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¾cÂ?  «Â¬pG ¾ ·Ãa|±

BAYESIAN DECISION THEORY

·Ã1C ¾`1﹞2 \a﹋  ¾²` ﹉Ãč
1½ ·°Ãc½ ² D﹐1¬FW0 ¾1°>﹞ a? ¾aÂ﹎ «Â¬pG

¾cÂ?  «Â¬pG ¾ ·Ãa|±
Bayesian Decision Theory
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¾cÂ?  «Â¬pG ¾ ·Ãa|±

BAYESIAN DECISION THEORY

½[ف

·Ã1C ¾`1﹞2 \a﹋  ¾²` ﹉Ãč
1½ ·°Ãc½ ² D﹐1¬FW0 ¾1°>﹞ a? ¾aÂ﹎ «Â¬pG

¾cÂ?  «Â¬pG ¾ ·Ãa|±
Bayesian Decision Theory

¶]°°﹋ ¾]°? ·﹆>y ﹉Ã ¿W0ay
N﹞ ¾³﹍©0 ﹉Ã ·﹋·﹆>y ¯ÃaG ﹏¬FV﹞]Ã1¬± ¾]°? ·﹆>y ċĊ¼³ل `0 \` 

½[ف
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¾cÂ? «Â¬pG ¾ ·Ãa|±

A PRIORI PROBABILITY (PRIOR)

¯ÂlÂC 1ل¬FW0

¯ÂlÂC 1ل¬FW0
A Priori Probability

1½ E©1W b0 ﹉Ã a½ ¾ ¶]½1l﹞ 1ل¬FW0
Ě]±³m ¶]½1l﹞ Ø1︺﹇0² ·﹊°Ã0 b0 kÂCę

\³m ¿﹞ ¯ÂÂ︺G 1½ E©1W b0 1﹞ ¯ÂlÂC ¿Ã1±0\ f1i0 a?Ċ

 ĕEi0 ﹉Ã 1? a?0a? 1½ E©1W ¾ ·¬½ ¯ÂlÂC D﹐1¬FW0 ~³¬N﹞Ċ

 ĕ ]°Fh½ a?0a? «½ 1? ︿¨FZ﹞ ¾1½ E©1W ¯ÂlÂC D﹐1¬FW0 ċ1½\a?`1﹋ b0 ¾`1Âh? `\ĚE[0³°﹊Ã ︹Ãb³Gę
1

( ) 1
c

i
i

P w
=

=

\b ¯Â¬ZG ¿mb³﹞2 ¾1½³﹍©0 `\ 1½ E©1W ¿>h± ¿±0²0a﹁ 1? ®0³G ¿﹞ 0` ¯ÂlÂC D﹐1¬FW0 č
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¾cÂ? «Â¬pG ¾ ·Ãa|±

MAKING A DECISION

¯ÂlÂC D﹐1¬FW0 f1i0 a? ¾aÂ﹎ «Â¬pG

]m1? ¯ÂlÂC D﹐1¬FW0 w﹆﹁ ċ·¨Æh﹞ \`³﹞ `\ \³O³﹞ ¿Ã1±0\ 1¼°G ·﹊°Ã0 ra﹁ 1?č
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¾cÂ? «Â¬pG ¾ ·Ãa|±

MAKING A DECISION

¯ÂlÂC D﹐1¬FW0 f1i0 a? ¾aÂ﹎ «Â¬pG čD﹑﹊l﹞

]m1? ¯ÂlÂC D﹐1¬FW0 w﹆﹁ ċ·¨Æh﹞ \`³﹞ `\ \³O³﹞ ¿Ã1±0\ 1¼°G ·﹊°Ã0 ra﹁ 1?č

� \³m ¿﹞ <1ZF±0 ·﹆>y ﹉Ã ·lÂ¬½Ě0 E?1K ² ª³¨︺﹞ ·lÂ¬½ «Â¬pG ¾ ·﹆>yEię
�EhÂ± ¯﹊¬﹞ ¾aÂ﹎ «Â¬pG ċ]m1? E[0³°﹊Ã ︹Ãb³G a﹎0ĉ

﹏﹊l﹞ ﹏W čaFlÂ? D1︻﹑y0 b0 ¶\1﹀Fi0
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¾cÂ? «Â¬pG ¾ ·Ãa|±

