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Derivation of the CT Fourier Transform pair
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Examples of Fourier Transforms
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Fourier Transforms of Periodic Signals
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Properties of the CT Fourier Transform
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FOURIER TRANSFORM
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Let z(t) represent an aperiodic signal.

x(t)

-S S

(0.0
“Periodic extension": zp(t) = Y a(t+kT)

k=—0o0

7 (t)
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Then z(t) = Tlim xp(t).
—00
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FOURIER TRANSFORM

Represent zp(t) by its Fourier series.

zp(t)

Tay 2sinwS w = kwy = 2n
w
I d b
wo =27/T
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FOURIER TRANSFORM

Doubling period doubles # of harmonics in given frequency interval.

zp(t)
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FOURIER TRANSFORM

As T — oo, discrete harmonic amplitudes — a continuum E(w).

zp(t)
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FOURIER TRANSFORM

As T — oo, synthesis sum — integral.

zp(t)

; 2
lim Taj = lim z(t)e It = = sinwS = E(w)
T—o0 T—o0 J_T/2 w
— 1 — W 1 [ :
x(t) = Z TE(W) JTH Z ﬁE(w) Jwt o /_OO E(w)e!“tdw
k:—OOWd =—00
ak
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Fourier’s Derivation of the CT Fourier Transform
x(t) - an aperiodic signal
- view it as the limit of a periodic signal as T — oo

For a periodic signal, the harmonic components are
spaced wy, = 2m/T apart ...

As T — oo apy— 0, and harmonic components are spaced
closer and closer in frequency

4

Fourier series —> Fourier integral




Tay

Motivating Example: Square wave

x(1)

increases

2 sin(konl )

kept fixed

kng

2sin w1}

w

w=kwo

Discrete
frequency
points
become
denser in
was 7T
increases




So, on with the derivation ...

x(t)

For simplicity, assume
x)t.a finite duration has (
-T4 Ty t
Identical T T
here i(t) = 3:'(15), —3 <t<3
(1) periodic, [t| > %




I(t) =
k=—c0
1 [z
ow = 7/,
2

1

o0
.

If we define

then Eq.(1) =

0. @]
E akejku,‘()t

Derivation (continued)

(-3

| 2 .
(t)e Ikwotqr — 1 / a(t)e IR0t gy
Tz
;
Z(t) = x(t) in this interval
(t)e~ k@t gt (1)
X (jw) = / o(t)e=T9t dt
X(jk
ay = (jkwo)




Derivation (continued)
T T
Thus, for -5 <t < 5

o0

1 ”

a(t) =@(t) = ) HX(jkwo)el™ !

k=—00\_\/_/

ak
.
= — woX (jhwo)el 0t
2T
k=—o00
i

As T — 00, > wy — [ dw, we get the CT Fourier Transform pair

1 [ :
x(t) = %/ X(jw)e’“'dw  Synthesis equation
— 00

X(jw) = / xz(t)e 7wt dt Analysis equation

— 00




For what kinds of signals can we do this?

(1) It works also even if x(¢) is infinite duration, but satisfies:

a) Finite energy / 1z(2)[2dt < oo
In this case, there is zero energy in the error
1 o0 ) oo
eft) = o(t) — 5= [ X(jw)e**dw Then / le(t)|2dt = 0

b) Dirichlet conditions
(i) 5= /7o X (jw)e?*tdw = x(t) at points of continuity
(ii) 5= /70 X(jw)el*!dw = midpoint at discontinuity
(iii) Gibb’s phenomenon

c) By allowing impulses in x(¢) or in X(jw), we can represent
even more signals

E.g. It allows us to consider FT for periodic signals







/Example #1

(a)

(b)

N

z(t)

X(jw)

5(t)

5(t)

/OO S(t)e wtdt = 1
J

1 o0
= — / &7t duw
21 J_ o

2(t) = 6(t — to)

X(jw)

= / 5(t —to)e I« dt

— e—]wt()

™~

— Synthesis equation for J()

/




Example #2: Exponential function

1
t) = e *u(t 0
x(t) e “u(t),a > FIN
o0 - oo ! - 1}8
X(jw) = / z(t)e vt dt = / e e It qt
—o0 0o T
e—(atjw)t
oo
_ ( ! ) o—(atguyt| _ L
a+ jw a a+ Jjw
X(o)l = 1/(a% )" ZX(jo) = -tan”(w/a)
N wWe
a
| T/4
_—— , i a
i T N o
| /4 -
@ @ /2
Even symmetry Odd symmetry




