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Convolution Property Example

hln] = a"uln], xln] = [ uln]  |af,[B] <1
. 1 : 1
H(e™) = 1 —aeJw’ X(e™) = 1 — Be—Jw
\

y[n] = hin] * z[n] «— Y () = (1 - ;e_jw) (1 — ;e—jw)

- ratio of polynomials in e~/

.\ PFE A B
c Y(ed¥) = . .
/8 % Q (6 ) 1 — qe—Iw + 1 — /86_Jw

A, B - determined by partial fraction expansion

yln] = Aa™uln] + BS™u[n]

1 2
B=a:Y(ew) = ( )

1 — qe— v

nzfn] © jdXéf,jw) yln] = (n + Lo uln]




DT LTI System Described by LCCDE’s

Zbkmn—

zn — k| «— e Ik X (eI¥)

N

Zakyn—

k=0

From time-shifting property:

E ag e_ﬂ“"Y 63“’

4

|

Zb e‘ﬂka(eJ“’)

k=0

M —ikw
Zk:o bke J

Y (e?¥) = {

N ik
Zk:@ ape JI"¢

} X (e7%)

>

H(;w)

— Rational function of e /¥,
use PFE to get h[n]




Example: First-order recursive system

yln] —ayln —1] = zn|, |of <1

with the condition of initial rest < causal

(1 — ae )Y (%) = X (e/¥)

oy Y(e1) 1
H(e™) = X(edw) 1 —ae I
4

hin| = o™ uln|




DTFT Multiplication Property

. 1 . :
yln) = zafn] - @oln] — V(™) = o | Xi(€)Xa(/7)do
T Jor
1 | |
— %Xl(ew)@Xz(ejw)
— Periodic Convolution
Derivation:
Y(e?¥) = Z z1[n] - 2o[n]e "
= i 1 X1 (e7e7%d | zo[n)e=Iwm
n=-—00 2 27
1 0
= 5 27r(Xl(ej‘g)nzz_:oo51;'2[n]e_J(“’_9)"”)(16’
Xz(e;(:-’—e))
1




/ Calculating Periodic Convolutions \

Suppose we integrate from —m to 7r:
: 1 = . .
Y(e¥) = 2—/ X1 (/%) X5 (e7“=9)d6
T — 7T
1 P A : .
_ L / £1(699) X (7)o
P
where

. X, (99 gl <
Xl(ejg) _ < 1(6 )7 ‘ | > T ’
0, otherwise

- “ /




sin(mn/4)\ * sin(7n /4
Example: y[n| = ( n/ )) = x1[n] - 22[n], w1[n] = 22[n] = /4
™ ™
_ 1 : ,
Y(er) — %Xl (ejw) ® XQ(G:)W)
X (1)
I 1
2 -Tlt e " o 0
i XQ(eJ(w-G)) E
....| | | im_i .m+£ i | | |...
® -2 ! 4 @ 4 | OF2 T 0
| Y(e 19
1
/\ /R /\
.o | - : | .
21 e — 7t W







Duality in Fourier Analysis
Fourier Transform is highly symmetric

CTFT: Both time and frequency are continuous and in general aperiodic

- [ '
it . 1wt
x(t) = o f_oo X (jw)el* dw Same except for

these differences

X(jw) = /OO z(t)e I¥t dt

— OO

Y
Suppose f(-) and g(+) are two functions related by

f0)= [ gme i
Then
Let 7=t and r = w: r1(t) = g(t) «— X1(jw) = f(w)
Let 7= —w and r = t: r2(t) = f(t) «— Xo(jw) = 2mg(—w)




Example of CTFT duality

Square pulse 1n either time or frequency domain

X1 (1)

;
-Ty T4 t
X2(1)
Wi
e
-'W VW
N Y
t

X1(jo)
T

R S -T[/T-I/ T[/T1
Xz (jo)




DTFS

Discrete & periodic in time «<— Periodic & discrete in frequency

2
Z a0 — 2l + N, wp =

N
k=<N>

:" 1 .“. Y
ar = — Z zn|éFrwon — g
k3 S n] k+N

---- k <N>

Duality in DTFS
Suppose f[-] and g|-| are two functions related by

> gl

r=<N>

S flmleimem

m=<N>
Then

1
Let m =n and r = —k;: $1[n] = f[n] —— ap = Ng[_k]

Let r =n and m = k: Ta|n] = g[n] «— ai = f|k|
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) 1 . LT, :
ag[n] = X(ejw)ejwndw“.
.................. 2T IO oot
““““““““ X (ejw) - Z a:[n]e_”m — X (ej(w—|—27r))
.................... n="=00 ............----""“

Discrete in time < Periodic in frequency




CTFS-DTFT Duality

Suppose f(-) is a CT signal and g[-] a DT sequence related by

+ o0

f(r)=Y_ g[mle’™ = f(r +2m)

m=—00

Then

x(t) = f(t) «— ar = g[k]
(periodic with period 27)

z[n] = g[n] — X(¥) = f(-w)
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FOUR FOURIER REPRESENTATIONS

We have discussed four closely related Fourier representations.

