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 Combining Classifiers

The basic philosophy behind the combination of different classifiers 
lies in the fact that even the “best” classifier fails in some patterns that 
other classifiers may classify correctly. Combining classifiers aims at 
exploiting this complementary information residing in the various 
classifiers.

Thus, one designs different optimal classifiers and then combines the 
results with a specific rule.

COMBINING CLASSIFIERS
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• Product Rule: Assign to the class :

where                     is the respective posterior probability of the jth

classifier.

• Sum Rule: Assign to the class :
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 Assume that each of the, say, L designed classifiers provides at its 
output the posterior probabilities:
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• Majority Voting Rule: Assign    to the class for which there is a 
consensus or when at least    of the classifiers agree on the class 
label of     where:

otherwise the decision is rejection, that is no decision is taken.

Thus, correct decision is made if the majority of the classifiers 
agree on the correct label, and wrong decision if the majority 
agrees in the wrong label.
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 Dependent or non-Dependent classifiers?

• Although there are not general theoretical results, experimental 
evidence has shown that the more independent in their decision 
the classifiers are, the higher the expectation should be for 
obtaining improved results after combination. 

• However, there is no guarantee that combining classifiers 

results in better performance compared to the “best” one 

among the classifiers.

COMBINING CLASSIFIERS
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 Towards Independence: A number of Scenarios.

• Train the individual classifiers using different training data 
points.

To this end, choose among a number of possibilities:

– Bootstrapping: This is a popular technique to combine unstable 
classifiers such as decision trees.
(Bagging belongs to this category of combination.)

– Stacking: Train the combiner with data points that have been 
excluded from the set used to train the individual classifiers.

– Use different subspaces to train individual classifiers:
According to the method, each individual classifier operates in 
a different feature subspace. That is, use different features for 
each classifier.

COMBINING CLASSIFIERS
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 Remarks:

• The majority voting and the summation schemes rank among 
the most popular combination schemes.

• Training individual classifiers in different subspaces seems to 
lead to substantially better improvements compared to 
classifiers operating in the same subspace.

• Besides the above three rules (product, sum, majority), 
other alternatives are also possible, such as to use 
the median value of the outputs of individual classifiers.

COMBINING CLASSIFIERS
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¿︺¬O ·Fi\ ¾aÂ﹎\1Ã

ENSEMBLE LEARNING

 ª1﹎۱č
  ·︻³¬N﹞ \1NÃ0

·±1﹎]°S ¾1½ ¶\0\

¿¨q0 ¿mb³﹞2 ¾1½ ¶\0\

 ª1﹎۲č
 \1NÃ0

1½ ¶]°°﹋ ¾]°? ·﹆>y ¾
·±1﹎]°S

 ª1﹎۳č
 =Â﹋aG

1½ ¶]°°﹋ ¾]°? ·﹆>y
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1½ ¶]°°﹋ ¾]°? ·﹆>y =Â﹋aG

FIXED COMBINATION RULES

E?1K =Â﹋aG ]︻0³﹇

1J﹞čل

0.024

0.3
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1½ ¶]°°﹋ ¾]°? ·﹆>y =Â﹋aG

WHY DOES IT WORK?

 Ĉ]°﹋ ¿﹞ `1﹋ 0aSĚ1لJ﹞ę

• Suppose there are 25 base classifiers
• Each classifier has error rate,  = 0.35

• Assume classifiers are independent

• Probability that the ensemble classifier makes a wrong prediction:


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1½ ¶]°°﹋ ¾]°? ·﹆>y =Â﹋aG

VOTING

¿½\ ¾4` \a﹋ ¾²`

¿x[ =Â﹋aGč
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1½ ¶]°°﹋ ¾]°? ·﹆>y =Â﹋aG

WHY DOES IT WORK?

 Ĉ]°﹋ ¿﹞ `1﹋ 0aSĚ¾cÂ? \a﹋ ¾²` 1? UÂu³Gę
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«Ã`0\ ¾cÂ? ¶1﹎]Ã\ b0č

 a﹎0«Ã`0\ ċ]°m1? ﹏﹆Fh﹞ 1½č

 ċ]°﹋ ¿¬± aÂÂ︽G f1Ã1?
 =Ãau 1? g±1Ã`0² 1﹞0 ]?1Ã ¿﹞ k½1﹋Ċ

 a﹎0]?1Ã ¿﹞ kÃ0c﹁0 E>J﹞ ¿﹍Fh>¬½ 1? 1x[ ċ]°m1? ·Fh?0² 1½č



بازشناسی الگو
P
re
p
a
re
d
 b
y
 K
a
z
im

 F
o
u
la
d
i  
 |
  
 F
a
ll 
2
0
1
8
  
| 
  
2
n
d
E
d
it
io
n

17

1½ ¶]°°﹋ ¾]°? ·﹆>y =Â﹋aG

MIXTURE OF EXPERTS

1½ ¶a>[ v³¨Z﹞
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jjdwy
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 ¿½\ ¾4` b0 ¾0 ¶³Âm
 ]°Fh½ ¾\²`² ·? ·Fh?0² 1½ ®b² ·﹋ĚgatingĊę