Example #3: A square pulse in the time-domain

Ty .
: 2 T
X (jw) = f e—dwtdp = XL
—T “ X(jo)

x () 2T+
1

/ Z X (jo)dw

/'\\/
- w
T T —T/Tq 1T

/

Note the inverse relation between the two widths = Uncertainty principle

Useful facts about CTFT’s

X(0) = /~oo o(t)dt Example above: ‘/_m:z:(t)dt = 2T, = X(0)
1 L ) 1 R
z(0) = e X(jw)dw  Ex. above: z(0) = 1= o X (jw)dw

|

o X (Area of the triangle)
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The value of X(jw) at w=0 is the integral of z(t) over time ¢.

S . 00 . 0o
X (jw)|y—o = / z(t)e tdt = / z(t)elVdt = / x(t) dt
—00 —00 —00
. 2sinw
x1(t) X1(jw) = o
1 ‘I/ area =2 ----------- >A< 2
-1 1 ! T~ o
T
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The value of z(0) is the integral of X(jw) divided by 2.

Y 1o
z(0) = o X(jw) ! dw = g X (jw) dw
—0o0 —00

r1(1)
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The value of z(0) is the integral of X(jw) divided by 2.

Y 1o
z(0) = o X(jw) e! dw = g X (jw) dw
—0o0 —00

r1(t)

equal areas!
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Stretching time compresses frequency and increases amplitude
(preserving area).

. 2sinw
1) Xi(jw) = "
1
t w
—1 1

2 1
¢ w
= —2 2
: 1
§ t w

New way to think about an impulse!

—
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Example #4: x(t) =™’ — A Gaussian, important in
probability, optics, etc.
(jw)

00 ar X(jw)= J; @7/ 4a
e—at2 e—jwt dt x()=e a

— 00
o0

_ e—a[t%j%w(g—g)gha(g_ﬁ)zdt SRR XO)/ 2
— 00
o0

- [f e

I
\\x

-v2aln2  «2aln2

Uow B E
\/_ /a
T w? . . . .
— —e 4a (Pulse width in 7)*(Pulse width in w)
a = Ate Aw~(1/aP)(a'?) = 1
Also a Gaussian! Uncertainty Principle! Cannot make

both Atand Aw arbitrarily small.
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INVERSE FOURIER TRANSFORM

Find the impulse reponse of an “ideal” low pass filter.

H(jw)
1
w
—wo wo
1 o0 1 w 1 eJwt|“0 S "
= [t k[ o L[
2 27 ) —o0 T J—wg 2 gt |y, mt
: h(t)
: wo /T
g N P
: N~— N t
£ x
“0

This result is not so easily obtained without inverse relation.

P
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DUALITY

The Fourier transform and its inverse have very similar forms.

w .
X(jw):/ z(t)e ldt (Fourier transform)
— 00
1 > :
x(t)= %/ X (jw)e!* dw (“inverse" Fourier transform)
—00

Convert one to the other by
o t—w
o w— —1

e scale by 2r
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The Fourier transform and its inverse have very similar forms.

X (jw) = /_ O; x(t)e I@tdt

1 > . Jwt
x(t) = By X (jw)e?*“ dw
— 00

Two differences:
e minus sign: flips time axis (or equivalently, frequency axis)
e divide by 27 (or multiply in the other direction)

21(t) = f(t) = X1(jw) = g(w)

w_>t><t—>w; flip ; %27

wa(t) = g(t) & Xo(jw) =27 f(-w)
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DUALITY
Using duality to find new transform pairs.
r1(t) = f(t) < X1(jw) = g(w)
w_>t><t—>w ; flip; x27
z2(t) = g(t) « X2(jw) = 27 f(-w)
) f(t) =0(t) gw) =1
3 T 1
2 >
- t w
. g(t) =1 ! o2 f(—w) = 276 (w)
§ T 27
= <
8 t w

The function g(t) =1 does not have a Laplace transform!

