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ESTIMATION OF UNKNOWN PROBABILITY DENSITY FUNCTIONS
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Parametric
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¾aF﹞0`1C1±

Nonparametric

pdf ċ«Â±0\ ¿﹞ 0`
Ei0 ³ل¼N﹞ ®2 ¾1½aF﹞0`1C 1﹞0Ċ
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o Maximum Likelihood (ML)

o Maximum a Posteriori Probability (MAP)

o Maximum Entropy (ME)

o Bayesian Inference

o Mixture Models
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o Parzen Windows
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MAXIMUM LIKELIHOOD (ML)

¿Ã1¬± Ei`\ «¬Ãc﹋1﹞ j²`

 j²`ML ¾1½ EÂ¬﹋ ®0³°︻ ·? 0` 1½aF﹞0`1C ċ E?1K 1﹞0³ل¼N﹞ ]°Â? ¿﹞Ċ

¿mb³﹞2 ¾1½ ¶\0\ ¾ ·︻³¬N﹞ č
 ®1h﹊Ã ︹Ãb³G 1? ﹏﹆Fh﹞ ¾1½ ·±³¬±(iid)

?FW0 ¿©1﹍S ︹?1G b0 ¶]m ¶]Âl﹋ ®²aÂ¬1ل 

N﹞ aF﹞0`1C ¯Â¬ZGθ  ¿mb³﹞2 ¾1½ ·±³¬± b0 ¶\1﹀Fi0 1?D¼³ل č ½[ف

¿Ã1¬± Ei`\ ︹?1G
Likelihood Function

 ¿Ã1¬± Ei`\ ︹?1Gθ  ¾1½ ¶\0\ ·? E>h±D

 ra﹁ 1?¾`1﹞2 ل﹑﹆Fi0
ĚEi0 `0³m\ ¾`1﹞2 ل﹑﹆Fi0 \³O² ¿i`a? č﹞ ra﹁ ﹏﹆Fh﹞ 0` ²\ ®2 ċ«ÂFm0]± ¿¨Â©\ aÂ︽F﹞ ²\ ¿﹍Fh?0² ¾0a? a﹎0«Â°﹋ ¿ęĊ
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MAXIMUM LIKELIHOOD (ML)

¿Ã1¬± Ei`\ «¬Ãc﹋1﹞ j²`

  ¿Ã1¬± Ei`\ ¯Â¬ZGMLE  ¾0a?θ  b0 ¾`0]﹆﹞  ]°﹋ ¿﹞ «¬Ãc﹋1﹞ 0` ¿Ã1¬± Ei`\ ︹?1G Ei0č

¿Ã1¬± Ei`\ «FÃ`1﹍© ︹?1G
Log-Likelihood Function

 ¿Ã1¬± Ei`\ ︹?1G «FÃ`1﹍©θ  ¾1½ ¶\0\ ·? E>h±D

]i` ¿﹞ aF﹞0`1C ¾0a? ¯Â¬ZG ®1¬½ ·? ² ċEi0 aG ¶\1i ¿Ã1¬± Ei`\ ︹?1G «FÃ`1﹍© 1? ®\a﹋ `1﹋ Ø﹐³¬︺﹞Ċ
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MAXIMUM LIKELIHOOD (ML)

¿Ã1¬± Ei`\ «¬Ãc﹋1﹞ j²` č·>i1V﹞

 1½aF﹞0`1C \0]︺G a﹎0p ¶1﹎ ®2 ċ]m1?