BAYESIAN DECISION THEORY

1J﹞ č¿½1﹞ ~³± ²\ ¾]°? ·﹆>yل

¿½1﹞ ~³± ²\ ¾]°? ·﹆>y
 Ěw E︺Â>y E©1W č ¿﹁\1pG aÂ︽F﹞ ﹉Ãę

)
1

w(P  ¯ÂlÂC 1ل¬FW0 ¾]︺? ¿½1﹞ ·﹊°Ã0Ğ `0\`1[ ¿½1﹞sea bassĝ]m1?Ċ
)
2

w(P  ¯ÂlÂC 1ل¬FW0 ¾]︺? ¿½1﹞ ·﹊°Ã0Ğ ﹐2 لc..﹇ ¿½1﹞salmonĝ]m1?Ċ
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¾cÂ? «Â¬pG ¾ ·Ãa|±

A POSTERIORI PROBABILITY (POSTERIOR)

¯ÂhC 1ل¬FW0

¯ÂhC 1ل¬FW0
A Posteriori Probability

1½ E©1W b0 ﹉Ã a½ ¾ ¶]½1l﹞ 1ل¬FW0
Ě¿﹎eÃ² `0\a? ¾ ¶]½1l﹞ b0 gCę

 E©1W 1? a}1°F﹞ ¾ ·﹆>y ·? ﹅¨︺F﹞ ³ل¼N﹞ ¾³﹍©0 ·﹊°Ã0 1ل¬FW0
i

w ċ]m1?
 `0]﹆﹞ ċ¿﹎eÃ² `0\a? ·﹋ ¿G`³q `\x \aÂ﹍? \³[ ·? 0`Ċ

( | )iP w



بازشناسی الگو
P

re
p

a
re

d
 b

y
 K

a
z

im
 F

o
u

la
d

i  
 |

  
 S

p
ri

n
g

 2
0

1
7

  
| 

  
2
n
d

E
d

it
io

n

18

¾cÂ? «Â¬pG ¾ ·Ãa|±

LIKELIHOOD

¿Ã1¬± Ei`\

¿Ã1¬± Ei`\
Likelihood

 ¾ ¶]½1l﹞ 1ل¬FW0x ·﹆>y ﹉Ã `\

 `0]﹆﹞ 1? ¿﹎eÃ² `0\a? ¾ ¶]½1l﹞x  ·﹆>y ﹉Ã `\
i

w ĈEi0 ﹏¬FV﹞ `]﹇ ·S
Ě1½ ·﹆>y b0 ﹉Ã a½ `\ ¿﹎eÃ² ¾1½`0\a? ︹Ãb³G ︿Âq³Gę

( | )ip w

·﹆>y ¿yam 1ل¬FW0 ¿©1﹍S
Class-Conditional Probability Density

FW0 ªaO ︹?1G ċ·Fhh﹎ ¿﹎eÃ² `0\a? E©1W `\ Em0\ «Â½0³[ 0`Ċ¬1ل 
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¾cÂ? «Â¬pG ¾ ·Ãa|±

EVIDENCE

¶]½1l﹞ 1ل¬FW0

¶]½1l﹞ 1ل¬FW0
Evidence

 ¾ ¶]½1l﹞ 1ل¬FW0x

a± ¾0a?Ě﹉Ã ~³¬N﹞ ę\³m ¿﹞ ¶\1﹀Fi0Ċ﹝1ل FW0 ¾b1i¬1ل 

( )p

FW0 ªaO ︹?1G ċ·Fhh﹎ ¿﹎eÃ² `0\a? E©1W `\ Em0\ «Â½0³[ 0`Ċ¬1ل 
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cÂ? ¾ ¶]︻1﹇

BAYES RULE

³﹍©0 ¾`1﹞2 ¿i1°mb1? ¿¨q0 ¾1°>﹞

likelihood prior
posterior

evidence

×
=

( ) ( )
( | )

( )

model model
model

P data | P
P data
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¾cÂ? «Â¬pG ¾ ·Ãa|±

MAKING A DECISION

¯ÂhC D﹐1¬FW0 f1i0 a? ¾aÂ﹎ «Â¬pG

¿﹎eÃ² ¾ ¶]½1l﹞ b0 gC ¾aÂ﹎ «Â¬pGč

1

2

1 2( | ) ( | )

w

w

P w P wx x

1 1 2

2 1 2

( | ) ( | )

( | ) ( | )
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¾cÂ? «Â¬pG ¾ ·Ãa|±

