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The Continuous-Time Fourier Transform (2)
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The Convolution Property of the CTFT
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/ The CT Fourier Transform Pair \

z(t) — X(jw)

X(jw) :/ r(t)e 9“t'dt  —FT
—00 (Analysis Equation)

1 [ -
x(t) = 2—/ X(jw)e’"dw  — Inverse FT
T J—oco (Synthesis Equation)

Last lecture: some properties

\ Today: further exploration /




Convolution Property
y(t) = h(t) * z(t) «— Y (jw) = H(jw) X (jw)

where h(t) «— H(jw)
A consequence of the eigenfunction property:

o) = [ (5o XGe)w) e

. >

v~

coefficient a

aerJt > h(t) ;H(jw)aejwt

y(t) = f: (H(jw);X(jw)dw) giwt

T
H(j‘cru)a
N e H(jw)X (jw) e¥tdw  Synthesis equation
2T ) — o0 N — for y(7)

Y (jw)







The Frequency Response Revisited

. impulse response

h(t) ~y(t) = h(t) * z(t)

Y

(1)

Y(jw) = H(jw) X (jw)
™~ frequency response

The frequency response of a CT LTI system is simply the Fourier
transform of its impulse response

Example #1:

\ 4

z(t) = ereo! H(jw) ~y(t)

Recall

eIt 276 (w — wp)

Y(7w) — H(]&))X(jw) — H(,jW)QW(S(w — wo) = 27rH(jw0)6(w — w())
| inverse F'T
y(t) = H(jwo)e "




Example #2: A differentiator

y(t) = = - an LTI system

Differentiation property: Y (jw) = jwX (jw)
$

H(jw) = jw

1) Amplifies high frequencies (enhances sharp edges)
Larger at high w, phase shift

2) +/2 phase shift (j = &/7/?) / /
% sinwpt = wpcoswot = wpsin(wot + %)
% coswgt = —wp sin wot = wo COS(WOt + %)




Example #3: Impulse Response of an Ideal Lowpass Filter

h(t)

H@Gw)
1
—M O, ®
Questions:
1) Is this a causal system?  No.
2) What is h(0)?
1 _ 2we  we
h(0) = %./—OOH(JM)GZM_ S

3) What is the steady-state value of
the step response, 1.€. 5(09)?

s(t) = ./_t ‘h(t)dt

Define: sinc(f) =

1 [

21 ).

sin w,t

7t

l"‘)C .
= —sIlnc
T

eIt dw

(

Wet
T
sin 6
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Example #4:

Cascading filtering operations

-
-

e.g.

e

H, (o)

Y

- H,(ow)

-

H,(jw) = H,(jo)

H(w) = H,(jw) H,(jw)

H(w H(Gw) = le(ico) has a

—> sharper frequency
selectivity




sindnt sin &t

Example #5: *
.t o owt
w(t) Q)
|
X (joo) H(jo)

—Ar 4t ® —8r




sindnt sin&nt

Example #5: “ — 7 Y (jw) = X(jw)
‘@J‘@’ = y(t) = x(t)
z(t) h(t)
Y
X(jw) H(jo) Y(jo)

4 At ® —8x 8n O —4r m o




sindnt sin&nt

Example #5: ¥ — 9 Y (jw) = X(jw)
< = y(t) = z(t)
z(t) h(t) S
Y
X(jo) H(jw) Y(jw)
1 I 1
x =
4 At ® —8x 8n O —4r m o

Example #6: o—at?  —btt 9
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Example #5: sin 47t § sin &7t N
.t omt .
2(t) ()
U
X (jo) H(jw)
| 1
X
—An 4T O —8x
Example #6: p—at® o p=bt? _

_ab .'
a—l—b

T

/ —'6 4a ' / ——-e _‘ff; — '—'6

Gaussian X Gaussian = Gaussian = Gayssian * Gaussian = Gaussian

2
- _w b
4 n, —I_

o=
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Example #2 from last lecture

x (1) '..e_atu(t‘).: , a>0 1/a t

o 35 1A ‘ o0 |

X(jw) = / z(t)e It = / e eIV dt
- O (ehiw)

ol

- 1 ) e—(a+jw)t é 1 s

a+ jw 0 wat]

IX(jo)l = 1/(a%+ )2 /X(jo) = -tan” (w/a)
/2

1/a




Example #7:

.......
IIIIIIIIIIIIII

N B e
) = HUDXUR) = o) i o),

‘e

- a rational function of jw, ratio of polynomials of jw

|l Partial fraction expansion
1 1

T 14w 24w
|l inverse FT

y(t) = [e7" — e~ *u(t)

Y(jw)




Example #8: LTI Systems Described by LCCDE’s
(Linear-constant-coefficient differential equations)

Za’k dtk Zbk dtk

Using the Differentiation Property

dra(t . .
20 s () X ()
|l Transform both sides of the equation

N M
S ar- ()Y (jw) = 3 b - (jw) X (juw)
k=0 =

0 B 1) Rational, can use
PFE to get h(t)
M - \k 2) If X(Jw) is rational
. _obk(Jw .
Y (jw) = Fﬁ%‘“ J )k} £5w) eg. a(t)=Y ac ult)
D k=0 Wk (Jw) then Y (jw) is also rational

N

H(jw)
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Total energy
in the time-domain

Parseval’s Relation

Tota,l energy
in the frequency-domain

X (jw)|*dw

7

Multiplication Property

FT1s highly symmetric,

z(t) '=

We already know that:

Then itisn’ta
surprise that:

. 1 o .
—/ X(jw)e’ dw, X (jw) £/
T — 00

— 00

z(t) x y(t) —— X(jw) - Y (jw)

1 . :
x(t) - y(t) «— %X(Jw) *Y (jw)

1 > ,

—9))db

— A consequence of Duality

O

1 :
9 X (Jw) ’2
s
- Spectral density

z(t)e I« dt

Convolution 1n w




/ Examples of the Multiplication Property \

r(t)=s(t) p(t) —— R(w) = o-[S(w) * P(w)

For p(t) = coswpt +«— P(jw)=m0(w — wp) + 70 (w + wp)

J
For any s(7) ...

R(jw) = 58((w — w0) + 55w +w0))

- /




Example (continued)

r(t) = s(t) - cos(wopt)
Amplitude modulation
(AM)

S(jw)
‘(01/ \(01 ®
T P(jw) T
-0 ®o ®

RGw) = 5[50 w))

+5(j(w + wo))]

AN

R(j) =5-[S(j) * P[]

A2

-mo

(-0 - 1)

®
(0 + @)

 w

(g + @) (0 - @)

Drawn assuming:

wo —wi >0

.. Wo > Wwq
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