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“* Nonparametric Estimation

FLES] plx)
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h N’ > 2 i
» If p(x)continuous, p(x)— p(x)
asN = oo, 1f hy, =0, ky —> oo, k—N%O

N 186






VAA oS0 i)l
AL LS ST

ook slas sty g, 1 s3elLLL W S5 55

PARZEN WINDOWS

L sdige s Pl ana g hplis Jsba b placaSe pl 4 gan—] slas

oS oo S 58 B el K pe LIy Aplis Job 4 ool & O
(kN)‘A:IJLAALGA‘JUASAJJ‘uf‘JJJJAJAGMJAJ-‘OG:\J‘JJ:\ (@)

Prepared by Kazim Fouladi | Spring 2017 | 2" Edition

P



VA4 oS0 i)l

J e Jlaial (1S3 g aads

ook slas sty g, 1 s3elLLL W S5 55

PARZEN WINDOWS
P e B al ) S gee 0 Ol lae sl
x,+0.5h -——

) 0.5 ] B

' Xy=0.5b ———
Qb(X) o 1 ) ‘mlj‘ S 2 —05 05 _ Lo
1) T O h : X [
, otherwise Lo
| | |
—0.5 | | |

N . . A _ 1kn . -
9 i gn s 3350 ) @5 W P(X) = AN Jeod 4 o

) 1 1 < X; — X
o= (5350 (252)
i=1

1S
P () ool 14k 2l o 3 T s G 5 D(X) i s 1218 5 el
'J).:’Aéw):‘:ud)&“bf‘b‘kl‘a"édJJb:’ <~
B() oose PAL L2580 paans 5 P () 510 Llsea 1 S (3Kl el

Prepared by Kazim Fouladi | Spring 2017 | 2" Edition

P



ESTIMATION OF UNKNOWN PDFS P Nonparametric Methods PP Parzen Windows

s Parzen Windows

» Divide the multidimensional space in hypercubes

190



ESTIMATION OF UNKNOWN PDFS P Nonparametric Methods PP Parzen Windows

> Define 1

O(x,) = =

1
X, )
0 otherwise

» That is, it is 1 inside a unit side hypercube centered at 0

XX

. 1 1&
p(£)=ﬁ(ﬁg,q)( )

1 1 . :
X—X number of points inside an 4 - side hypercube centered at x
volume N

» The problem: p(x) continuous

¢@(.) discontinuous

» Parzen windows: (kernels, potential functions)

¢(x)issmooth, @(x)20. [e(x)dx

=1
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» Mean value

~ 1 1 ul Ei _£ _ 1 E'_E ] ]
E[p(x)] = E(N;E[cp( =)= j O S)p(a')dx
h— 0, 21 > 00
. x'—x
* h— 0 the width of (p(—h—)ﬁo

1 x-

. [ e Sdx=1
PN LIPVE SR Y

® h,l(p h i

. E[p(0)] = [3(x'—x)p(x')dx'= p(x)

Hence | unbiased in the limit 192
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» Variance
» The smaller the £ the higher the variance

h=0.1, N=1000 h=0.8, N=1000

p(x) p()
0.12 . 0.12
vl ! lI .
’IIIII { .’I{I l\‘,‘
| | | .J'l' / /i
0.06 | it 1l 0.06 '
il
VY
O L . O _ ~ — |
10 20 4 10 20
(a) (b)

193



ESTIMATION OF UNKNOWN PDFS P Nonparametric Methods PP Parzen Windows

p()

0.12 |

0.06 ¢

h=0.1, N=10000

10

(b)

»The higher the NV the better the accuracy

20 4

194



ESTIMATION OF UNKNOWN PDFS P Nonparametric Methods PP Parzen Windows
> If
e h—0
° N —> o0

* hy —> oo

asymptotically unbiased
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» The classification method:

* Remember: [,

_p(o) o

P(wz) }\'21 _}"22

- p(l‘mz) < P(o,) Ay —Ay,

X, — X

. Nlh,lZ:l(p( )
1 - X, — X
Nzh,;cp( )
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s CURSE OF DIMENSIONALITY

» In all the methods, so far, we saw that the highest the
number of points, N, the better the resulting estimate.

» If in the one-dimensional space an interval, filled with N
points, is adequately (for good estimation), in the two-
dimensional space the corresponding square will require N-
and in the /~-dimensional space the /~-dimensional cube will
require N’ points.

» The exponential increase in the number of necessary points
in known as the curse of dimensionality. This is a major
problem one is confronted with in high dimensional spaces.

