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ESTIMATION OF UNKNOWN PROBABILITY DENSITY FUNCTIONS
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o Maximum Likelihood (ML)
o Maximum a Posteriori Probability (MAP)
o Maximum Entropy (ME)
o Bayesian Inference
o Mixture Models

1½ j²`č
o Parzen Windows
o k Nearest Neighbor
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� Nonparametric Estimation
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PARZEN WINDOWS
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PARZEN WINDOWS
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� Parzen Windows

� Divide the multidimensional space in hypercubes
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� Define

• That is, it is 1 inside a unit side hypercube centered at 0

�The problem:

�Parzen windows: (kernels, potential functions)
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�Mean value

•

•

•

•

Hence  unbiased in the limit
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�Variance

• The smaller the h the higher the variance

h = 0.1, N = 1000 h = 0.8, N = 1000
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h = 0.1, N = 10000

�The higher the N the better the accuracy
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ESTIMATION OF UNKNOWN PDFS   � Nonparametric Methods �� Parzen Windows



� If

•

•

•

asymptotically unbiased
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�The classification method:

• Remember:

•
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� CURSE OF DIMENSIONALITY

� In all the methods, so far, we saw that the highest the 
number of points, N, the better the resulting estimate.

� If in the one-dimensional space an interval, filled with N
points, is adequately (for good estimation), in the two-
dimensional space the corresponding square will require N2

and in the ℓ-dimensional space the ℓ-dimensional cube will 
require Nℓ points.

�The exponential increase in the number of necessary points 
in known as the curse of dimensionality. This is a major 
problem one is confronted with in high dimensional spaces.
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PARZEN WINDOWS: THE CURSE OF DIMENSIONALITY
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k NEAREST NEIGHBOR DENSITY ESTIMATION (k NN)
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k NEAREST NEIGHBOR DENSITY ESTIMATION (k NN)

¾aF﹞0`1C1± \a﹋ ¾²` č·Ã1h¬½ ¯ÃaG ﹉Ã\c± ]°S ¯Â¬ZG j²`

¿¨¬︻ ¶1﹎]Ã\ b0č
 ¿﹎eÃ² `0\a? ﹉Ã 1? \`³[a? `\xċ

¾ ·¨q1﹁ ®2 0` 1G ¾ ·¬½  «Â°﹋ ¿﹞ ·>i1V﹞ ︿¨FZ﹞ ¾1½ ·﹆>y ¿mb³﹞2 ¿﹎eÃ² ¾1½`0\a?(d)

¶a﹋a?0
Hypersphere

¿i]Â¨﹇0 ¾ ·¨q1﹁
«NW č¶a﹋a?0

®³﹎ ¿tÂ?a?0
Hyperellipsoid

gÂ?³±³©1½1﹞ ¾ ·¨q1﹁
«NW č®³﹎ ¿tÂ?a?0

)2/1(

2/

l

r
V

ll




)2/1(

2/

0

2/

0

l
V

rVV

l

ll








بازشناسی الگو
P
re
p
a
re
d
 b
y
 K
a
z
im

 F
o
u
la
d
i  
 |
  
 S
p
ri
n
g
 2
0
1
7
  
| 
  
2
n
d
E
d
it
io
n

202

FW0 ¿©1﹍S ︹?0³G ¯Â¬ZG¬1ل ﹝N¼³ل

k NEAREST NEIGHBOR DENSITY ESTIMATION (k NN)
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k NEAREST NEIGHBOR DENSITY ESTIMATION (k NN)
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� K Nearest Neighbor Density Estimation

� In Parzen:

• The volume is constant

• The number of points in the volume is varying

�Now:

• Keep the number of points
constant

• Leave the volume to be varying

•

kkN 

)(
)(ˆ

xNV

k
xp 
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۲    ę ¯Ã0 ®1Â﹞ b0k  ¾1½`0\a? \0]︺G ċ·±³¬±
i
k  ¾ ·﹆>y ·? ﹅¨︺F﹞ ·﹋  «Â°﹋ ¿﹞ oZl﹞ 0` Ei0Ěę

۳  ęx  1½ ·±³¬± «¬Ãc﹋1﹞ ·﹋ «Â½\ ¿﹞ E>h± ¾0 ·﹆>y ·? 0`Ě
i
k ę\`0\ 0`č

i
ii

kix maxarg:  

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FW0 ¿©1﹍S ︹?0³G ¯Â¬ZG¬1ل ﹝N¼³ل

k NEAREST NEIGHBOR DENSITY ESTIMATION (k NN)