MAKING A DECISION

¯ÂhC D﹐1¬FW0 f1i0 a? ¾aÂ﹎ «Â¬pG

¿﹎eÃ² ¾ ¶]½1l﹞ b0 gC ¾aÂ﹎ «Â¬pGč

1

2

1 2( | ) ( | )

w

w

P w P wx x

cÂ? ¾ ¶]︻1﹇ b0 ¶\1﹀Fi0 1?č
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¾cÂ? «Â¬pG ¾ ·Ãa|±

MAKING A DECISION

¯ÂhC D﹐1¬FW0 f1i0 a? ¾aÂ﹎ «Â¬pG čn1[ D﹐1W

¿﹎eÃ² ¾ ¶]½1l﹞ b0 gC ¾aÂ﹎ «Â¬pGč

1

2

1 2( | ) ( | )

w

w

P w P wx x

 ċ]±\³? ¾²1h﹞ 1½ ¿Ã1¬± Ei`\ a﹎0
i0 ¯ÂlÂC D﹐1¬FW0 «Â¬pG ¾1°>﹞Eč

ċ]±\³? ¾²1h﹞ ¯ÂlÂC D﹐1¬FW0 a﹎0 
Ei0 ¯ÂhC D﹐1¬FW0 «Â¬pG ¾1°>﹞č

1

2

1 2 1 2
( | ) ( | ) ( ) ( )

w

w

p w p w P w P w= ⇒x x

1

2

1 2 1 2
( ) ( ) ( | ) ( | )

w

w

P w P w P w P w= ⇒ x x
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¾cÂ? «Â¬pG ¾ ·Ãa|±

BAYESIAN DECISION THEORY

FW0 ¿©1﹍S ︹?0³G¬1ل 1J﹞ č¿½1﹞ ~³± ²\ ¾]°? ·﹆>y č1½ ·﹆>yل

From: Richard O. Duda, Peter E. Hart, and David G. Stork, 

Pattern Classification, John Wiley & Sons, Inc., 2001.

 1½ ·﹆>y 1ل¬FW0 ¿©1﹍S ︹?0³GĚ¿ua﹁čę
]﹆﹞ ﹉Ã ¾aÂ﹎ ¶b0]±0 1ل¬FW0 ¿©1﹍S `0

 ¿﹎eÃ² b0 n1[x  ·﹊°Ã0 ¯Fh±0\ 1?
 f﹑﹋ `\ ³﹍©0
i

ω Ei0Ċ

 a﹎0x  ¿﹊>i ®0cÂ﹞Ě®b² ę ¿½1﹞ ﹉Ã
1﹀G ]°±0³G ¿﹞ ¿°V°﹞ ²\ ¯Ã0 ċ]m1? D²

 0` ¿½1﹞ ·±³﹎ ²\ b0 EÂ︺¬O ²\ ®b²
]°°﹋ ︿Âq³GĊ

 ² ]°Fh½ ¶]m 1ل﹞a± ¿©1﹍S ︹?0³G
?0a? ¿°V°﹞ a½ aÃb EW1h﹞ ¯Ã0a?1°? a

 1?۱ Ei0Ċ
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¾cÂ? «Â¬pG ¾ ·Ãa|±

BAYESIAN DECISION THEORY

FW0 ︹?0³G¬1ل 1J﹞ č¿½1﹞ ~³± ²\ ¾]°? ·﹆>y č1½ ·﹆>y ¯ÂhCل

From: Richard O. Duda, Peter E. Hart, and David G. Stork, 

Pattern Classification, John Wiley & Sons, Inc., 2001.

 1½ ·﹆>y ¯ÂhC 1ل¬FW0 ︹?0³G¾0a?
¯ÂlÂC D﹐1¬FW0

aÃb ¾1½ ·﹆>y 1ل¬FW0 ¿©1﹍S ︹?0³G ²č

1J﹞ ¯Ã0 ¾0a?čل
 ¶]m ¾aÂ﹎ ¶b0]±0 ¿﹎eÃ² `0]﹆﹞ a﹎0

 ³﹍©0 ﹉Ã ¾0a? «Ã`0\ ċ]m1?

 `0]﹆﹞ a½ `\  ¯ÂhC D﹐1¬FW0 ~³¬N﹞
۱ Ei0Ċ
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¾cÂ? «Â¬pG ¾ ·Ãa|±

THE LIKELIHOOD RATIO

±1J﹞ č¿½1﹞ ~³± ²\ ¾]°? ·﹆>y č¿Ã1¬± Ei`\ E>hل

From: Richard O. Duda, Peter E. Hart, and David G. Stork, 

Pattern Classification, John Wiley & Sons, Inc., 2001.