DT Fourier Series DT Fourier transform

1 _ 2T : > :
Uk = Qk+N = 7 Z z[nje /N X(elh) = Z z[n]e” 7

n=<N> n=-—o0
27 . 1 . :
zln] =azln+ Nl = Y ape! N7 x[n]:—/ X (77240
k=<N> 2T J<2m>
CT Fourier Series CT Fourier transform
OO .
= _/ oI FHt gy X(jw) = / x(t)e IVl dt
— 00
21 1 [ -
s =2+ T)= Y wel T = L | XGepertas

k=—0o0
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FOUR TYPES OF “TIME”

discrete vs. continuous (i) and periodic vs aperiodic ()

DT Fourier Series DT Fourier transform
1l ?T? le -, ?T? n
CT Fourier Series CT Fourier transform

Prepared by Kazim Fouladi | Spring 2024 | 6th Edition

A_A_N, A

—



AR

«QAQLSJé)) &3—‘ JLQ.%

FOUR TYPES OF “FREQUENCY”

discrete vs. continuous @) and periodic vs aperiodic (+>)

DT Fourier Series

2T
Wk

Ak

L

CT Fourier Series

27
Tk

DT Fourier transform
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CT Fourier transform
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RELATIONS AMONG FOURIER REPRESENTATIONS

Different Fourier representations are related because they apply to

signals that are related.

DTFS (discrete-time Fourier series):
DTFT (discrete-time Fourier transform):
CTFS (continuous-time Fourier series):

CTFT (continuous-time Fourier transform):

periodic DT
DTFS

N

periodic DT
aperiodic DT
periodic CT
aperiodic CT

aperiodic DT

<

interpolate sample

periodic CT
CTFS

periodic extension

DTFT

interpolate sample

T

>

<

aperiodic CT

periodic extension

CTFT
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RELATIONS AMONG FOURIER REPRESENTATIONS

A periodic signal can be represented by a Fourier series or by an
equivalent Fourier transform.

Series: represent periodic signal as weighted sum of harmonics
2T

t) =a(t+1T) Jwokt =
r(t) = x(t + kz ae L wo =
—=—00

The Fourier transform of a sum is the sum of the Fourier transforms:

X(jw) = Z 21ad(w — kwo)
e

T herefore periodic signals can be equivalently represented as Fourier
transforms (with impulses!).
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RELATIONS AMONG FOURIER REPRESENTATIONS

A periodic signal can be represented by a Fourier series or by an
equivalent Fourier transform.

Fourier Series

| ‘a3a4
l I AR .
o | 0 1
r(t)=x(t+T) = Z a,el w0kt
=—00 Fourier Transform
R
| E g & D
SESTaTSE S
SARRERY
4 fT L1 THW
0 wo

il
’U};b/
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RELATIONS AMONG FOURIER REPRESENTATIONS

Explore other relations among Fourier representations.

Start with an aperiodic CT signal. Determine its Fourier transform.

Convert the signal so that it can be represented by alternate Fourier
representations and compare.

periodic DT
DTFS

N

<

interpolate sample

periodic CT
CTFS

periodic extension

aperiodic DT
DTFT

interpolate sample

T

<

periodic extension

aperiodic CT
CTFT
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START WITH THE CT FOURIER TRANSFORM
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Determine the Fourier transform of the following signal.

Could calculate Fourier transform from the definition.

X (jw) = / h z(t)e?tdt

— 00
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START WITH THE CT FOURIER TRANSFORM
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Determine the Fourier transform of the following signal.

z(t)
A
t

-1 0 1

Could calculate Fourier transform from the definition.
OO .
X (jw) :/ x(t)e!tdt
—00

Easier to calculate z(t) by convolution of two square pulses:

y(t) y(t)
1 1
t t
11 11
7 2 7 2
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START WITH THE CT FOURIER TRANSFORM

The transform of y(t) is 2sin(w/2)

w
y(t) Y (jw)
1 1
1 1 t VA\/' '\//\vw
—35 35 —27 27

so the transform of z(t) = (y* y)(t) is X(jw) =Y (Jw) X Y (jw).

(1) X (jw)
Al 1
t w
—1 1 27 27
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RELATION BETWEEN FOURIER TRANSFORM AND SERIES

What is the effect of making a signal periodic in time?