\³m ¿﹞ ︿Ãa︺G aÃb D`³q ·? ®1Ã\0a﹎ a﹍¨¬︻ ²č

 ¿Ã1¬± Ei`\ «¬Ãc﹋1﹞ ¯Â¬ZG ċD`³q ¯Ã0 `\θ ]°﹋ ¶\`²2a? 0` aÃb ªb﹐ vam ]Ã1?  č

Ěa﹀q ¾²1h﹞ ﹅Fl﹞ę
Ei0 ªb﹐ ﹅Fl﹞ b0 ﹏q1W ¿¨V﹞ ¾1½ «¬ÃaFh﹋0 ®1Â﹞ b0 ¾ai0ai «¬Ãc﹋1﹞ <1ZF±0 Ċ\³m ¿i`a? ]Ã1? ¾ba﹞ wÃ0am ċ¯Â°R¬½Ċ
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MAXIMUM LIKELIHOOD (ML)

¿Ã1¬± Ei`\ «¬Ãc﹋1﹞ j²` č D1Âq³p[Ě۱ čę¿>±1N﹞ ¿>Ã`01±

 ¯Â¬ZGML  ¿>±1N﹞ `³y ·?=Ã`01± (unbiased) Ei0Ċ

 a﹎0  ³ل¼N﹞ aF﹞0`1C ¿︺﹇0² `0]﹆﹞ ¶1﹎ ®2 ċ]m1?

¿°︺Ã č \`²2a?ML \³m ¿﹞ 0a﹍¬½ aF﹞0`1C ¿︺﹇0² `0]﹆﹞ ·? ¯Â﹍±1Â﹞ E©1W `\Ċ

 Ei0 ¿﹁\1pG aÂ︽F﹞ ﹉Ã \³[ ¾\³[  ·?
 ︿¨FZ﹞ ¾1½ ¶\0\ ·︻³¬N﹞ ¾0a? ·﹋D \`0\ ¿﹀¨FZ﹞ ¾1½\`²2a?Ċ
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MAXIMUM LIKELIHOOD (ML)

¿Ã1¬± Ei`\ «¬Ãc﹋1﹞ j²` č D1Âq³p[Ě۲ čę¿>±1N﹞ ¾`1﹎b1i

 ¯Â¬ZGML  ¿>±1N﹞ `³y ·?`1﹎b1i (consistent) Ei0Ċ

 a﹎0  ³ل¼N﹞ aF﹞0`1C ¿︺﹇0² `0]﹆﹞ ¶1﹎ ®2 ċ]m1?

¿°︺Ã č \`²2a?ML  \³m ¿﹞ 0a﹍¬½ D1︺?a﹞ ¯Â﹍±1Â﹞ E©1W `\⇐
 ¾0a?N ¾1½\`²2a? g±1Ã`0² ċگ`c? ¾1½ML ]°﹋ ¿﹞ ﹏Â﹞ a﹀q E¬i ·?Ċ

 Ei0 ¿﹁\1pG aÂ︽F﹞ ﹉Ã \³[ ¾\³[  ·?
 ︿¨FZ﹞ ¾1½ ¶\0\ ·︻³¬N﹞ ¾0a? ·﹋D \`0\ ¿﹀¨FZ﹞ ¾1½\`²2a?Ċ
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MAXIMUM LIKELIHOOD (ML)

¿Ã1¬± Ei`\ «¬Ãc﹋1﹞ j²` č D1Âq³p[Ě۳ čę¿i²1﹎ ︹Ãb³G ·? ¿Ã0a﹍¬½

 ¯Â¬ZG ¿©1﹍S ︹?1GML  ¾0a?  ¯Â﹍±1Â﹞ 1? ¿i²1﹎ ︹Ãb³G E¬i ·? ]°﹋ ¿﹞ ﹏Â﹞Ċ

0aÃbč
۱ ę¾c﹋a﹞ ]W ¾ ·Ât﹇

۲ ęML  ~³¬N﹞ ·? ·Fh?0² Ei0 ¿﹁\1pG aÂ︽F﹞Ċ
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MAXIMUM LIKELIHOOD (ML)

¿Ã1¬± Ei`\ «¬Ãc﹋1﹞ j²` č D1Âq³p[Ě% čę¾aÃ_C1±aÂÂ︽G

 a﹎0   ¯Â¬ZGML  aF﹞0`1C ċ]m1?
 ︹?1G a½ ¾0a? ¶1﹎ ®2 ċ¶0³Z©\

 ¯Â¬ZGML  aF﹞0`1C  1? a?0a? Ei0Ċ
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MAXIMUM LIKELIHOOD (ML)