 1Ã 1½ ¶a>[gating ]m1? ¿x[aÂ︾ ]±0³G ¿﹞Ċ
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1½ ¶]°°﹋ ¾]°? ·﹆>y =Â﹋aG

STACKING APPROACH

 \a﹋ ¾²`Ğ﹌°Â﹊Fi0 ĝĚ¾`0_﹎ ·FlCę

 a﹎ =Â﹋aG ︹?1Gf() Ei0 a﹍Ã\ ¾ ¶]±aÂ﹎\1Ã ﹉Ã j\³[Ċ
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1½ ¶]°°﹋ ¾]°? ·﹆>y =Â﹋aG

CASCADİNG APPROACH

 \a﹋ ¾²`Ğ﹌°Ã]Â﹊h﹋ ĝĚ¾`0_﹎`1l?2ę

 b0  ·﹋ \³m ¿﹞ ¶\1﹀Fi0 ¿G`³q `\ 1¼°G
 ¿¨>﹇ ]m1>± ¯Æ¬x﹞Ċ

¿﹎]ÂRÂC kÃ0c﹁0 =ÂGaG ·? ċ1½ ¶]±aÂ﹎\1Ã
]±³m ¿﹞ ·Fm0_﹎ `1﹋ `1l?2 `\Ċ
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1½ ¶]°°﹋ ¾]°? ·﹆>y =Â﹋aG

ERROR-CORRECTİNG OUTPUT CODES

 ¿O²a[ ¾ ¶]°°﹋ UÂVpG ¾1½]﹋Ě۱  b0۲ę
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W

• K classes; L problems 

• Code matrix W codes classes in terms of learners

• One per class

L = K

• Pairwise

L = K (K  1) / 2
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1½ ¶]°°﹋ ¾]°? ·﹆>y =Â﹋aG

ERROR-CORRECTİNG OUTPUT CODES

 ¿O²a[ ¾ ¶]°°﹋ UÂVpG ¾1½]﹋Ě۲  b0۲ę

• Full code
L = 2(K-1)  1

• With reasonable L, find W such that 
the Hamming distance between rows and columns are maximized.

• Voting scheme

• Subproblems may be more difficult than one-per-K


























1111111

1111111

1111111

1111111

W





L

j

jiji dwy
1



³﹍©0 ¿i1°mb1?

1½ ¶]°°﹋ ¾]°? ·﹆>y =Â﹋aG



بازشناسی الگو
P
re
p
a
re
d
 b
y
 K
a
z
im

 F
o
u
la
d
i  
 |
  
 F
a
ll 
2
0
1
8
  
| 
  
2
n
d
E
d
it
io
n

23

1½ ¶]°°﹋ ¾]°? ·﹆>y =Â﹋aG

BAGGING

 \a﹋ ¾²`Ğ﹌°Â﹍?ĝ

]±a? ¿﹞ \³i ﹌°Â﹍? b0 `0]Ã1C1± ¾1½ «FÃ`³﹍©0Ċ

 ¾b0]±0 ¶0`\³[ b0(bootstrapping)  ]Â©³G ¾0a?L «Â°﹋ ¿﹞ ¶\1﹀Fi0 ¿mb³﹞2 ¾ ·︻³¬N﹞
 ·Ã1C ¾ ¶]°°﹋ ¾]°? ·﹆>y ﹉Ã ċ﹉Ã a½ 1? ²(base classifier) «Â½\ ¿﹞ jb³﹞2 0`Ċ

 ¾aÂ﹎ ¾4` b0 1½ ¶]°°﹋ ¾]°? ·﹆>y =Â﹋aG ¾0a?(Voting) «Â°﹋ ¿﹞ ¶\1﹀Fi0Ċ
Ě®³Âia﹎` 1? ¾aÂ﹎ ·±1Â﹞ 1Ã ¾aÂ﹎ ̄ Â﹍±1Â﹞ę

