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L ( 0 ‘ D) Likelihood Function

L(8|D) = p(D|0) = p(x1,...,%x,|0) = Hp(x,;\@)
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MAXIMUM LIKELIHOOD (ML)
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0 = arg max L(6|D)

e Sl (51 e olad 4 g el JSeulis laiena o ol AT I L g S K Y gans

A

0 = arg max log L(0|D) = arg max ; log p(x;]0)
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MAXIMUM LIKELIHOOD (ML)

Suppose that p(x|0) = N(u,X).
» When X is known but g is unknown:

. _1¢
“’ - EZ,ZZIXZ
» When both p and 32 are unknown:

o 1g o1 X X
MZEZXi and EZEZ(Xz‘—M)(Xi—M)T
=1 1=1
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MAXIMUM LIKELIHOOD (ML)

e Suppose that P(z|0) = Bernoulli(d) = 0%(1 — )~
where t = 0,1 and 0 = 6 = 1.

e The MLE of 6 can be computed as

A
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BIAS OF ESTIMATOR

e Bias of an estimator @ is the difference between the
expected value of 6 and 6.

e The MLE of p is an unbiased estimator for p because
Elp] = p.

e The MLE of X is not an unbiased estimator for X
because E[3] = sy = 3

e The sample covariance

1 N N
= 3 - )i — )
1=1

is an unbiased estimator for X.
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ESTIMATION OF UNKNOWN PROBABILITY DENSITY FUNCTIONS

% Maximum Likelihood (ML)

» Letx,,x,,..., x, known and independent

% Let p(x) known within an unknown vector
parameter 0: p(x) = p(x;0)

> X:{ﬁpﬁzw-aﬁN}

> p(X;0)=p(x,, x,,...,x,:0)

N
=11 p(x,;9)

which 1s known as the Likelihood of 8 w.r.to X
The method :

18
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. N
> | Oy argmeax{_llp(gk;g)

N
> L(©O)=Inp(X:0)= X In p(x,:6)
o - dL(0) _ ZZV: 1 ap(ﬁk;@

> Yy a(Q) k=1p(£k;9) a(@)

=0
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p(X;0)

20
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If, indeed, there 1s a 0, such that

p(x) = p(x;0,), then
lim E[0,, ]=9,

N—ec -

lim E

N—eo

2

N

O, =6y =0

Asymptotically unbiased and consistent

21
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@ Example:  p(x): N(W,Z): punknown, x;,X,,...Xy p(x;)=p(x;0)

N 1 N B
L=l plx;p)=C-22(x, W' (x, —w)
1 1 T -1
p(ﬁk;ﬁ) = —llexp(_g(lk _E) 2 (x, _E))
(2m)2 |52
oL
ou,
oL '
(E)E =§2_1(£k—u)=QZ>M :iglk
a(M) k=1 — —ML N k=1
aL
9, |
(o' Aar)

Remember: if A=A" = : =2A0.
04
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ESTIMATION OF UNKNOWN PDFS P Parametric Methods PP Maximum Aposteriori Probability Estimation

¢ Maximum Aposteriori Probability Estimation (MAP)
» In ML method, 6 was considered as a parameter

» Here we shall look at 6 as a random vector described by
a pdf p(0), assumed to be known

» Given
X =4X,, X0y Xy |

Compute the maximum of

p(6]X)
» From Bayes theorem p(0)p(X ‘Q) = p(X) p(Q‘X ) or

p(©)p(X|0)

0| X)=
p(O]X) (X y
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» The method:

N

0)up = arg max p(Q‘X) o1

A 0
O pap : %(P (0)p(X0))

If p(0)is uniform or broad enough 0 wap =0,

26
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_p(X0)

p(0)

(a) (b)

ML and MAP estimates of will be approximately the same in (a) and different in (b).

27
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MAXIMUM A POSTERIORI PROBABILITY (MAP)
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BAYESIAN INFERENCE
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p(D) = /p(D|9)p(9) de p(x|D) = /p(x|0)p(0|D) de

p(D|0) = Hp x;|0)

ol slae e PAF 00d3 ol g 55 P(0]D) (o s o555
(.CA.u.n‘DbJ‘J de gano (SQJALIMJ‘W 0 (SJLOT‘)AL)A doge od QMJJJQ U:tlald ‘Jf))

P



ESTIMATION OF UNKNOWN PDFS P Parametric Methods PP Bayesian Inference

¢ Bayesian Inference

» ML,MAP = a single estimate for 0.
Here a different root 1s followed.

Given:

X ={x,,., Xy}, p(x]0) and p(8)
The goal :
estimate p(g‘X )

How??

31



ESTIMATION OF UNKNOWN PDFS P Parametric Methods PP Bayesian Inference

p(x{X) =] p(x18) p(8]X)d®

p(BX

_r(X|9)p®) _ p(X|0)p(®)

p(X0)=T1 p(x,/0)

p(X) [ p(x[o)p(©)ao

A bit moreinsight via an example

o Let p(ajy) > N(1.0")

o p(W) = N(Hy,02)

e [t turnsout that: p(pt‘X) — N(u,,65)

No,x+0°U, ) 6’0,
MN = 2 2 cTN =
No, +o

- b
No, +0°

32
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» The above is a sequence of Gaussians as N — oo

PRIXD 4 B . . ' ' ' '
3.5 [\

3

2.5

2

1.5

1

0.5

33
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¢ .
> Example:

p(x): N(u,Z), u unknown, X ={x,...xy}

2
1 n—u
P
(2m)* o, a
~ 0 N N |
Ouap t = —In(IT Pl ) p() =0 or 2 —(x, =)= — (-, ) =0=
o -0 Oy
G, N
Mot 2X, c.
ho = 5 for —->>1, orfor N — oo
- c
1+ N
c
1 N

