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/ Magnitude and Phase of FT, and Parseval Relation

CT: x(t) = ZL/ X (jw)e!t dw
T — 00

X (jw) = | X (jw)|e? £ X )

Parseval Relation: o0 1
| tPa= [ o xGw)P o
2T ——_—

— 00 —00
Energy density in w

1

27T 2

X(e7) = [X ()] X

!meval Relation: Z z[n]|* = / %‘X(ejw)‘zdw
27

DT: x[n] X (e79)el“" dw

n=—oo




Effects of Phase

Not on signal energy distribution as a function of frequency

Can have dramatic effect on signal shape/character

—  Constructive/Destructive interference

Is that important?

— Depends on the signal and the context




Demo: 1) Effect of phase on Fourier Series
2) Effect of phase on image processing
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/ Log-Magnitude and Phase

x(t)

H(jw)

4

Y (w)| = [H(jw)| - [ X (jw)

or  log|Y(jw)| = log|H(jw)| +log|X (jw)

and LY (jw) = LH(jw) + LX (jw)

Cascading: ———»

H (jw)

Y

Hs(jw)

log |H(jw)| = log |H:(jw)| + log |H2(jw)|
LH(jw) = LH(jw) + LHa(jw)

} Easy to add




Plotting Log-Magnitude and Phase

For real-valued signals and systems

H(—jw)| = [H(jw)
(H(—jw) = —/H(jw) }é

Plot for w> 0, often with a
logarithmic scale for
frequency in CT

In DT, need only plot for 0 < w < 7 (with linear scale)
For historical reasons, log-magnitude is usually plotted in units

of decibels (dB): (1 bel = 10 decibels = 2RUt power _ ()

input power

- power - magnitude
10log, |H (jw)|” = 20log,q | H (juw)

H(jw)|=1 —  0dB

H(jw)|=v2 — ~3dB

H(jw) =2 —> ~6dB So...20dB or 2 bels:
H(jw)| =10 — 20dB =10 amplitude gain
H(jw)| =100 —  40dB =100 power gain




A Typical Bode plot for a second-order CT system
20log |H(jw)| and /H(jw) vs. logw
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A typical plot of the magnitude and phase of
a second- order DT frequency response
20log|H(&®)| and # H(e/®) vs. ®
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CT

Linear Phase

x(t)

H(jw)

—y(t)

H(jw)=e7** = |H(jw) =1, /H(jw)= —aw (Linear in w)

Y (jw) = e X (jw)

time-shift

y(t) = z(t — a)

Result: Linear phase & simply a rigid shift in time, no distortion
Nonlinear phase & distortion as well as shift

DT

z[n] ———  H(e'¥)

> y[n]

y[n] = z[n — ng] «—— Y (&%) = e 7m0 X (&)

H(e™) = e7m = |H(e™)

=1

. LH(e™) = —ngw

Question: ~ What about H(e/¥) = e™7¥* | « # integer ?




CT

DT

All-Pass Systems
= [H(jw)| = [H(e™)| =1

H(jw) = eI — Linear phase
H(jw) = = = — Nonlinear phase
o+ Jw
: [o? + w?
|H(Jw)‘ = a2—|—w2 =1
H(ew) = e Jwno — Linear phase
, 1— Lel
H(GJW) = ﬁ — Nonlinear phase

2

\H(ejw” _ \/(11/2-cosw)2+(1/2.sinw)2

(1—1/2-cosw)?+ (1/2-sinw)?

=1




Demo: Impulse response and output of an all-pass
system with nonlinear phase

Principal Phase Input to Allpass System
: 1 :
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How do we think about signal delay when the phase is nonlinear?
Group Delay

ZH(jo) —7(w) When the signal is narrow-band and
0 — concentrated near wy, /H (jw) ~ linear

‘ d/H(j
% with w near wq, then —M instead

| JH( dw
| Of_ﬂ

reflects the time delay.
o w

For frequencies “near” wy
LH(jw) &~ LH(jwy) — T(wo)(w —wp) = ¢ — T(wp) - w
d .
T(w) = —d—{LH(jw)} = Group Delay
w

|

For w near wyg

H(jw) ~ |H (jwo)|e’Pe I Two)w

= ¥~ |H(jw)|elPeiwtT(wo))







