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CONCEPT MAP OF DISCRETE-TIME SYSTEMS

Block Diagram System Functional

X —@ () > Y Y 1
T—Delay<LDelay<— X 1-R-R2

Unit-Sample Response
hin]: 1,1,2,3,5,8,13,21,34,55, ...

Difference Equation System Function
Y(2) %

yin] = ln] + yln—1] + yln—2] HE) = %) =T, =7
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CONCEPT MAP OF DISCRETE-TIME SYSTEMS
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Example: Fibonacci system

difference equation y[n] = z[n| + y[n—1] + y[n—2]
operator expression Y = X +RY + R?Y
Y 1
system functional — =
Y X 1-R-R2
unit-sample response hin|: 1,1,2,3,5,8,13,21,34,55,89,...



Prepared by Kazim Fouladi | Spring 2024 | 6th Edition

s Loy g LoJLL sy

Ol 4 (5lapiuusan (50 9o (54l

CONCEPT MAP OF DISCRETE-TIME SYSTEMS

Pt (0 gdalae g aaly 658 by G sl

Block Diagram System Functional

X —® () > Y Y 1
T—DelayLDelayF X 1-R-R2

serie‘s/v

Unit-Sample Response
hin]: 1,1,2,3,5,8,13,21,34,55, ...

Difference Equation System Function
Y(2) 22
X(z) 1—2z—22

ylnl = z[n] + yln—1] + y[n—2] H(z2) =
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CONCEPT MAP OF DISCRETE-TIME SYSTEMS

Block Diagram System Functional

X —® () > Y Y 1
T—DelayLDelayF X 1-R-R2
A

Unit-Sample Response

1
hlnl: 1,1,2,3,5,8,13,21,34,55,... |7z
\
Difference Equation System Function
Y(z ~2
y[n] = z[n] + yln—1] + yln—2) H(z) = 22)

X (2) T 12— 22
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CONCEPT MAP OF DISCRETE-TIME SYSTEMS

Block Diagram System Functional

X —® () > Y Y 1
T—DelayLDelayF X 1-R-R2

A
serie‘s/v

Unit-Sample Response

1
hlnl: 1,1,2,3,5,8,13,21,34,55,... |7z
V4 transforrr\
\
Difference Equation System Function
Y(z ~2
y[n] = z[n] + yln—1] + yln—2) H(z) = 22)

X (2) T 12— 22
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CONCEPT MAP OF DISCRETE-TIME SYSTEMS

e olad sl G sl
Block Diagram " System Functional
X —® () > Y Y 1
L Bemyl«l eyl X 1-R-R?

A \ / A
Unit-Sample Response
hin]: 1,1,2,3,5,8,13,21,34,55, ...

e N

Difference Equation System Function
y[n] = x[n] + y[n—1] + y[n—2] H(z) = Y (2) _ 22
X(Z) 1 — 2 — 22
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THE Z-TRANSFORM
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X(z) = Z z[n)z"

43 4o g0 48 yb s
Bilateral Unilateral
0 0
X(z) = Z r[n|z"" X(z) = Z r[n|z"
n=—00 n=>0

(0¥ o Glin) Lac gl + w3l (S 3die ago ol g2 9o 5o



The z-Transform

Motivation: Analogous to Laplace Transform in CT

ol { b ylr]

We now do not
restrict ourselves zln| = Z — y[n] = H(z)z"
just to z = &® Eigenfunction
for DT LTI
o0
H(z) = Z hln]z~™  assuming it converges
n=—00

The (Bilateral) z-Transform

&.@)

zln] «—— X(z) = Y z[n]z" = Z{z[n]}

n=—oo
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THE Z-TRANSFORM
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[ Find the Z transform of the unit-sample signal.

d[n]

[e]e]o] 000

Z{d[n]} =1, analogous to L{i(t)} =1.
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THE Z-TRANSFORM

\\ Prepared by Kazim Fouladi | Spring 2024 | 6th Edition

S
&

[ Find the Z transform of a delayed unit-sample signal.