197



Prepared by Kazim Fouladi | Spring 2017 | 2" Edition

<
’M’;ﬁb/

ARYAS

J e Jlaial (1S3 g aads

Sy JSdie 1 055k slassady (B ss s LLB S s

PARZEN WINDOWS: THE CURSE OF DIMENSIONALITY

02 04 06 038
@

Al s 98 Sl aad al S dati O

=S slas S s pdly

X

eS| T 1 )
* . * ** :
0.8 . . 4
0.6 * -
041" . ’ .
0.2F el .

I 0oL 1 ‘) [ 1
1. 0 02 04 06 0S8 1

)

A HeuiS 4 (suas g (sLdd o b

A5 a0 Ol et aul g3 4B 0 ¢

a3 sbdd S s a3l

X1






J e Jlaial (1S3 g aads

olied (p S5S055 Wia (edS Gl 0% LLL W S0
k NEAREST NEIGHBOR DENSITY ESTIMATION (k NN)

(Bl s o o2 58 casls T 5o & ol s v ¢ (935l G2ad3 o
(Fy) 959 smite s 54l & 4b S 5l aabiad s 4 ana ol (00 dls bl slass

ca5eS 53 50 15 A B oS anas o 5uiS (5140 sS4 1, T gl ) gol sy ana g0l

_k
NV (x)

(k = 0o,N = 0,k/N = 0 335) 5 sal 53 P(X) s (las oIl Soneds S P(X)

p(x) =

L EWvE)
S

Prepared by Kazim Fouladi | Spring 2017 | 2" Edition

P



AR -5 iy Ly
Joeas Jlain) (S al 3 (paads
olied (p S5S055 Wia (edS Gl 0% LLL W S0
k NEAREST NEIGHBOR DENSITY ESTIMATION (kK NN)

PPN CVRIRY:
X (S5 ol S Lassa o
(d) axiS go douulas Calids gladinls (2507 S35 slasla saa B, (T salials

V=V, 088 ey 55 !
0 Hyperellipsoid 72! Hypersphere
1/2 -
= T el s T(L41/2) sl gaals
F(1+l/2) ngu—‘A:‘"J:“f‘%A AJSJJ’:AA

Prepared by Kazim Fouladi | Spring 2017 | 2" Edition

P



Prepared by Kazim Fouladi | Spring 2017 | 2" Edition

Y.¥ oS0 i)l
Jsee Jlaial (IS w55 (2
JUe aglasan G B30 50 wia G2edS Gl s RelLLL 0 S50

k NEAREST NEIGHBOR DENSITY ESTIMATION (k NN)

X2
1.3
S el e | sk (ST sladib
0.9 PP i e Sy B assS o S350 5a30T 1, s la B = 5 (g1 ()
K N S 18 T u T G sed D JSlaa
1 A
I \ - e - P —
0.6 d\ , L’;‘;‘.);sg“‘s.).):‘.jﬂu“)i)fbk_5(5‘.):’(*
\ / ! Ko 518 T a0 sk gad D JBlaa
\\ //
\\ //
0.3 ===
0 >
0 0.4 0.7 1 1.4 X,

&~
)”}; b/



Y-¥Y

J e Jlaial (1S3 g aads

(4Bab 5u) JUe dpluwad (p SSH055 dia (pedS Gl s 03 LG W S50

k NEAREST NEIGHBOR DENSITY ESTIMATION (k NN)

Prepared by Kazim Fouladi | Spring 2017 | 2" Edition

P

[ = —
i P(l‘mz) kN \V, < P(w) Ay, —Ay

PPN CVRIRY:
X (S5 ol S bassaos o
(d) axiS go druulas Calids gladisls (2507 S35 slasla saa B, (T salials

ik gu el s

(V1 pan L) 01 il 51 s K Jolds X 35S 50 5 0 Sl g Lt 1y

(adls o slite (alide sladiib (5l w31 5 00 K)

p(l‘wl) _kN,V, > P(w,) Ay, =Xy




ESTIMATION OF UNKNOWN PDFS P Nonparametric Methods PP K Nearest Neighbor Density Estimation
% K Nearest Neighbor Density Estimation

> In Parzen:
e The volume 1s constant

* The number of points in the volume is varying

> Now:

» Keep the number of points kN =k
constant

* Leave the volume to be varying

k

- p(x) :W
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CLASSIFIERS BASED ON BAYES DECISION THEORY P> The Nearest Neighbor Rule