 ¿Ã1¬± Ei`\ E>h± b0 ¶\1﹀Fi0
¾aÂ﹎ «Â¬pG ¾0a?
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¾cÂ? «Â¬pG ¾ ·Ãa|±

MAKING A DECISION

 ¯ÂhC D﹐1¬FW0 f1i0 a? ¾aÂ﹎ «Â¬pGĚ¾0 ·﹆>y ]°S E©1W `\ę

 ¾0a?c ·﹆>y č
c

w, …, 
2

w, 
1

wč

argmax ( | )i
i

w P w∗
= x

argmax ( ) ( | )i i
i

P w p w= x

1 1( ) ( | )P w p wx

2 2( ) ( | )P w p wx

( ) ( | )c cP w p wx

x argmax

�
� �

i w∗
=



بازشناسی الگو
P

re
p

a
re

d
 b

y
 K

a
z

im
 F

o
u

la
d

i  
 |

  
 S

p
ri

n
g

 2
0

1
7

  
| 

  
2
n
d

E
d

it
io

n

28

¾cÂ? «Â¬pG ¾ ·Ãa|±

PROBABILITY OF ERROR

¾aÂ﹎ «Â¬pG ¾1x[ 1ل¬FW0

ĈEhÂS «Â¬pG ¯Ã0 ¾1x[ 1ل¬FW0

b0 Ei0 D`1>︻ 1x[ wi³F﹞ 1ل¬FW0č

cÂ? «Â¬pG ¾ ¶]︻1﹇ 0` 1x[ ¯Ã0 ċ«¬Â± ¿﹞ 0aÃb ċ]°﹋ ¿﹞č
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¾cÂ? «Â¬pG ¾ ¶]︻1﹇
FW0Ě¾0 ·Fi\ ²\ E©1Wę¬1ل ]0a﹍F±0 ² D﹐1¬FW01x[ č 1xل ½1¾ 

From: Richard O. Duda, Peter E. Hart, and David G. Stork, 

Pattern Classification, John Wiley & Sons, Inc., 2001.
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¾cÂ? «Â¬pG ¾ ¶]︻1﹇
1x[ ¾1½ 0لa﹍F±0 ² D﹐1¬FW0 č 1ل¬FW0 1x[Ě¾0 ·Fi\ ]°S E©1Wę

From: Richard O. Duda, Peter E. Hart, and David G. Stork, 

Pattern Classification, John Wiley & Sons, Inc., 2001.



بازشناسی الگو
P

re
p

a
re

d
 b

y
 K

a
z

im
 F

o
u

la
d

i  
 |

  
 S

p
ri

n
g

 2
0

1
7

  
| 

  
2
n
d

E
d

it
io

n

31

¾cÂ? «Â¬pG ¾ ¶]︻1﹇
¶aÂ︽F﹞]°S ¿i²1﹎ ¿©1﹍S ︹?1G č﹉Â﹊﹀G ︹?0³G

From: Richard O. Duda, Peter E. Hart, and David G. Stork, 

Pattern Classification, John Wiley & Sons, Inc., 2001.

 1x[ 1ل¬FW0 ¾1½ ·﹀©µ﹞
² ¾²1h﹞ ¯ÂlÂC D﹐1¬FW0 ¾0a?

 «Â¬pG ¾ ·x﹆±Ě·°Â¼?aÂ︾ ęč

 1? a}1°F﹞ ċ﹌±` ¿G`³q ¾ ·ÂW1±
 <1ZF±0 ¾0a? 1½1x[ 1ل¬FW0  Ei0
 Ø1︺﹇0² E︺Â>y E©1W ·﹋ ¿F﹇² Ei0Ċ

 ċ﹌±` ¾aFh﹋1[ ¾ ·ÂW1± 1? a}1°F﹞
 <1ZF±0 ¾0a? 1½1x[ 1ل¬FW0  Ei0
 Ø1︺﹇0² E︺Â>y E©1W ·﹋ ¿F﹇² Ei0Ċ

 ²\ ¾²1hG ¾ ·x﹆± `\ «Â¬pG ba﹞ a﹎0
 ¯ÂhC 1ل¬FW0 ċ\aÂ﹎ `0a﹇

\³m ¿﹞ ف_W k½1﹋ ﹏?1﹇ ¾1x[ ¶1﹎ ®2
¯﹊¬﹞ «¬Â± ¿﹞ ·? `0\ ·Ã1i ﹏﹋ EW1h﹞ ² 

]i` ¿﹞č
 ¯Ã0 cÂ? «Â¬pGEi0

 ² cÂ? «¬Â± ¿﹞ ¾1x[ Xa±]½\ ¿﹞ 0`Ċ



� Statistical nature of feature vectors

� Assign the pattern represented by feature vector x
to the most probable of the available classes