 ª1﹎۱č
·±1﹎]°S ¾1½ ¶\0\  ·︻³¬N﹞ \1NÃ0

¿¨q0 ¿mb³﹞2 ¾1½ ¶\0\

 ª1﹎۲č
1﹎]°S ¾1½ ¶]°°﹋ ¾]°? ·﹆>y \1NÃ0·±

 ª1﹎۳č
 1½ ¶]°°﹋ ¾]°? ·﹆>y =Â﹋aGĚ﹎ ¾4` 1?¾aÂę
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1½ ¶]°°﹋ ¾]°? ·﹆>y =Â﹋aG

BAGGING

 \a﹋ ¾²`Ğ﹌°Â﹍?ĝ č1لJ﹞

Original Data 1 2 3 4 5 6 7 8 9 10

Bagging (Round 1) 7 8 10 8 2 5 10 10 5 9

Bagging (Round 2) 1 4 9 1 2 3 2 7 3 2

Bagging (Round 3) 1 8 5 10 5 5 9 6 3 7

«Â°﹋ ¿﹞ ¶\1﹀Fi0 ¾`0_﹍Ã1O 1? ¾`0\a? ·±³¬± b0č

 ¾ ·±³¬± a½ ¾²` a?bootstrap«Ãb1i ¿﹞ ¶]°°﹋ ¾]°? ·﹆>y ﹉Ã ċĊ

b0 Ei0 D`1>︻ ·±³¬± a½ <1ZF±0 1ل¬FW0č

n

n







  1
1
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1½ ¶]°°﹋ ¾]°? ·﹆>y =Â﹋aG

BOOSTING

 \a﹋ ¾²`Ğ﹌°ÂFi³?ĝ

 ·﹋ ¿Ã1½ ¶\0\Ei`\1±  ®1m ®b² ċ]±0 ¶]m ¾]°? ·﹆>ykÃ0c﹁0 E﹁1Ã ]½0³[Ċ
 ·﹋ ¿Ã1½ ¶\0\Ei`\  ®1m ®b² ċ]±0 ¶]m ¾]°? ·﹆>yk½1﹋ E﹁1Ã ]½0³[Ċ

Ğ﹌°ÂFi³? ĝ¿mb³﹞2 ¾1½ ¶\0\ ︹Ãb³G ¿﹆﹁² aÂÂ︽G ¾0a? ¾`0a﹊G 0²ل` ﹉Ã
 ¾²` a? aFlÂ? c﹋a¬G 1? Ei`\1± D`³q ·? ¶]m ¾]°? ·﹆>y ¾1½ ¶\0\Ei0Ċ

 ¾ ·¬½ ·? ċ0]F?0 `\N \³m ¿﹞ ¶\0\ E>h± ¾²1h﹞ ¾1½ ®b² ċ¶\0\Ċ
°±0³G ¿﹞ 1½ ®b² ċĞ﹌°ÂFi³? ĝ]°°﹋ aÂÂ︽GĊ[ \` a?Ğ﹌°Â﹍?ĝ `²\ ﹉Ã ¾1¼F±0 ]﹑ف 
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1½ ¶]°°﹋ ¾]°? ·﹆>y =Â﹋aG

BOOSTING

 \a﹋ ¾²`Ğ﹌°ÂFi³?ĝ č1لJ﹞

1J﹞4ċ\³m ¿﹞ ¾]°? ·﹆>y ¿FZi ·? ċل 
ċ]?1Ã ¿﹞ kÃ0c﹁0 ®2 ®b² gC

\³m ¿﹞ aFlÂ? ¾]︺? ¾1½`²\ `\ ®2 <1ZF±0 1ل¬FW0 ċ¯Ã0a?1°?Ċ

Original Data 1 2 3 4 5 6 7 8 9 10

Boosting (Round 1) 7 3 2 8 7 9 4 10 6 3

Boosting (Round 2) 5 4 9 4 2 5 1 7 4 2

Boosting (Round 3) 4 4 8 10 4 5 4 6 3 4
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1½ ¶]°°﹋ ¾]°? ·﹆>y =Â﹋aG

ADABOOST ALGORITHM

 \a﹋ ¾²`Ğ﹌°ÂFi³?ĝ čEi³?0\2 «FÃ`³﹍©0

D1= initial dataset with equal weights

FOR i = 1 to k DO

Learn new classifier Ci;

Compute i (classifier’s importance);

Update example weights; 

Create new training set Di+1 (using weighted sampling)

END FOR

Construct Ensemble which uses Ci weighted by i (i = 1, k)
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1½ ¶]°°﹋ ¾]°? ·﹆>y =Â﹋aG

ADABOOST ALGORITHM

 \a﹋ ¾²`Ğ﹌°ÂFi³?ĝ čEi³?0\2 «FÃ`³﹍©0 č 1لJ﹞Ě۱  b0۲ę

• Base classifiers: C
1
, C

2
, …, C

T

• Error rate (weights add up to 1):