[e]e]o] 000




The ROC and the Relation Between zT and DTFT

z=red¥ ,r=|g

X(re??) = Z z[n] (rej“’)_n: Z (z[n]r—™) e vn
= F{zn]r "}

n=—oo

. ROC = {z = rel¥ at which Z lz[n]r™"| < oo}

— depends only on r = 7], just like the ROC 1n s-plane
only depends on Re(s)

e  Unitcircle (r=1) inthe ROC = DTFT X(&®) exists
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THE Z-TRANSFORM

Example: Find the Z transform of the following signal.

provided |%z‘1‘ <1, ie., |z > ¢
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THE Z-TRANSFORM

Example: Find the Z transform of the following signal.

—4-3-2-1 0
X(z) = i (z)nz_"u[n] = i (z)nz_” =
n=-—00 8 n=0 8 1-
provided %z_l‘ <1, ie., |z|> L

z-plane
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THE Z-TRANSFORM
Example: z[n] = ou[n]
©.@) (0.}
X(z) = Z a"uln]zT" = Z at "
n=—00 n=0
1 . —1
T 1-—az 1 ‘ozz ‘<1
2
= 2l > a
e
— AN
z[n] = a"uln| s
[111e,
-0—0—0—0 T n
—4-3-2-10 1 2 3 4
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Example #1

---------
* e
o .,

zln] & a u[n] + right-sided

o
twns?® OO

n=——~oo

This form
for PFE and

inverse z- — E az~ ”

transform 2

%(z) o Z au[n]z™"

L .
. .
--------

That is, ROC |z| > |a,
outside a circle

If [az7 1| < 1, i.e., |2| > |q \

Unit Circle

z-plane

Re

This form to find
pole and zero locations




Example #2:

z[n] = —a"u[—n — 1] - left-sided
X(z) = Z {—-a"u[-n—1]z7"}
~1
_ Z az~ "
= — Z a """ =1-— Z(a"lz)"’
n=1 n=0
S 1 a2
B l1—a"lz alz-1
3
- z—a’

If l[a='2| < 1, i.e.,|z] < |al

Same X(z) as in Ex #1, but different ROC.

I9m

Unit Circle

z-plane

Re
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THE Z-TRANSFORM

z-plane

S

ROC
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Rational z-Transforms

x[n] = linear combination of exponentials for n > 0 and for n <0

4

X(z) is rational

N
X(z) = #:> Polynomials in z

— characterized (except for a gain) by its poles and zeros




/ The z-Transform \

z[n] —— X(z) = Y  aln]z™" = Z{z[n]}

n=—oco

ROC = {z = rel“ at which Z z[n|r " < oo}

depends only on r = |7/, just like the ROC 1n s-plane
only depends on Re(s)

e [ast time:

e Unit circle (r = 1) in the ROC =DTFT X(&/®) exists

* Rational transforms correspond to signals that are

\ linear combinations of DT exponentials /




Some Intuition on the Relation between ZI and LT

x(t) «—— X(s) = /Oo r(t)e %tdt = L{x(t)}

— OO
Let t =nT : - sTN—n
= %lin“)n; x(nT)(e® )™ "™ T
S F sT\—n
= %linoTn:_oox[n](e )
The (Bilateral) z-Transform
2] —— X(z) = 3 aln)e " = Z{aln)}

Can think of z-transform as DT

version of Laplace transform with

z=et




More intuition on zT-LT, s-plane - z-plane relationship

sT

e’ =z
jw axis in s-plane (s = jw) & |z] = |e/“!| =1 - a unit circle in z-plane
Im Im
jm-axis 1z|=1
s-plane | \ z-plane
Re Re
LHP RHP

IIHHPIF

 LHP in s-plane, Re(s) <0 = |z] =] 7] <1, inside the |z| = 1 circle.
Special case, Re(s) = —00 < 7] =0.

 RHP in splane, Re(s) >0 = |z| =|eT| > 1, outside the |z] = 1 circle.
Special case, Re(s) = t00 < |7] = o0

« A vertical line in s-plane, Re(s) = constant < |e’T| = constant, a
circle in z-plane.







Properties of the ROCs of z-Transforms

(1) The ROC of X(z) consists of a ring in the z-plane centered about
the origin (equivalent to a vertical strip in the s-plane)

...........
-* Y
- -

b‘*
w
.-

*
-F"

-
-
------

(2) The ROC does not contain any poles (same as in LT).