That is

maximum

 Tl21 x,...,x,xx 

M ,...,, 21

)(: xPx ii 
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CLASSIFIERS BASED ON BAYES DECISION THEORY



� Computation of a-posteriori probabilities

� Assume known

• a-priori probabilities

•

This is  also known as the likelihood of 

)()...,(),( 21 MPPP 

Mixp i ...,2,1,)( 

.    to  w.r. ix 
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CLASSIFIERS BASED ON BAYES DECISION THEORY   � Bayes Decision Theory
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� The Bayes rule (Μ = 2)

where

34

CLASSIFIERS BASED ON BAYES DECISION THEORY   � Bayes Decision Theory



� The Bayes classification rule (for two classes M = 2)

� Given  x classify it according to the rule

� Equivalently:  classify  x according to the rule 

� For equiprobable classes the test becomes

212

121

  )()( If

  )()( If





xxPxP

xxPxP
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)()()()( 2211  PxpPxp

)()( 21  xPxp



)( and )( 2211  RR
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� Equivalently in words:  Divide space in two regions 

� Probability of error

� Total shaded area

� Bayesian classifier is OPTIMAL with respect to 

minimizing the classification error probability!!!!

22

11

in   If

in   If

⇒
⇒

xRx

xRx






0

0

)()( 12

x

x

e dxxpdxxpP
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� Indeed:  Moving the threshold the total shaded area 

increases by the extra “grey” area.
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� The Bayes classification rule for many (M > 2) classes:

� Given  x classify it to  i if:

�Such a choice also minimizes 

the classification error probability

ijxPxP ji    )()(
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¾cÂ? «Â¬pG ¾ ·Ãa|±

LOSS FUNCTION

®1Ãb ︹?1G

 ®1Â? ¾0a? ®1Ãb ︹?1G b0¾ ·°Ãc½ «Â¬pG a½ď«Â°﹋ ¿﹞ ¶\1﹀Fi0 k°﹋č

c «Ã`0\ ·﹆>yč
a ¯﹊¬﹞ k°﹋č

®1Ãb ︹?1G
Loss Function

 k°﹋ <1ZF±0 aK0 `\ ¶\`0² ®1Ãb ®0cÂ﹞ a﹍±1Â?  ¾ ·﹆>y ¾0b0 ·?

®1Ãb gÃaG1﹞
Loss Matrix

[ ( | )]i j a cwλ α
×

=Λ
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¾cÂ? «Â¬pG ¾ ·Ãa|±

LOSS FUNCTION

®1Ãb ︹?1G č 1لJ﹞Ě ¿Ã²\²\ ®1Ãb ︹?1G ď﹉Ã ² a﹀qę

·﹆>y Ei`\ <1ZF±0 ča﹀q ¾ ·°Ãc½
·﹆>y Ei`\1± <1ZF±0 č﹉Ã ¾ ·°Ãc½

Ě]±`0\ ]W0² ² ®1h﹊Ã ¾ ·°Ãc½ 1½1x[ ¾ ·¬½ęĊ



بازشناسی الگو
P

re
p

a
re

d
 b

y
 K

a
z

im
 F

o
u

la
d

i  
 |

  
 S

p
ri

n
g

 2
0

1
7

  
| 

  
2
n
d

E
d

it
io

n

42

¾cÂ? «Â¬pG ¾ ·Ãa|±

CONDITIONAL RISK

¿yam ﹉hÃ`

 Ei0 ®1Ãb ¿u1Ã` ]Â﹞0 ċ¿yam ﹉hÃ`
Ě`1|F±0 \`³﹞ ®1Ãbčę

1J﹞ č]Â°﹋ ·>i1V﹞ 0` ¿Ã²\²\ ®1Ãb ︹?1G ¾0a? ¿yam ﹉hÃ`Ċل
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¾cÂ? «Â¬pG ¾ ·Ãa|±

