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Systems Described with Linear Constant-Coefficient Differential Equations
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The unit impulse as an idealized pulse that is “short enough”: The operational definition of o(t)
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Applications of Convolution
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The impulse as an idealized “short ’pulse

R +
dy(t) 1 1

1 — = — x(¢

x(t) () c__ ¥y a T rRe¥D = geV

Consider response from initial rest to pulses of different shapes and
durations, but with unit area. As the duration decreases, the responses
become similar for different pulse shapes.




/ The Operational Definition of the Unit Impulse (1) \

0(t)— 1dealization of a unit-area pulse that 1s so short that, for
any physical systems of interest to us, the system responds
only to the area of the pulse and 1s msensitive to its duration

Operationally: The unit impulse 1s the signal which when
applied to any LTI system results in an output equal to the
impulse response of the system. That 1is,

O(t) x h(t) = h(t) for all A(t)

\\ o(¢) 1s defined by what 1t does under convolution. /
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The Unit Doublet — Differentiator \

x(t) > % -y (t) = dz(t)

Impulse response = unit doublet

The operational definition of the unit doublet:

- dx(t)

o(t) x i (t) = — /




/ Triplets and beyond! \

n > 0
Up (t) = ur (t) * - - - % uq(t)
Nttt —
/ n times
n 1S number of
differentiations
Operational definitions
d™x(t
2(8) 5w (8) = TEE S o)

N -




/ Integrators

(1) - )= [

Impulse response: u_1(t) = u(t)
t

“-1 derivatives” = integral = I.R. = unit step

Operational definition: x(t) x u_1(t) = ffoo x(7)dT

Cascade of n integrators:

\ u_n(t) — u_l(t) k oooee K u_l(t)

(n>y




/ Integrators (continued)

U_1 (t)

More generally, for n > 0

> f > U—Q(t)

u_o(t) = /_:O u_i(r)dr = /_; u(r)dr

t-u(t) the unit ramp




Define

Then

Notation

Un (t) * U () = Untm (T)

n and m can be +.

Uuq (t) X ’U,_l(t) — UQ (t)




/ Sometimes Useful Tricks \

x(t)« h(t) = x(t) xd(t) = h(t)
= x(t) xuy(t) *u_1(t) * h(t)

= Uz(@) xur(t)] * h(t)} *u—1(t)

Differentiate first, then convolve, then integrate
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” (t)

dx(t)
dt

LB )

\\ d“;(:) = §(t+1) —26(t — 1) + 6(t — 2) /
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dx(t)
dt

Example (continued)

xh(t) =h(t+1) —2h(t — 1)+ h(t — 2)
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APPLICATIONS OF CONVOLUTION
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Hubble Space Telescope (1990-)

http://hubblesite.org
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Telescope images are blurred by the telescope lenses AND by at-

mospheric turbulence.
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X —| ho(z,y) ——| hglz,y) —> Y
atmospheric blur due to
blurring mirror size
X —» ht(:U?y) = (ha * hd)(%y) > Y

ground-based

telescope
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Telescope blur can be respresented by the convolution of blur due

to atmospheric turbulence and blur due to mirror size.

1 2 =2 —1 0 1 2
[arc-seconds]
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The main optical components of the Hubble Space Telescope are
two mirrors.

HUBBLE S

OPTICS =

http://hubblesite.org
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The diameter of the primary mirror is 2.4 meters.
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Hubble's first pictures of distant stars (May 20, 1990) were more
blurred than expected.

expected early Hubble
point-spread image of
function distant star

http://hubblesite.org
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The parabolic mirror was ground 4 ym too flat!

http://hubblesite.org
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Corrective Optics Space Telescope Axial Replacement (COSTAR):
eyeglasses for Hubble!

HUBBLE S

OPTICS '

Hubble

COSTAR
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Hubble images before and after COSTAR.

before

http://hubblesite.org

after
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Hubble images before and after COSTAR.

before

http://hubblesite.org

after
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Images from ground-based telescope and Hubble.

Ground

http://hubblesite.org
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ALAN V. OPPENHEIM
ALAN S. WILLSKY

WITH 5. HAMID HAW.A R

A.V. Oppenheim, A.S. Willsky, S.H. Nawab,
Signals and Systems,
Second Edition, Prentice Hall, 1997.

Chapter 2
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