¢ The Nearest Neighbor Rule

» Choose k out of the N training vectors,
identify the & nearest ones to x

» Out of these k identify k; that belong to class o,
> Assignx >, k;>k; Vi# j

» The simplest version
k=11

» For large N this is not bad. It can be shown that:
if Py 1s the optimal Bayesian error probability, then:

M
Py <Py SP(2= ——P)<2P,

NN —

211
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2P
> P,<P, <P, + |—W

NN — k

> |k —> oo, P, — P,

» For small Py:
P, =2P,
Py = Py +3(Py)°

212
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+* Voronoi tesselation
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s NAIVE-BAYES CLASSIFIER

> Let X€E R’ and the goal is to estimate p(g | (x)l.)
i=1,2,...M

For a “good” estimate of the pdf one would need, say, N points.

» Assume x,, x,,..., x, mutually independent. Then:

x|(0 Hp( )

» In this case, one would require, roughly, N points for each pdf.
Thus, a number of points of the order N -£ would suffice.

» It turns out that the Naive — Bayes classifier works reasonably
well even in cases that violate the independence assumption.

216
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Pattern Recognition B

Classifiers Based on
Bayes Decision Theory

2.1 INTRODUCTION

This is the first chapter, out of three, dealing with the design of the classifier in a
pattern recognition system. The approach to be followed builds upon probabilistic
arguments stemming from the statistical nature of the generated features. As has
already been pointed out in the introductory chapter, this is due to the statistical
variation of the patterns as well as to the noise in the measuring sensors. Adopting
this reasoning as our kickoff point, we will design classifiers that classify an unknown
pattern in the most probable of the classes. Thus, our task now becomes that of
defining what “most probable” means.

Given a classification task of M classes,w, w3, ..., ayy,and an unknown pattern,
which is represented by a feature vector x, we form the M conditional probabilities
Plwg|x),f=1,2,...,M. Sometimes, these are also referred to as a posteriori
probabilities. In words, each of them represents the probability that the unknown
pattern belongs to the respective class w;, given that the corresponding feature
vector takes the value x. Who could then argue that these conditional probabilities
are not sensible choices to quantify the term maost probable? Indeed, the classifiers
to be considered in this chapter compute either the maximum of these M values
s Theodoridis or, equivalently, the maximum of an appropriately defined function of them. ‘The
unknown pattern is then assigned to the class corresponding to this maximum.

The first task we are faced with is the computation of the conditional proba-
bilities. The Bayes rule will once more prove its usefulness! A major effort in this
chapter will be devoted to techniques for estimating probability density functions
(pdf), based on the available experimental evidence, that is, the feature vectors
corresponding to the patterns of the training set.

itroumbas

S. Theodoridis, K. Koutroumbas,
Pattern Recognition,
Fourth Edition, Academic Press, 2009.

2.2 BAYES DECISION THEORY

We will initially focus on the two-class case. Let wy, w> be the two classes in which
our patterns belong. In the sequel. we assume that the @ priori probabilities 13

Chapter 2

P
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Pattern NONPARAMETRIC TECHNIQUES
Classification

4.1 INTRODUCTION

In Chapter 3 we treated supervised learning under the assumption that the forms
of the undn‘lylru; density functions were known. Alas, in most patiem recognition
this assumption is suspect; the common parametric forms rarely fit the

densities actually encountered in practice. In particular, all of the classical paramet-
ric densities are unimodal (have a single local maximum), whereas many practical
problems involve multimodsl densities. Furthermore, our hopes are rarely fulfilled
that a high-dimensional density might be accurately represented as the product of
one-dimensional functions. In this chapter we shall examine nouparametric proce-
dures that can be used with arbitrary distributions and withour the assumption that
the forms of the underlying densitics are known.

There are several types of nonparametric methods of intcrest in pattern recogni-
tion. One consists of pmnedms for estimating the density fumms plxle;) from
sample paterns. If these estimates are sati , they can be for the true
densities when designing the classifier. Another consists of procedures for directly
estimating the a posteriori probabilitics (e [x). This is closely related to nonpara-
metric design procedures such as the nearest-neighbor rule, which bypass probability
estimation and go directly to decision functions.

4.2 DENSITY ESTIMATION

RO Duda, PE. Hart, and DG Stork, The basic ideas behind many of the methods of estimating an unknown probability
: : density fi alth demons thut the estimates
Pattern Classification, bk niconti e Bobomimei il i

that the probability Flhauvmorx will fall in a region R is given by

Second Edition, John Wiley & Sons, Inc., 2001.
P=fp(l')dl'. in

Chapter 4

.
’yjK
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