Ideal Lowpass Filter

CT ho) _smnu; A
H(jw) @
T
1
—
SVERVA
-, , x 7 t
We
*  Noncausal A(t<0)#0
*  Oscillatory Response — e.g. step response Overshoot by 9%,
t s(t) / Gibbs phenomenon
s(t) = / h(r)dr ol
s(o0) = / h(T)dt
= H(50)

(2]




Nonideal Lowpass Filter

Sometimes we don’t want a sharp cutoff, e.g.

y(it) = signal + noise

T N

w @
Often have specifications in time and frequency domain = Trade-offs

IH(jo)l s(t) Step response
Freq. Response
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CT Rational Frequency Responses

CT: If the system is described by LCCDEs, then

Prototypical
Systems

dk

H;(jw) = First- or Second-order factors

Hi (jw) = 1 — First-order system, has only one
1w = Jjwt + 1 energy storing element, e.g. L or C

1 w2
H2 (]CU) = 2 — . 2 = B 2
(ji) +2¢ (J;u_n) +1 (Jw)? + 28wn(jw) +wi

— Second-order system, has two
energy storing elements, e.g. L and C




ﬁ DT Rational Frequency Responses \
I

f the system is described by LCCDE’s (Linear-Constant-Coefficient
Difference Equations), then

yln — k] «— Y (e?)e 7% xln — k] «— X (e?¥)e I

H (/) > bre It _ 2k by (e~7¢)"
Dopaxe IR Y ag(emIw)k

= HHi(ejw)

\ H;(e’*) = First- or Second-order /







DT First-Order Systems
y[n| —ay[n — 1] = x[n], |a| < 1, initial rest

: 1
H(el¥) = .
(e ) 1 —ae v
Frequency domain
, 1
H(el¥ =
H (&™) V14 a2 —2acosw
/H(e¥) = —tan ! [ idaahed ]
1 —acosw

Time Domain




Demonstration of
First and

DT Systems

4 1st order system

yln]-ay[n-1]=x[n]
a=08

0.5 =

~  2nd order system

yln]-2reos(s)y[n-1]+
rA2y[n-2]=x[n]

h[n]

Impulse Response

Demo: Unit-sample, unit-step, and frequency response
of DT first-order systems

Magnitude of Frequency Response

20 40
n (samples)

Step Response

60 -2pi  -pi 0  pi2pi
Phase of Frequency Response (rad)

[N

60 -2pi -pi 0 pi 2pi
o (rad/sec)




DT Second-Order System

yln] —2rcosOyin — 1) +r*yln —2] =z[n], 0<r<land0<f<7

; 1
H(e™) = _ _
(™) 1 — (2rcosf)e=I« 4 ri2e—Jj2w
B 1 1
1 —(reff)e—iv 1 — (re=i9)e—iw
B A M
11— (reif)e=iw 1 — (re=if)e~iw
l PFE
hln] = [Air"e™ + Agr™e™ 7 ]uln] o
decaying where A; = ——
r"sin(n + 1) 2 Sl?i
= 7 uln) 4 - _°© J
/ St > 7 2jsing’
oscillations




Demo: Unit-sample, unit-step, and frequency response of
DT second-order systems

Impulse Response

Demonstration of 1
First and
DT Systems

~ st order system 0.5

¥n]-ay[n-1]=x[n]

- 2010%1 OIH(e::’)I =

*[T

0.5 10 L : ‘ _

B 24 40 60 -2pi  -pi 0 pi 2pi

T Step Response Phase of Frequency Response (rad)
yin]-2reos(s)yln-11+ 2.5

1A2y[n-2]=x[n]
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ALAM V. OPPENHEIM
ALAN S. WILLSKY

WITH 5. HAMID HAWAD

A.V. Oppenheim, A.S. Willsky, S.H. Nawab,
Signals and Systems,
Second Edition, Prentice Hall, 1997.
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