·Ã1h¬½ ¯ÃaG ﹉Ã\c± ¾ ¶]︻1﹇ č1لJ﹞

 «Â°﹋ oZl﹞ «Â½0³[ ¿﹞ ĕ ·?
\`0\ ﹅¨︺G ·﹆>y ª0]﹋č

 ¾0a?k = 11  «ÃaÂ﹎ ¿﹞ گ`c? `]﹇ ®2 0` ¶aÃ0\
 ﹏﹇0]W 1G11 \aÂ﹍? `0a﹇ ®2 `\ ·±³¬±Ċ

¿?2 ¶aÃ0\ \0]︺G č۷
¾aFh﹋1[ ¶aÃ0\ \0]︺G č%

 gC ĕEi0 ﹅¨︺F﹞ ¿?2 ¾ ·﹆>y ·?Ċ
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·Ã1h¬½ ¯ÃaG ﹉Ã\c± ¾ ¶]︻1﹇

k NEAREST NEIGHBOR RULE

E©1W ¯ÃaG ¶\1i

 ·Ã1h¬½ ¯ÃaG ﹉Ã\c± ¾ ¶]︻1﹇ĚNN rule čę E©1W ¯ÃaG ¶\1i `\(k = 1)
x \³m ¿﹞ ¶\0\ E>h± \³[ ¾ ·Ã1h¬½ ¯ÃaG ﹉Ã\c± ¾ ·﹆>y ·?Ċ

ċ]m1? گ`c? ¿﹁1﹋ ¾ ¶b0]±0 ·? ¿mb³﹞2 ¾1½ ·±³¬± \0]︺G a﹎0
\³? ]½0³[ ﹐1? ċ¶\1i j²` ¯Ã0 ¿Ã2`1﹋Ċ



� The Nearest Neighbor Rule

� Choose k out of the N training vectors, 
identify the k nearest ones to x

� Out of these k identify ki that belong to class ωi

�

� The simplest version

k = 1 !!!

� For large N this is not bad.  It can be shown that: 
if PB is the optimal Bayesian error probability, then:

jikk:x jii      Assign 

 2)
1

2( BBBNNB PP
M

M
PPP 



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CLASSIFIERS BASED ON BAYES DECISION THEORY   � The Nearest Neighbor Rule



�

�

� For small PB :

k

P
PPP NN
BkNNB

2

BkNN PPk    ,

2
3 )(3

2

BBNN

BNN

PPP

PP




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CLASSIFIERS BASED ON BAYES DECISION THEORY   � The Nearest Neighbor Rule



� Voronoi tesselation

jixxdxxdxR jii   ),,(),(:
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CLASSIFIERS BASED ON BAYES DECISION THEORY   � The Nearest Neighbor Rule



³﹍©0 ¿i1°mb1?

cÂ? «Â¬pG ¾ ·Ãa|± a? ¿°F>﹞ ¾]°? ·﹆>y č
 ¾aF﹞0`1C1± ¯Â¬ZG ¾1½ j²`

FW0 ¿©1﹍S ︹?1G¬1ل ﹝N¼³ل
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¶\1i cÂ? ¾ ¶]°°﹋ ¾]°? ·﹆>y

NAÏVE-BAYES CLASSIFIER

 a﹎0 ¯Â¬ZG ² ½[ف

 ·? ċ1ل¬FW0 ¿©1﹍S ︹?1G ¯Ã0 <³[ ¯Â¬ZG ﹉Ã ¾0a? ċ]m1? «Ã`0\ b1Â± ·x﹆±Ċ

 a﹎0 1﹞0 «Ã`0\ ¶1﹎ ®2 ċ]°m1? ﹏﹆Fh﹞ ²\ ·?²\č

 a½ ¾0a? D`³q ¯Ã0 `\  ·? «Ã`0\ b1Â± ·x﹆±
 \³m ¿﹞ ~³¬N﹞ `\ gC ·x﹆±Ċ

 j²` `\ ¾]°? ·﹆>yNaïve-Bayes ]°﹋ ¿﹞ ﹏¬︻ <³[ «½ ċ\³m ¿﹞ s﹆± ل﹑﹆Fi0 vam ·﹋ ¿±1﹞b ¿FWĊ



� NAIVE-BAYES CLASSIFIER

� Let                and the goal is to estimate 

i = 1, 2, …, M. 
For a “good” estimate of the pdf one would need, say, Nℓ points. 

� Assume x1, x2 ,…, xℓ mutually independent. Then:

� In this case, one would require, roughly, N points for each pdf. 
Thus, a number of points of the order N·ℓ would suffice.

� It turns out that the Naïve – Bayes classifier works reasonably 
well even in cases that violate the independence assumption.

�x  
i

xp |

   



�

1

||
j

iji xpxp
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ESTIMATION OF UNKNOWN PDFS   � Nonparametric Methods �� Naive-Bayes Classifier
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Pattern Recognition, 

Fourth Edition, Academic Press, 2009.

Chapter 2
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Pattern Classification, 
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Chapter 4