¿Ã1¬± Ei`\ «¬Ãc﹋1﹞ j²` čD1Âq³p[

 ¯Â¬ZGML  ·﹋ ¿±1﹞b ¾0a? w﹆﹁ \`0\ 0` aÃb D1Âq³p[č

¿>Ã`01±
Unbiased

¯﹊¬﹞ g±1Ã`0² «¬Â± ¿﹞
Minimum Variance

¿i²1﹎ ·? ¿Ã0a﹍¬½
Convergence to Gaussign pdf
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MAXIMUM LIKELIHOOD (ML)

¿Ã1¬± Ei`\ «¬Ãc﹋1﹞ j²` č1لJ﹞

  ﹉Ã 1? ¶]m ]Â©³G ¾ ¶\0\pdf «Ã`0\ ¾]︺? ﹉Ã ¿i²1﹎

 ®2 ¯Â﹍±1Â﹞ ·﹋ Ei0 ³ل¼N﹞ ®2 g±1Ã`0² ²Ċ
]Ã`²2 Ei\ ·? 0` ³ل¼N﹞ g±1Ã`0² ¿Ã1¬± Ei`\ «¬Ãc﹋1﹞ ¯Â¬ZGĊ
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MAXIMUM LIKELIHOOD (ML)

¿Ã1¬± Ei`\ «¬Ãc﹋1﹞ j²` č1لJ﹞

  ﹉Ã 1? ¶]m ]Â©³G ¾ ¶\0\pdf  ¿i²1﹎l "«Ã`0\ ¾]︺?

 ®2 ¯Â﹍±1Â﹞ `0\a? ·﹋μ  ®2 g±1Ã`0²³﹋ gÃaG1﹞ ² ³ل¼N﹞Σ Ei0 ª³¨︺﹞Ċ
]Ã`²2 Ei\ ·? 0` ³ل¼N﹞ ¯Â﹍±1Â﹞ `0\a? ¿Ã1¬± Ei`\ «¬Ãc﹋1﹞ ¯Â¬ZGĊ
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MAXIMUM LIKELIHOOD (ML)

¿Ã1¬± Ei`\ «¬Ãc﹋1﹞ j²` č¿i²1﹎ ︹Ãb³G
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MAXIMUM LIKELIHOOD (ML)

¿Ã1¬± Ei`\ «¬Ãc﹋1﹞ j²` č¿©³±a? ︹Ãb³G

≤ ≤



بازشناسی الگو
P

re
p

a
re

d
 b

y
 K

a
z

im
 F

o
u

la
d

i  
 |

  
 F

a
ll 

2
0

1
8

  
| 

  
2
n
d

E
d

it
io

n

17

FW0 ¿©1﹍S ︹?0³G ¾aF﹞0`1C ¯Â¬ZG¬1ل ﹝N¼³ل

BIAS OF ESTIMATOR

a﹎ ̄ Â¬ZG f1Ã1?



 Maximum Likelihood (ML)
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ESTIMATION OF UNKNOWN PDFS   � Parametric Methods  �� Maximum Likelihood
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Asymptotically unbiased and consistent
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 Example:
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MAXIMUM A POSTERIORI PROBABILITY (MAP)

¯ÂhC 1ل¬FW0 «¬Ãc﹋1﹞ j²`

 j²` `\MAP0 ª³¨︺﹞ ¯ÂlÂC ︹Ãb³G ﹉Ã ¾0`0\ ·﹋ «Â°﹋ ¿﹞ ¶1﹍± ¿﹁\1pG aÂ︽F﹞ ﹉Ã ®0³°︻ ·? aF﹞0`1C ·? ċEiĊ
]°﹋ ¿﹞ ﹏Ã]>G ¯ÂhC ¿©1﹍S ﹉Ã ·? 0` ¯ÂlÂC ¿©1﹍S ¯Ã0 ċ]Ã]O ¾1½ ·±³¬± ¾ ¶]½1l﹞Ċ



