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Representation of CT Signals in terms of shifted unit impulses
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Convolution integral representation of CT LTI systems
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Properties and Examples
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Representation of CT Signals

« Approximate any iput x(¢) as a sum of shifted, scaled

0A t

(t) =x(kA) , kKA <t < (k+1)A

™~

J




A t
x(kA) 4
= z(kA)Sa(t — EA)A
kA t
(k+1)A ()
B(t)= Y a(kA)Sa(t —kA)A
k=—o0

| limit as A — 0

2(t) = / T 2ot — 1V

— OO

The Sifting Property of the Unit Impulse

oa(t) \
OA (%) has unit area
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The same sort of reasoning applies to CT signals.

x(t)

]

‘h..

x(t) = lim x(EA)p(t — kA)A
A—0 .
where
p(t)
L
A
—||[e— A

As A — 0, kA — 7, A —dr, and p(t) — 6(¢):

x(t) — /_O:O x(7)6(t — 7)dt






Response of a CT LTI System

CT LTI -y ()

Y

z(t)

A (t) —  ha (t)

i(t)= Y a(kA)oalt—kA)A — Gt)= Y a(kA)ha(t —kA)A
k=—o00 k=—o0
U
Impulse response: d(t) —> h(t)

Taking limits A — 0

oo

x(t) = [OO z(1T)o(t — 7)dr —> y(t) = / x(T)h(t — 7)dT

-_— OO
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—

Convolution Integral
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If a system is linear and time-invariant (LTI) then its output is the
integral of weighted and shifted unit-impulse responses.

o(t) —»

system

system

system

system
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/ y(t)

x(t)

Operation of CT Convolution

= x(t) x h(t) = / x(T)h(t — 7)dT
h(r) =2 h(—7) 29 bt — 7)
Multiply .I(T)h(t . 7_) Integrate /OO CE(T)h(t o T)dT
Example: CT convolution N

k(1)

™~




Operation of CT Convolution

y(t) = 2(t) * ht) = / 2(F)h(t — 7)dr
h(r) =2 h(—7) 29 bt — 7) -

Y a(r)h(t — T) / (1)h(t — 7)dr

Example: CT convolution
x(1) h(t)
| A0
1 3 t -2 -1 t
x(T)
h(t-1)
1 -

+2




Time Interval

r< 1-

1- <t< 0

0 <t< 1

1 << 2

t> 2

x(t) - h(t-7)

0

t+1 N

] t+2

Output

y(t) =0

y(t) =

y(t) =
y(t) = 5
y(t) =0

—s(t+2-3)(t—-1)
- -3y
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@ 1) Draw h(-t)

zxx(_t) ,-"xh{t]
2
] |
LY LY
-3 -2 -] ] 2°¢ 1 2 3 !
-+
\y(t)"—“J.x(t) h(t-t) dt
- aD
LY
-6 -5 -4 -3 -2 -] 1 2 3 4 § %




#T #T~
x(t) h(t)
]
LY
K T T | 3K 1 2 3
AT
2 I\
6 =5 4 3 Q -] 1 2 3 ‘r
t
t<-2: y(t)= 0 (no overlap) ©e
T~
2<t<1: y(t)= (t+2)*/3 y(tFJlx("c) h(t-t) dt
[<t<2: y(t)= 3 R
2<t<5: y(t)= -(t-2)*/3 +3 31 ey
t>5: y(t)= 0 (no overlap) _f,.,-f/— Ty g
£ 5 4 3 2 -l I 2 2 4 % ©

t
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x(1)=e “u(t) a>0

h(t) = u(t)

—art

O<7<t

0 otherwise

X(2)h(t—7) = {e

t

t
y(t) = L e ‘dr=—Le "

= H{i-¢)"
(1) = %(1 —e )u(t)

0
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x(t) = e”'u(—t)
h(t) = u(t—3)

t—3
(1) = j e*dr = %ez(t_3), t<3

U 2
y(t):J. e Tdr:%, t>3



/ PROPERTIES AND EXAMPLES \

1) Commutativity: ®(t) % h(t) = h{t) * z(t)
2) x(t) «d(t —tg) = x(t —tg) Sifting property: x(t) * 6(t) = z(t)

3) An integrator: y(t) = /t 2(1)dr
> So if input x(t) = §(¢)
v output y(t) = h(t)
h(t) = /_ 5(r)dr = u(t)
That is

y(t) = 2(t) = ht) = | 2(t) * ult) = /_ o(7)dr

4) Step response: ;
S(t) = u(t) * h(t) = h(t) * u(t) = /_ h(r)dr
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DISTRIBUTIVITY

x(1)

x(1)

h,(@®) + h,(®)

— | h,®

T h,(?)

Y& = x(0) x[h (1) + h,(D)]

™~

Y(@) = x(0) h,(7) + x(2) #h (1)

/
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x(2)

ASSOCIATIVITY \

x(?)

() | k() ¥(0) = [x(0)% b, (0] +h (0
||

B (8) s () ¥(1) = x(0) %[ (0) %k (0)]
|| Commutativity

ha (1) %, (7) y() = x(6) *[h o(0) #h (1]
|

ha (0 (0

y(#) = [x(2) *h A(1)] = ’y
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Causality: CT LTT system is causal < h(t) = 0,t < 0

Stability: CT LTI system is stable < f h(T)|dT < o0

- /
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hln]=o[n—n,]
h(t)=5(t—t,)

hln]=uln—n,]
h(t)=u(t—t,)

JGe

o0

Z‘h[k]‘ - i‘5[k—no]‘ =1l<w

k=—o0 —

fw‘h(r)‘df:fwb(f—fo)‘df=1<oo \/

fw h(z)|dr = f@ u(z —t,)|dz = J:‘u(z')‘dz- = o0

X
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h(t) = Ko(t)
U
y(7) = Kx(1)
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h(t)* h (1) = 8(t)
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Z h k] h[n]zs[n]—s[n—l]
P ds(r)

[ h(zyar  n(r)= - = 5'(1)
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ALAN V. OPPENHEIM
ALAN S. WILLSKY

WITH 5. HAMID HAW.A R

A.V. Oppenheim, A.S. Willsky, S.H. Nawab,
Signals and Systems,
Second Edition, Prentice Hall, 1997.

Chapter 2
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