Find Fourier transform of periodic extension of z(t) to period T = 4.

z(t) = i x(t + 4k)

k=—o00

AN A/

—4 —1 1 4

Could calculate Z(jw) for the definition ... ugly.
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RELATION BETWEEN FOURIER TRANSFORM AND SERIES

Easier to calculate z(t) by convolving z(t) with an impulse train.

(0.0

Z(jw) = X (jw) x P(jw)

2(t)= ) x(t+4k)
k=—o0
AN A S
. — . t
—4 —1 1 4
S 00
2(t) = ) w(t+4k) = (zxp)(t)
- k=—o0
g where
a o0
5 p(t)= > &(t+4k)
3 k=—o0
5 Then

We already know P(jw): it's also an impulse train!

—
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RELATION BETWEEN FOURIER TRANSFORM AND SERIES

Convolving in time corresponds to multiplying in frequency.
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RELATION BETWEEN FOURIER TRANSFORM AND SERIES

‘\ Prepared by Kazim Fouladi | Spring 2024 | 6th Edition

S
&

The Fourier transform of a periodically extended function is a dis-
crete function of frequency w.

[©.@)
Z x(t + 4k)

k=—00

A{ /N /.
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RELATION BETWEEN FOURIER TRANSFORM AND SERIES

The weight (area) of each impulse in the Fourier transform of a
periodically extended function is 27 times the corresponding Fourier
series coefficient.

Z(jw)
/2
ALt o
_T T
2 2
af
1/4
Al k
—1 1

* 0
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RELATION BETWEEN FOURIER TRANSFORM AND SERIES

The effect of periodic extension of z(t) to z(t) is to sample the
frequency representation.

X(jw)
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RELATION BETWEEN FOURIER TRANSFORM AND SERIES
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Periodic extension of a CT signal produces a discrete function of

frequency.

Periodic extension

= convolving with impulse train in time

= multiplying by impulse train in frequency

sampling in frequency

periodic DT
DTFS

N

<

interpolate sample

periodic CT
CTFES

periodic extension

aperiodic DT
DTFT

interpolate sample

T

<

>

periodic extension

(sampling in frequency)

aperiodic CT
CTFT
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FOUR TYPES OF “TIME”

discrete vs. continuous (i) and periodic vs aperiodic ()

DT Fourier Series DT Fourier transform
1l ?T? le -, ?T? n
CT Fourier Series CT Fourier transform
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FOUR TYPES OF “FREQUENCY”

discrete vs. continuous @) and periodic vs aperiodic (+>)

DT Fourier Series

2T
Wk

Ak

L

CT Fourier Series

27
Tk

DT Fourier transform

‘\ Prepared by Kazim Fouladi | Spring 2024 | 6th Edition

&
-

(Y
N

CT Fourier transform
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RELATIONS AMONG FOURIER REPRESENTATIONS

Compare to sampling in time.

periodic DT
DTFS

N

<

interpolate sample

periodic CT
CTES

periodic extension

aperiodic DT
DTFT

interpolate sample

T

<

periodic extension

aperiodic CT
CTFT
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RELATIONS BETWEEN CT AND DT TRANSFORMS

Sampling a CT signal generates a DT signal.

z[n] = x(nT)

z(t)
1
t

“10 1
3 Take T = 3.
z[n]
€
2 11

What is the effect on the frequency representation?

—
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RELATIONS BETWEEN CT AND DT TRANSFORMS
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We can generate a signal with the same shape by multiplying z(t) by
an impulse train with T = 4.

zp(t) = x(t) x p(t) where p(t) = i o(t + kT)

k=—00
(1)
1
-1 0 1 !
Tp(1)
lfol .
—1 1
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RELATIONS BETWEEN CT AND DT TRANSFORMS

Multiplying x(t) by an impulse train in time is equivalent to convolving
X (jw) by an impulse train in frequency (then +27).

&
-
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RELATIONS BETWEEN CT AND DT TRANSFORMS

The Fourier transform of the “sampled” signal z,(t) is periodic in w
with period 4r.

zp(t)
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RELATIONS BETWEEN CT AND DT TRANSFORMS

The Fourier transform of the ‘“sampled” signal z,(t) has the same
shape as the DT Fourier transform of z[n|.
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DT FOURIER TRANSFORM

The CT Fourier transform of a “sampled” signal (xp(t)) is equal to
the DT Fourier transform of the samples (z[n]) where Q =T, i.e.,
X (jw) = X (7))

Q=wT
Tp(t) Xp(jw)
- 'fo' ; \/‘\/
5 11
5 x[n] X (7%
1] \/‘\/
& +—— n
g -1 1 —27T
A