OVERALL RISK

﹏﹋ ﹉hÃ`

Ei0 ¿yam ﹉hÃ` ¿u1Ã` ]Â﹞0 ċ﹏﹋ ﹉hÃ`č

 ·﹋ «Ã`0\ ¾0 ¶]︻1﹇ ·? b1Â± ċ﹏﹋ ﹉hÃ` ®\a﹋ «¬Â± ¿﹞ ¾0a? ]°﹋ «¬Â± ¿﹞ 0`Ċ

  ¶]½1l﹞ `0]﹆﹞ <1hF±0 ¾0a? ¶]︻1﹇ ﹉Ã  ¾1½ «Â¬pG b0 ¿﹊Ã ·? Ei0Ċ
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¾cÂ? «Â¬pG ¾ ·Ãa|±

BAYES DECISION RULE FOR MINIMIZING THE OVERALL RISK

﹏﹋ ﹉hÃ` ¾b1i «¬Â± ¿﹞ ¾0a? cÂ? ¾aÂ﹎ «Â¬pG ¾ ¶]︻1﹇

 `1Â︺﹞ 1? ·°Â¼?  «Â¬pGĞ﹏﹋ ﹉hÃ` ﹏﹇0]Wĝč

1

argmin ( )

argmin ( ) ( )

i

i

i

c

i j j
j

R

w P w

α

α

α α

λ α

∗

=

=

=

x

x
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¾cÂ? «Â¬pG ¾ ·Ãa|±

BAYES DECISION RULE FOR MINIMIZING THE OVERALL RISK

﹏﹋ ﹉hÃ` ¾b1i «¬Â± ¿﹞ ¾0a? cÂ? ¾aÂ﹎ «Â¬pG ¾ ¶]︻1﹇ č 1لJ﹞Ě·Fi\ ²\ `\ ¾]°? ·﹆>yĚ ę۱  b0۲ę

Ĉ﹏﹋ ﹉hÃ` «¬Â± ¿﹞ ¾0a? cÂ? «Â¬pG ¾ ¶]︻1﹇

1

argmin ( ) argmin ( ) ( )
i i

c

i i j j
j

R w P w
α α

α α λ α
∗

=

= =x x
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¾cÂ? «Â¬pG ¾ ·Ãa|±

BAYES DECISION RULE FOR MINIMIZING THE OVERALL RISK

﹏﹋ ﹉hÃ` ¾b1i «¬Â± ¿﹞ ¾0a? cÂ? ¾aÂ﹎ «Â¬pG ¾ ¶]︻1﹇ č 1لJ﹞Ě·Fi\ ²\ `\ ¾]°? ·﹆>yĚ ę۱  b0۲ę

 ¾0a? cÂ? «Â¬pG ¾ ¶]︻1﹇ ﹏﹋ ﹉hÃ` «¬Â± ¿﹞\³m ¿﹞č

 «Â¬pG 1? a}1°F﹞ ·﹋
1

w a﹎0 Ei0č

¿°︺Ã č E?1K ¾ ·±1Fi2 `0]﹆﹞ ﹉Ã 1? ]Ã1? ¿Ã1¬± Ei`\ E>h±Ě b0 ﹏﹆Fh﹞x ę\³m ·hÃ1﹆﹞Ċ

λ
θ

���������������
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¾cÂ? «Â¬pG ¾ ·Ãa|±

MINIMUM-ERROR-RATE CLASSIFICATION

﹏﹋ ﹉hÃ` ¾b1i «¬Â± ¿﹞ ¾0a? cÂ? ¾aÂ﹎ «Â¬pG ¾ ¶]︻1﹇Ě č ¿Ã²\²\ ®1Ãb ︹?1G⇐ 1x[ Xa± «¬Â± ¿﹞ 1? ¾]°? ·﹆>yę

Ã]>G 1x[ «¬Â± ¿﹞ ¾]°? ·﹆>y ·? ﹏﹋ ﹉hÃ` «¬Â± ¿﹞ ¾]°? ·﹆>y ċ\³m ¶\1﹀Fi0 ¿Ã²\²\ ®1Ãb ︹?1G a﹎0\³m ¿﹞ ﹏č

gC ċ\³m «¬Ãc﹋1﹞ 1ل¬FW0 ]Ã1? ﹉hÃ` ®\a﹋ «¬Â± ¿﹞ ¾0a?č

Ei0 1x[ 1ل¬FW0 «¬Â± ¿﹞ ¾0a? cÂ? ¾ ¶]︻1﹇ ®1¬½ ·﹋Ċ
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¾cÂ? «Â¬pG ¾ ·Ãa|±

MINIMUM (BAYES) ERROR

1x[ Xa± «¬Â± ¿﹞ 1? ¾]°? ·﹆>y ¾1½`1Â︺﹞

﹏﹋ ﹉hÃ`
Overall Risk

﹏﹋ ﹉hÃ` ¾b1i «¬Â± ¿﹞ 1 ½[ف?

