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Fourier Series Representation of Periodic Signals (2)

Gls guV 4d abIS
u.!‘\)u u-u:‘J‘):.l th—u-IJ-.\-e-ﬂ bd&:&;‘d
ub.e:s NN

http://courses.fouladi.ir/sigsys



Y Lo g o Lo JLS o

B8 Tk

COURSE OUTLINE

Ladlio 9 (ol g3 «Oloy—diugas 43, 98 5 puu (5, 9L

CT Fourier series reprise, properties, and examples
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DT Fourier series
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DT Fourier series examples and differences with CTFS
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1 _32_7Tkt X HPaS A H
= x(t)e /T dt (“analysis” equation)
T
O 27
st)=a(t+T)= > ape! T (“synthesis” equation)
k=—00

Prepared by Kazim Fouladi | Fall2017 |2nd Edition

P



Review:

CT Fourier Series Pairs

(-3

E : ay ejkwot E : ay 6327rk,t/T
k=—o0

k=—o0

T Skip it in future

/ for shorthand

x(t) 25 4y




Another (important!) example: Periodic Impulse Train

z(t) = Z §(t —nT) — Sampling function

n=—oc

important for sampling

(1)
1
2T -T T 2T 3T t
1 T/2 ‘ 1 T/2 ‘
ar = _/ m(t)e—j'kw()tdt — _/ 5(t)e—jkw(}tdt
L Jry2 T J 12
1
= — forallk'!
T or a
U — All components have:
| = (1) the same amplitude,
T t — ejkw'nt &
) I Z (2) the same phase.

k=—o00




(A few of the) Properties of CT Fourier Series

Linearity x(t) < ak,y(t) < by = az(t) + Py(t) < aar + Lbg
Conjugate Symmetry
x(t) isreal = a_ =ay
4

ar = Re{ar}+ jIm{ar}

= laxle/“"

Re{ay} is even, Im{ay} is odd
or
lax| is even, Zay is odd

ZI?(t) —  ag
3;'(t — to) PAREN ake_jkwﬂto — ake_JkQﬂ-tU/T

Introduces a linear phase shift ocz

Time shift




/ Example: Shift by half period \
y(t) =x(t —T/2) < are %™ = (=1)kay

using e Jkwo T/2  — gmiknm
y(t)
AN /N ANE AN
| |
32 o -T2 72 3102




. Parseval’s Relation

1 / 2 - 2
= [ l=@®)[7dt = a|

Power in the
Average signal power k¢r harmonic

Energy is the same whether measured in the time-domain or the
frequency-domain
Multiplication Property
z(t) « ak,y(t) < br (Both z(¢) and y(t) are
[} periodic with the same period T')
z(t) - ylt) < o= Z abr—1 = ag * by

l=—0c0

Proof:

z :ateﬂ\ygt E :b ejmw[)t Zaib e}(£+m)mut l+m=k 2 :[j :agb;‘ !] e}ku,(]t

lym
e —
3:(6) y(t) Ck




Periodic Convolution
x(1), y(t) periodic with period T

x(1)
1

z(t) xy(t) = / z(T)y(t — 7)dr — not very meaningful
E.g. If both z(¢) and y(t) are positive, then

x(t) * y(t) = oo




ﬁ Periodic Convolution (continued)

Periodic convolution: Integrate over any one period (e.g. -772 to T/2)

T/2 o0
2(t) = / z(T)y(t — 7)dr = / xp(T)y(t — 7)dT

—T/Q —00
where
x(t ~T/12<t<T/2
zr(t) = ) / : /
0 otherwise
x (8
1




Periodic Convolution (continued) Facts

1) A9 is periodic with period 7" (why?)
From Lecture #2, z(t) = z(t + T) — y(t) = y(t + T) for LTI systems.
In the convolution, treat y(t) as the input and z7(t) as h(t)

2) Doesn’t matter what period over which we choose to integrate:

2(t) = / z(T)y(t — 7)dr = z(t) ® y(t)
Periodic T

3) convolution z(t) & ag,y(t) < by, 2(t) < cx
in time

Ck = lf 2(t)e IFeotdt = l/ (/ m('r)y(t—'r)d'r) e Ikwot gt
T Jr T Jr \Jr

_ / (%/ y(t_T)e—jkwo(t—r)dt) $(T)e_jkw°TdT
T T

e

by

_ Multiplication
= [ bk.'E(T)e_J;‘w”TdT = Ty S o P "
T in frequency!