S
&
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RELATION BETWEEN CT AND DT FOURIER TRANSFORMS

The CT Fourier transform of a “sampled” signal (x,(t)) is equal to
the DT Fourier transform of the samples (x[n|) where Q = T, i.e.,

X (jw) = X (et g

periodic DT
DTFS

N

¢

interpolate sample

periodic CT
CTFS

periodic extension

aperiodic DT
DTFT

interpolate sample

T

<

periodic extension

aperiodic CT
CTFT
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FOUR TYPES OF “TIME”

discrete vs. continuous (i) and periodic vs aperiodic ()

DT Fourier Series DT Fourier transform
1l ?T? le -, ?T? n
CT Fourier Series CT Fourier transform
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FOUR TYPES OF “FREQUENCY”

discrete vs. continuous @) and periodic vs aperiodic (+>)

DT Fourier Series

2T
Wk

Ak

L

CT Fourier Series

27
Tk

DT Fourier transform

‘\ Prepared by Kazim Fouladi | Spring 2024 | 6th Edition

&
-

(Y
N

CT Fourier transform
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RELATION BETWEEN DT FOURIER TRANSFORM AND SERIES

Periodic extension of a DT signal is equivalent to convolution of the
signal with an impulse train.

(
R T P P ™
1

* 0

7Y
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RELATION BETWEEN DT FOURIER TRANSFORM AND SERIES

Convolution by an impulse train in time is equivalent to multiplication
by an impulse train in frequency.

VAV \ VAV
---TTTWTTTTTTTTT}WTTTTTTTTTTTTT;
el KN Al
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RELATION BETWEEN DT FOURIER TRANSFORM AND SERIES

Periodic extension of a discrete signal (z[n]) results in a signal (zp[n])
that is both periodic and discrete. Its transform (Xp(ejQ)) IS also
periodic and discrete.

rplin] = (% p)ln]
0 Y PR T P ™
_ —8 ~-11 8
% Xp(e‘m)
-ttt -*ITL. WAl .+TT°;2°
§ —27 —1 7 21
<

&
<
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RELATION BETWEEN DT FOURIER TRANSFORM AND SERIES

The weight of each impulse in the Fourier transform of a periodi-
cally extended function is 27 times the corresponding Fourier series

coefficient.
Xp(e‘m)
s

e ittt it Lt
T+ +H+ +]T+ +H+ +T°;2°
g —27 _%% 2
- aj,
g 1
£ 4
Q —8 -1 1 8
P

&
-
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RELATION BETWEEN FOURIER TRANSFORMS AND SERIES

The effect of periodic extension was to sample the frequency repre-

sentation.
X(ejQ)
. . Q
—27 2T
Qg
1
4
Q
—& —1 1 8
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FOUR TYPES OF “TIME”

discrete vs. continuous (i) and periodic vs aperiodic ()

DT Fourier Series DT Fourier transform
1l ?T? le -, ?T? n
CT Fourier Series CT Fourier transform
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FOUR TYPES OF “FREQUENCY”

discrete vs. continuous @) and periodic vs aperiodic (+>)

DT Fourier Series

2T
Wk

Ak

L

CT Fourier Series

27
Tk

DT Fourier transform
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CT Fourier transform
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RELATION BETWEEN FOURIER TRANSFORMS AND SERIES
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Periodic extension of a DT signal produces a discrete function of

frequency.

Periodic extension

— convolving with impulse train in time

= multiplying by impulse train in frequency

sampling in frequency

periodic DT
DTFS

N

<

>

periodic extension

(sampling in frequency)

interpolate sample

periodic CT
CTFS

aperiodic DT
DTFT

interpolate sample

T

<

periodic extension

aperiodic CT
CTFT
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RELATIONS AMONG FOURIER REPRESENTATIONS

Different Fourier representations are related because they apply to

signals that are related.

DTFS (discrete-time Fourier series):
DTFT (discrete-time Fourier transform):
CTFS (continuous-time Fourier series):

CTFT (continuous-time Fourier transform):

periodic DT
DTFS

N

periodic DT
aperiodic DT
periodic CT
aperiodic CT

<

aperiodic DT

interpolate sample

periodic CT
CTFS

periodic extension

DTFT

interpolate sample

T

<

aperiodic CT

periodic extension

CTFT
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ALAN VY. OPPENHEIM
ALAN S. WILLSKY

WITH 5. HAMID H.A'WA K

A.V. Oppenheim, A.S. Willsky, S.H. Nawab,
Signals and Systems,
Second Edition, Prentice Hall, 1997.

Chapter 5

e,
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