g﹋1¬Â± ¿﹞ `1Â︺﹞
Minimax Criterion

 ¯﹊¬﹞ ﹏﹋ ﹉hÃ` «¬Ãc﹋1﹞ ¾b1i «¬Â± ¿﹞ 1 ½[ف?ĚFZ﹞ ¯ÂlÂC D﹐1¬FW0 1?︿¨ę

¯﹞ ¿Ô± `1Â︺﹞�®³iaÂC
Neyman-Pearson Criterion

 ﹉hÃ` ¾b1i «¬Â± ¿﹞ 1 ½[ف?]Â﹇ ﹉Ã ra︺﹞ `\ ﹏﹋
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¾cÂ? «Â¬pG ¾ ·Ãa|±

MINIMUM (BAYES) ERROR

cÂ? «¬Â± ¿﹞ ¾1x[ čg﹋1¬Â± ¿﹞ `1Â︺﹞

From: Richard O. Duda, Peter E. Hart, and David G. Stork, 

Pattern Classification, John Wiley & Sons, Inc., 2001.

¯ÂlÂC D﹐1¬FW0 `0]﹆﹞ a½ ¾0a?
 Ø﹑J﹞

 a}1°F﹞ ¾ ·°Â¼? «Â¬pG ba﹞ ﹉Ã
\`0\ \³O² ·Fh?0² cÂ? ¾1x[ Xa± ﹉Ã ²Ċ

 ¾1½ba﹞ ¯Â°S b0 ﹉Ã a½ ¾0a?ĚE?1Kę
 ċ]°﹋ aÂÂ︽G ¯ÂlÂC D﹐1¬FW0 a﹎0

 b0 ¿x[ ¿︺?1G D`³q ·? 1x[ 1ل¬FW0
  \a﹋ ]½0³[ aÂÂ︽GĚ¯ÂS  w[ę

 `0]﹆﹞ `\ 1x[ ¯Ã0 `0]﹆﹞ «¬Ãc﹋1﹞ ²
 ¯ÂlÂC 1ل¬FW0 «ÃaFh﹋0  
]½\ ¿﹞ X`Ċ

 ¾0a? «¬Ãc﹋1﹞ ¾b1i «¬Â± ¿﹞1x[ ¯Ã0 ċ
 «¬Ãc﹋1﹞ ¾1x[ ¾0a? 0` «Â¬pG ba﹞ ]Ã1?

 cÂ?Ě Ø﹑J﹞ 1N°Ã0 `\ęċ
«Â°﹋ ¿W0ay

¬FW0 b0 ¿︺?1G D`³q ·? 1x[ ¯Ã0a?1°? ² 1ل
 ]°﹋ ¿¬± aÂÂ︽G ¯ÂlÂCĚc﹞a﹇ ]F¬﹞ w[Ċę

 «¬Â± ¿﹞ ¾1x[ĚcÂ?ę
 ¯ÂlÂC 1ل¬FW0 b0 ¿︺?1G D`³q ·?

E?1K ¾1½ ︹Ãb³G 1? ¾0 ·Fi\ ²\ ¾]°? ·﹆>y ¾ ·¨Æh﹞ ﹉Ã `\



� Minimizing the average risk

� For each wrong decision, a penalty term is assigned since some 

decisions are more sensitive than others
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�For M = 2

• Define the loss matrix

• 11 penalty term for deciding class  1 ,

although the pattern belongs to  1 , etc.

�Risk with respect to 1

⎥
⎦

⎤
⎢
⎣

⎡





2221

1211
L

xdxpxdxpr
RR

)()( 1121111

21
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�Risk with respect to 2

�Average risk

xdxpxdxpr
RR

)()( 2222212

21



)()( 2211  PrPrr 

⇒ Probabilities of wrong decisions, 

weighted by the penalty terms
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� Choose  R1 and  R2 so that r is minimized

� Then assign   x to  i if 

� Equivalently:

assign  x in 1 (2)  if

:  likelihood ratio

1112

2221
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yprobabiliterror tion classifica Minimum
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)|()|(  if 
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� An example:

⎟⎟
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⎝
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�Then the threshold value is:

�Threshold for minimum r

2

1
       

))1(exp()exp(  :

:  minimumfor  

0

22

0

0



⇒

x

xxx

Px e

2

1

2

)2ln1(
ˆ       

))1((exp2)(exp  :ˆ
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22
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x

xxx

0x̂
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Thus       moves to the left of 

(WHY?)