More ROC Properties

(3) If x[n] 1s of finite duration, then the ROC is the entire z-plane,
except possibly at z =0 and/or z = o.

Why? No
X(z) = Z r|n|z™"
TLZNl
Examples: CT counterpart

oln] «— 1 ROCallz|d(t) «— 1 ROCalls

6n—1 «— 2z ROCz#0|dt—-T) +— e Refs}# -0

6n+1 «— z ROCz#oo|d(t+T) «— e Re{s}+#oo




/ ROC Properties Continued \
(4) If x[n] 1s a right-sided sequence, and if |z| = 7, 1s in the ROC, then

all finite values of z for which |z| > r, are also in the ROC.

[ . .. . x[n]

e, I ﬂl 1l

N‘I n

o0

o > "
I|H[mmmmmTTTTTTTTTT"n' :orjl\:er;e]s faster than

o0

r >l Z znlrg™
\ ‘XHHNTTTTTTTTTTHH""n""n' = /




Side by Side

(5) If x[n] 1s a left-sided sequence, and if |z| = r, 1s in the ROC,
then all finite values of z for which 0 < |z| <r, are also in the ROC.

(6) If x[n] 1s two-sided, and 1f |z| = r, 1s in the ROC, then the ROC
consists of a ring in the z-plane including the circle |z| = r,.

What types of signals do the following ROC correspond to?

- .
""""""
o ™

right-sided left-sided two-sided




/Example #1 \
z[n] =b™, b >0

x[n]=b'"! x[n]=b'!

atll

From:




Example #1 continued

1

X(z) = 1 —bz1

==

—1
1 —b1z1
Im
Unit circle

?

b<|z| <

1

b

Clearly, ROC does not exist if b > 1 = No z-transform for bl







Inverse z-Transforms

X(z) = X(re?) = Flz[n]r—"},2 = re?* € ROC

J
Zln)r = FHX(re™)} = — | X(rel)e " dw
2%
J
1 .
Jw Jwn d
zln] = o— | X(re™) el dw
Z'n,
for fixed r: - ' L
or fixed 7 z=rel = dz = jre’dw = dw = — 27tz

J
|

x[n] = % jl{X(z)z”_ldz




Example #2

2 _ 5 5.1
X(Z) — 3Z1 6~ 1\ 13_1 6 1.1\ }11 _1+ J? 1
Partial Fraction Expansion Algebra: A=1,B=2
1 < I

X(Z) — 1—1,-1 + 1_%2,—1

4

il ~
s \
/ - =~ \

\ \
! ’ N | |
\ 1

zln] = x1n] 4+  x2[n] AP \
o 1 Ky e

/ !
4 /

Note, particular to z-transforms: \ e

o

1) When finding poles and zeros,
express X(z) as a function of z.

2) When doing inverse z-transform zeros at z — 0 and
using PFE, express X(z) as a 3z — 2 =0o0r z =
function of z!.




ROC III:

ROC II:

ROCI:

2| > - - right-sided signal

1 1
1< z| < 3 - two-sided signal

nln) = () upo
in] = {7 ) uln
1 n
—2- (§> ul—n — 1]
- left-sided signal

21[n] = — (i)n u[—n — 1]

zaln] = —2.- (%) Culen—1

E)
[

1,

W | =




Inversion by Identifying Coefficients
in the Power Series

X(z) = Z x[n|z™"
x|[n| - coefficient of 27"
r|—3] = 3
o1 =
x4 = 2
xn| = 0 forall other n’s

— A finite-duration DT sequence




Example #4:

1
X(2) = — 1 —1 —1\2 .
(a) (2) e +az" "+ (az” )" +

| — convergent for |az™ ! < 1,i.e.,|z| > |a

z[n] = a™ufn]
®) X(z) = 1—22—1 - _a_lz{l—i—lz}

= —a z(l4+a 2+ (a2 4+ )
= —a 'z—a % —a % -

| — convergent for [a"'z| < 1,i.e., |z| < |a

rin] = —a"u[-n—1]
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ALAN VY. OPPENHEIM
ALAN S. WILLSKY

WITH 5. HAMID H.A'WA K

A.V. Oppenheim, A.S. Willsky, S.H. Nawab,
Signals and Systems,
Second Edition, Prentice Hall, 1997.

Chapter 10
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