P
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Fourier transform of delayed impulse: §(t — T) « e J¥T,

x(t)=06(t—-T)
t
t
T
X(jw) = [72,6(t - T)e I9tdt = e—IwT
§ 1
% w
% X (jw) = —wT
% \|
v
% \\_T

P
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Using duality to find the Fourier transform of an eternal sinusoid.

w_>t><t—>w; flip ; x27

It = 2n§(w+T)

T — w:
e—Jwot = 21d(w + wo)
2m CTFS
x(t)=z(t+T) Z ape’ T {as}
Pt —
) =2(t+T) = Z ik CTET i ol 2,
X are JN Ta w T
k=—00 k=—00

P



CT Fourier Transforms of Periodic Signals

Suppose
X(jw) = 6(w — wo)
4
x(t) = L[ §(w — wo)e?“tdw = ! —gJwot
2 ) 0 2t — periodic in #with
frequency w,
That is
eIt 278 (w —wo) — All the energy is
concentrated in one
frequency — w,
More generally
x(t Z apetFeot X (jw) Z 2mad(w — kwg)

k=—c0 k=—0cc




Example #4:

L 1 .
x(t) = coswot = 563““’“’5 - 5e_J“"'ﬂt

!

X(jw) = 7T5(UJ — wo) + 71'(5(0) -+ wo)

X(jw)

“Line spectrum”
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Each term in the Fourier series is replaced by an impulse.

x(t)zki zp(t — kT)
Lo nnn-
Py
o ¢ 1 T T [ ¢ o "
g_: 2wak5w—k—)
oot tttes,



Example #5: z(t) =

Z d(t — nT') — Sampling function

n=—o00 x(t)
LT ]
T 0 T 2T t
T2 _ 1
z(t) © ar = —/ x(t)e Ikwotdy = —
T/2 v i
: = k2w
X(jw) = Z 5 5(w——)
n:—oo;-v-/ \-V-/
Same function in X(0) e o
the frequency-domain!
2
TL Note: (periodint) T
& (period in W) 21UT
Inverse relationship again!
4n 2n 0 2r. 4n ©
T T T T
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The Fourier transform of an impulse train is an impulse train.

(t) = i 5(t — kT)

EENEEE]
SERiLEnin
X(Jw):kioz%d( -k
PEE L LLL

P






Properties of the CT Fourier Transform

1) Linearity ax(t) + by(t) « aX(jw) + bY (jw)
2) Time Shifting x(t —tg) > e %% X (jw)
oo - . oo . /
Proof: / x(t —tg)e I¥dt = e I¥0 / z(t)e 7" dt’
- tﬂ' . —° o’
X (jw)
FT magnitude unchanged

le7 X (jw)| = | X (jw)|

Linear change in FT phase
L(eI¥% X (jw)) = LX (jw) — wtg




/ Properties (continued)

3) Conjugate Symmetry

z(t) real « X(—jw) = X*(jw)
Y
(X (—jw)| = | X (jw)|

(X (—jw) = —LX(jw)

Re{X(—jw)} = Re{X (jw)}

Im{X(—jw)} = —Im{X(jw)}

N

Even

Odd

Even

Odd

™~




/ The Properties Keep on Coming ...
1

W
4) Time-Scalin rlat) — —X ( '_)
) - (at) al Ta Eg.a>1—at >t

Ja=-—1 compressed in time <

stretched in frequency
z(—t) & X(—jw)
a) x(t) real and even 8] = 505

= X(jw) = X(—jw) = X*(jw) — Real & even
b)  x(¢) real and odd
x(t) = —x(-t)

= X(jw) = —X(—jw) = =X (jw) — Purely imaginary & odd

9 X(w) = Re{X(w)} + Im{X(jw)}

T T
\ For real z(t) = FEv{z(t)} + Od{z(t)}
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Stretching time compresses frequency.

] 2sinw
21 (1) X1(jw) = -
| Aﬂ
t /\\/ I\_//\ w
-1 1 T
2 4 sin 2w
i Xo(iw) =
: 2(jw) 5
J zo(t) 4
3 1
N t w
z -2 2
3 T
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ALAM V. OPPENHEIM
ALAN S. WILLSKY

WITH 5. HAMID HAWAD

A.V. Oppenheim, A.S. Willsky, S.H. Nawab,
Signals and Systems,
Second Edition, Prentice Hall, 1997.

Chapter 4
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