Fourier Series Representation of DT Periodic Signals

*  x[n] - periodic with fundamental period N, fundamental frequency
2
zln+ N|=2z[n] and wp= WW

*  Only e/ which are periodic with period N will appear in the £S
wN =R2rsw=Fkwy , k=0,+1,%+2,.--

*  There are only N distinct signals of this form

2Tn

Y e
ej(k‘+N)w(]ﬂ - ejkwgneijon — ejkw(]n

. Sowe could just use €/0¥0n, eilwon eiZwon . pi(N—1)won

However, it is often useful to allow the choice of N consecutive
values of k to be arbitrary.




DT Fourier Series Representation

z[n] = Z aelF@T/N)n

k=<N>

Z = Sum over any N consecutive values of k
k =<N>

— This is a finite series

{a,} - Fourier (series) coefficients

Questions:

1) What DT periodic signals have such a representation?

2) How do we find a,?




Answer to Question #1:

Any DT periodic signal has a Fourier series representation

z[n| = Z ajelFoon

k=<N>
|2

z[0] = Z ar

k=<N>

E akej kwo

k=<N>

z[2] = Z aje’ ko

k=<N>

x[1]

z[N -1 = Z ajed N —Dkwo
k=<N>
N equations for N unknowns, ag, a1, - ,an—_1




A More Direct Way to Solve for a,

Finite geometric series

N—-1
o™

n=0

J,L

§ : ejkwgn

n=<N>

N yoo =1
1 —alv
l1—a a7l
o = elkwo
N-—-1 N—-1 n
Z ejkwg (eijﬂ/N)
n=0 n=0
N k=0,£N,£2N, -
=0 , otherwise

1 — edkwo




So, from  z[n] = ) apelten
k=< N>

e—jmwgn

multiply both sides by

and then Z

n=<N>

E : :E{n]e—jmwon — 2 : § : akejkwon e—jmwon

n=<N> n=<N> \k=<N>
— E Qg E e](k—m)w(m
k=<N> n=<N>
A J

o

=Né[k—m]— orthogonality
Na,y,




DT Fourier Series Pair (wo = 21)

N

x[n| = Z apelFon (Synthesis equation)
k=<N>
1 ” . .
ar = — Z z[n]e”7F«o™  (Analysis equaiton)
N
n=<N>

Note: It is convenient to think of g, as being defined for all
integers k. So:
1) a;,n = a, — Special property of DT Fourier Coefficients.

2) We only use N consecutive values of @, in the synthesis
equation. (Since x[n] is periodic, it is specified by N
numbers, either in the time or frequency domain)







Example #1: Sum of a pair of sinusoids

z[n] = cos(mn/8) 4+ cos(mn/4 + mw/4)
— periodic with period N = 16 = wy = 7/8
1. , 1r1 . , . .
33[?’3,] — 5 [ Jwon + 6—3w0n] + 5 [egw/cleﬂw(m + e—}qr/zle—ﬂw(m]
B ¢
a = 0 ais — A1 — d-1 =1/2
a; = 12
ay = 12 age = Uyigae— 2= €772
4y = e
o, = e
a3 = 0




Example #2: DT Square Wave

"=IIIIIM"

-N -Ny 0 N, N n
2N1 + 1
n= —Nl
For k # multiple of N: Usingn =m - N,

1 N1 1 2N,

_ _ —jkw()?‘l _ —jkw(](m—Nl)
= N Z € N Z €
n=—N1 m=0

2N1 — ik
. . . — e~ Jkwo(2N1+1)
— iejkW()Nl (e—jkw(])m — iejkw()Nl ]- (&

N Z N 1 — ejkwo

m=0

1 sin[k(Ny +1/2)wg] 1 sin[27k(Ny +1/2)/N]
N sin(kwo/2) N sin(mk/N)




Example #2:

DT Square wave (continued)

1 sin [2mk(Ny + 1/2)/N]

=N sin(rk/N)
2N1+1=5 N=10
NRERERARAN
T 1T TT T1T-d4o0llg T T1T 1T TT «

N=2

0
IluldH“|”|H|”|dH“|”|H|”|dH“|” ”'uldH“|u|”'u|dthu|”
k

8-404'8

N=40

8-404 8 K




Convergence Issues for DT Fourier Series:

Not an 1ssue, since all series are finite sums.

Properties of DT Fourier Series: Lots, just as with CT Fourier Series
Example: 2] o a
ejMw(mm[n] — by —?
X [n] ej Mwon — Z a, 6jrw{) n ej Mwon
r=<N>
k=r+M .
g Z a»k_j\/[e‘?kwon
k=<N>
¢ Frequency shift

b = ap— jkwo — j(k — M)wq
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ALAM V. OPPENHEIM
ALAN S. WILLSKY

WITH 5. HAMID HAWAD

A.V. Oppenheim, A.S. Willsky, S.H. Nawab,
Signals and Systems,
Second Edition, Prentice Hall, 1997.
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