• Importance of a classifier: 

 



N

j

jjiji yxCw
N 1

)(
1












i

i
i

1
ln

2
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1½ ¶]°°﹋ ¾]°? ·﹆>y =Â﹋aG

ADABOOST ALGORITHM

 \a﹋ ¾²`Ğ﹌°ÂFi³?ĝ čEi³?0\2 «FÃ`³﹍©0 č 1لJ﹞Ě۲  b0۲ę

¾]°? ·﹆>y ®\³? Ei`\1± D`³q `\ ®b² kÃ0c﹁0
Ě﹎ ¿﹞ D`³q 1½ ¶]°°﹋ ¾]°? ·﹆>y EÂ¬½0 1? =i1°F﹞ kÃ0c﹁0\aÂęĊ

• Weight update:

factorion normalizat  theis    where

)( if

)( if)(
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yxCe
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yxCxC
1

)(maxarg)(*

 b0 aG﹐1? ¿Ã1x[ Xa± ċ¿±1Â﹞ ¾1½`²\ b0 ﹉Ã a½ a﹎0'۰% ċ]°°﹋ ]Â©³G
 ·? 1½ ®b² \³m ¿﹞ `0a﹊G ċ\]N﹞ ¾`0\a? ·±³¬± ² `0²ل ]±\a﹎ ¿﹞a?Ċ

¾]°? ·﹆>y Ě  ¾ ¶]°°﹋ ¾]°? ·﹆>y EÂ¬½0 Ei0 ¶\0\ ·︻³¬N﹞ ﹏﹋ ¾0a?čę
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1½ ¶]°°﹋ ¾]°? ·﹆>y =Â﹋aG

ADABOOST ALGORITHM

 \a﹋ ¾²`Ğ﹌°ÂFi³?ĝ čEi³?0\2 «FÃ`³﹍©0 č `³p﹞ 1لJ﹞Ě۱  b0۲ę

Data points 
for training

Initial weights for each data point
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 The Boosting Approach

 The origins: Is it possible a weak learning algorithm (one that 
performs slightly better than a random guessing) to be boosted into 
a strong algorithm? (Villiant 1984).

 The procedure to achieve it:

• Adopt a weak classifier known as the base classifier.

• Employing the base classifier, design a series of classifiers, in a 
hierarchical fashion, each time employing a different weighting 
of the training samples. Emphasis in the weighting is given on 
the hardest samples, i.e., the ones that keep “failing”.

• Combine the hierarchically designed classifiers by a weighted 
average procedure.

COMBINING CLASSIFIERS    � Boosting Approach   �� The Boosting Approach
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 The AdaBoost Algorithm.
Construct an optimally designed classifier of the form:

where:

where               denotes the base classifier
that returns a binary class label:

is a parameter vector.
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• The essence of the method.
Design the series of classifiers:

The parameter vectors

are optimally computed so as:
– To minimize the error rate on the training set.

– Each time, the training samples are re-weighted so that the weight 
of each sample depends on its history. Hard samples that “insist” 
on failing to be predicted correctly, by the previously designed 
classifiers, are more  heavily weighted.

     kxxx  ; ..., ,; ,; 21

, ..., K, kk 21 , 

COMBINING CLASSIFIERS    � Boosting Approach   �� The Boosting Approach



37

• Updating the weights for each sample

– Zm is a normalizing factor common for all samples.

–

where Pm < 0.5 (by assumption) is the error rate of the 
optimal classifier                at stage m. Thus α

m 
> 0.

– The term:
takes a large value if                          (wrong classification) 
and a small value in the case of correct classification

– The update equation is of a multiplicative nature. That is, 
successive large values of weights (hard samples) result in 
larger weight for the next iteration
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 Remarks:
• Training error rate tends to zero after a few iterations. The test 

error levels to some value.

• AdaBoost is greedy in reducing the margin that samples leave 
from the decision surface.

COMBINING CLASSIFIERS    � Boosting Approach   �� The Boosting Approach
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S. Theodoridis, K. Koutroumbas, 

Pattern Recognition, 

Fourth Edition, Academic Press, 2009.

Chapter 4 (4-21 .. 4-23)
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R.O. Duda, P.E. Hart, and D.G. Stork, 

Pattern Classification, 

Second Edition, John Wiley & Sons, Inc., 2001.

Chapter 9 (9.7)
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Ethem Alpaydin, 

Introduction to Machine Learning, 

The MIT Press, 2004.

Chapter 15
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