is uniquely determined by its samples {x(nT)} if
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Observations on Sampling

(1) In practice, we obviously

don’t sample with impulses

or implement ideal lowpass

filters.

— One practical example: 

The Zero-Order Hold



Observations (Continued)

(2) Sampling is fundamentally a time-varying operation, since we

multiply x(t) with a time-varying function p(t). However,

is the identity system (which is TI) for bandlimited x(t) satisfying 

the sampling theorem (s > 2M).

(3) What if s  2M? Something different: more later.
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Time-Domain Interpretation of Reconstruction of 

Sampled Signals — Band-Limited Interpolation

The lowpass filter interpolates the samples assuming x(t) contains

no energy at frequencies  c



T

h(t)

Graphic Illustration of Time-Domain Interpolation

Original

CT signal

After sampling

After passing the LPF



Interpolation Methods

• Bandlimited Interpolation

• Zero-Order Hold

• First-Order Hold — Linear interpolation
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Undersampling and Aliasing

When s  2M ⇒ Undersampling



Undersampling and Aliasing (continued)

 

Distortion because

of aliasing

— Higher frequencies of x(t) are “folded back” and take on the

“aliases” of lower frequencies

— Note that at the sample times, xr(nT) = x(nT)



Demo: Sampling and reconstruction of cos0t

A Simple Example

Picture would be 

Modified…
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Chapter 7