0x̂
0

2

1
x

57

CLASSIFIERS BASED ON BAYES DECISION THEORY   � The Bayes Classification Rule 



³﹍©0 ¿i1°mb1?

cÂ? «Â¬pG ¾ ·Ãa|± a? ¿°F>﹞ ¾]°? ·﹆>y



بازشناسی الگو
P

re
p

a
re

d
 b

y
 K

a
z

im
 F

o
u

la
d

i  
 |

  
 S

p
ri

n
g

 2
0

1
7

  
| 

  
2
n
d

E
d

it
io

n

59

﹉Â﹊﹀G ︹?1G

DISCRIMINANT FUNCTION

 ︹?1G﹉Â﹊﹀G
Discriminant Function

1½ f﹑﹋ \`³﹞ `\ ¾aÂ﹎ «Â¬pG ¾0a? ¿︺?1G

 f﹑﹋ ¾0a? ﹉Â﹊﹀G ︹?1Gi

argmax ( )i
i

i g∗
= x
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﹉Â﹊﹀G ︹?1G

DISCRIMINANT FUNCTION

From: Richard O. Duda, Peter E. Hart, and David G. Stork, 

Pattern Classification, John Wiley & Sons, Inc., 2001.

﹉Â﹊﹀G ︹?0³G 1? ¿﹞³¬︻ ¾`1﹞2 ¾³﹍©0 ¾ ¶]°°﹋  ¾]°? ·﹆>y ﹉Ã ¿︺?1G `1F[1i
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﹉Â﹊﹀G ︹?1G

DISCRIMINANT FUNCTION

﹝1Jل
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﹉Â﹊﹀G ︹?1G

DISCRIMINANT FUNCTION

From: Richard O. Duda, Peter E. Hart, and David G. Stork, 

Pattern Classification, John Wiley & Sons, Inc., 2001.
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﹉Â﹊﹀G ︹?1G

DISCRIMINANT FUNCTION

D1Âq³p[

Ei0 ﹉Â﹊﹀G ︹?1G ﹉Ã \³[ ċ﹉Â﹊﹀G ︹?1G b0 ¾\³︺q ︹?1G a½Ċ

﹏J﹞ č ċ¯F﹁a﹎ «FÃ`1﹍© ċ\]︻ ﹉Ã 1? ︹¬O ċE>J﹞ \]︻ `\ <auĚ ĊĊĊ⇐  aF¼? ک`\ ďD1>i1V﹞ ︹ÃahGę
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﹉Â﹊﹀G ︹?1G

DICHOTOMIZER

 `cÃ1﹞³G³﹊Ã0\ĚkZ? ²\ ·? a﹎ ﹉Â﹊﹀Gę

 ︹?1G`cÃ1﹞³G³﹊Ã0\
Dichotomizer Function

f﹑﹋ ²\ ¾b1i0]O ¾0a? ﹉Â﹊﹀G ︹?1G

 f﹑﹋ ¾0a? `cÃ1﹞³G³﹊Ã0\ ︹?1G1  ²2č
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﹉Â﹊﹀G ︹?1G

DICHOTOMIZER

 `cÃ1﹞³G³﹊Ã0\ĚkZ? ²\ ·? a﹎ ﹉Â﹊﹀G čę1لJ﹞



� If are contiguous:

is the surface separating the regions.  

On one side is positive (+), on the other is negative (-). 

It is known as  Decision Surface

ji RR  , 0)()()(  xPxPxg ji

)()(  :

)()(  :

xPxPR

xPxPR

ijj

jii
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-
0)( xg
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DISCRIMINANT FUNCTIONS & DECISION SURFACES



� If f(.) monotonic, the rule remains the same if we use:

� is a discriminant function

� In general, discriminant functions can be defined independent

of the Bayesian rule.  

They lead to suboptimal solutions, yet if chosen 

appropriately, can be computationally more tractable.

jixPfxPfx jii    ))(())((  :if 

))(()( xPfxg ii 
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¿¨q0 ︹>°﹞

R.O. Duda, P.E. Hart, and D.G. Stork, 

Pattern Classification, 

Second Edition, John Wiley & Sons, Inc., 2001.

Chapter 2
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¿¨q0 ︹>°﹞

S. Theodoridis, K. Koutroumbas, 

Pattern Recognition, 

Fourth Edition, Academic Press, 2009.

Chapter 2