 Maximum Aposteriori Probability Estimation (MAP)

 In ML method, θ was considered as a parameter

Here we shall look at θ as a random vector described by 

a pdf p(θ), assumed to be known

Given

Compute the maximum of 

From Bayes theorem

 NxxxX ,...,, 21
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The method:

MLMAP

MAP

MAP

p

XpP

Xp
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ESTIMATION OF UNKNOWN PDFS   � Parametric Methods  �� Maximum Aposteriori Probability Estimation

ML and MAP estimates of will be approximately the same in (a) and different in (b).
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MAXIMUM A POSTERIORI PROBABILITY (MAP)
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BAYESIAN INFERENCE

¾cÂ? L1F°Fi0 j²`

 j²`ML  ²MAP ³ل¼N﹞ aF﹞0`1C `0\a? b0 n1[ ¯Â¬ZG ﹉Ã ċ ċ]±\a﹋ ¿﹞ ·Ç0`0
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The above is a sequence of Gaussians as N
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 Example:
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MAXIMUM ENTROPY (ME)

¿C²aF±2 «¬Ãc﹋1﹞ j²`
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 Maximum Entropy

Entropy
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Example: x is nonzero in the interval [x1, x2]

and zero otherwise.  Compute the ME pdf

• The constraint:

• Lagrange Multipliers
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MIXTURE DENSITY MODELS
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MIXTURE DENSITY MODELS

v³¨Z﹞ ¿©1﹍S ¾1½ ل]﹞ j²`
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MIXTURE DENSITY MODELS

v³¨Z﹞ ¿©1﹍S ¾1½ ل]﹞ j²` č1½aF﹞0`1C ¯Â¬ZG
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 Mixture Models



 Assume parametric modeling, i.e.,

The goal is to estimate

given a set

Why not ML?  As before?
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This is a nonlinear problem due to the missing label 

information.  

This is a typical problem with an incomplete data set.

Solution??

The Expectation-Maximization (EM) algorithm.
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EXPECTATION MAXIMIZATION (EM)

]Â﹞0 ¾b1i «¬Ãc﹋1﹞
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The Expectation-Maximization (EM) algorithm

• General formulation

–

which are not observed directly.

We observe 

a many to one transformation
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x
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• Let 

• What we need is to compute

• But  yk’s are not observed.  

Here comes the EM.  

Maximize the expectation of the log-likelihood

conditioned on the observed samples 

and the current iteration estimate of  .
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The algorithm:

• E-step:

• M-step:
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EXPECTATION MAXIMIZATION (EM)

]Â﹞0 ¾b1i «¬Ãc﹋1﹞ č«FÃ`³﹍©0
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EXPECTATION MAXIMIZATION (EM)
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EXPECTATION MAXIMIZATION (EM)

]Â﹞0 ¾b1i «¬Ãc﹋1﹞ č1لJ﹞
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GAUSSIAN MIXTURE MODELS (GMM)

¿i²1﹎ v³¨Z﹞ ¾1½ ل]﹞

¿i²1﹎ v³¨Z﹞  ل]﹞
Gaussian Mixture Model

]m1? ¿i²1﹎ ®2 ¾1½ ·﹀©µ﹞ ·﹋ v³¨Z﹞ ¿©1﹍S ل]﹞ ﹉ÃĊ

 `\ \³O³﹞ ¾1½ ·¨﹇ \0]︺G ċ1½ ·﹀©µ﹞ \0]︺G \`²2a? ¶0` ﹉Ãpdf Ei0Ċ



Application to the mixture modeling problem

• Complete data

• Observed data

• Assuming mutual independence, the log-likelihood is
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Unknown parameters
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EXPECTATION MAXIMIZATION (EM)

]Â﹞0 ¾b1i «¬Ãc﹋1﹞ č1لJ﹞
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MIXTURE DENSITY MODELS: APPLICATION IN CLUSTERING
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Chapter 2
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