34
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¢ Maximum Entropy

» Entropy
H=-|px)hpx)dx

> p(x): maximum H

subject to the available constraints

37
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» Example: x 1s nonzero 1n the interval [x,, x,]
and zero otherwise. Compute the ME pdf

e The constraint: j p(x)dx =1

« Lagrange Multipliers H, = H + 7\,( _.- p(x)dx—1)

X

p(x) =exp(A—1)

. 1 X <x<x,

p(x)=9x,—x,
0 otherwise
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MIXTURE DENSITY MODELS

e A mixture model is a linear combination of m densities

p(x|®) = Zoz]pj x|6;)

where ® = (aq,...,qp,01,...,0y) such that a; > 0
and Y7 o = 1.
® a,...,q,, are called the mixing parameters.
e p;(x|0;), j=1,...,m are called the component densities.

e Gale (JEs M ad (S 3 3ok Bl e sgae PAF 00 5 S0 0 g e (B3

C U o a8 (Faud b Jae (ol %
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MIXTURE DENSITY MODELS
aq
p1(x61) >
«
p2(x16>) =
i m
X—> : — p(x[@) = > a;p;(x]6;)
- Q; —1
1 pixle) :
: : "
§ & ZOéj =1
{ pn(xln) [
g VJ Oéj =1
:i% O = [91,92, ,Hj,...gm,()él,OZQ, ,Oéj ,Oém]
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MIXTURE DENSITY MODELS

aq

p1(x[61)

pa(x(82) |

X —> E —— p(x|®) = > a;p;(x16;)

Qj j=1

p;(x]6;)
77

pm(X|0m)

S5 e sade sasay b sl (g oludings (gliue S 4 La SRl (edS (515 ML 5l sulii
(-aii oo Ja GBlax ML (galivie Mo g3 padiie SI)
Y
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* Mixture Models

> p() =2 PP, 2P =1 | p(xfdx=1

7;9)

> The goal is to estimate 6 and B, P,,..., P,
given a set Xz{&,{p...,{]v}

» Assume parametric modeling, i.e., p(z

N
» Why not ML? As before? max I1 P(x,;0, P,
0.P,..P k=l =

s P)

43
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» This is a nonlinear problem due to the missing label
information.
This 1s a typical problem with an incomplete data set.

Solution??

» The Expectation-Maximization (EM) algorithm.

44
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EXPECTATION MAXIMIZATION (EM)
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» The Expectation-Maximization (EM) algorithm

* General formulation
— ythe completedataset ye Y  R", with p, (0),

which are not observed directly.

We observe

x=g(y)e X, cR,I<m with P,(x;0),

a many to one transformation

I 77777/

- /)
Yo

Yy

46
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 Let Y(x)cVYall y's — to a specific x

p.(x:0)= [p,(3:0)dy e Gz

x . J
Y(x) ~

 What we need is to compute

A dIn(p,(y ;0))
O Z ée_k =0

k

* But y,’s are not observed.
Here comes the EM.
Maximize the expectation of the log-likelithood
conditioned on the observed samples

and the current iteration estimate of 0.
47
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» The algorithm:
e E-step:

0(6;0(r) = E[Y_In(p,(y,;0

X;0(2))]

e M-step:
O( +1) = arg max O(9;0(2))

.00(6:6(1)) _ 0
00 -

0(t+1)

48
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EXPECTATION MAXIMIZATION (EM)

Algorithm (Expectation-Maximization)

1 begin initialize 6°,7T,i = 0

2 doi+«+i+1 .

3 E step : compute Q(6; 6*) '

5 M step : 0" — arg max Q(0; 6')
6 until Q(Giﬂ; Hi) — Q(HiQ Hi_l) <T

7  return @ — '!

s end
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EXPECTATION MAXIMIZATION (EM)
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» Application to the mixture modeling problem
» Complete data
(x,,7,),k=12,...N
* Observed data
x.,k=12,...N

P(x;Ji30) = p(x |ji;O)P,

» Assuming mutual independence, the log-likelihood is

L(©®) = 2 In(p(x,|i; O)P;)

53
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» Unknown parameters

e =[0",P'T, P=[P,P,...P]

» E-step

0(©;6(1)) = E[Zlnoa(xk\fk,e) k)]—ZE[ ]=

N J

>, 2 P (ilx:00)| In(p(x, | OP )

k=1 ji=1
20 20 .
== —= =0, j =12,..,J
00— 0P, /

p(x,|J;O@)P,
P(x,;0(1))

» M-step

P(jlx;:0(0))=

J;8())P,

54

p(x;0(0) = Z p(x,
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Pattern Recognition B

Classifiers Based on
Bayes Decision Theory

2.1 INTRODUCTION

This is the first chapter, out of three, dealing with the design of the classifier in a
pattern recognition system. The approach to be followed builds upon probabilistic
arguments stemming from the statistical nature of the generated features. As has
already been pointed out in the introductory chapter, this is due to the statistical
variation of the patterns as well as to the noise in the measuring sensors. Adopting
this reasoning as our kickoff point, we will design classifiers that classify an unknown
pattern in the most probable of the classes. Thus, our task now becomes that of
defining what “most probable” means.

Given a classification task of M classes,w, w3, ..., ayy,and an unknown pattern,
which is represented by a feature vector x, we form the M conditional probabilities
Plwg|x),f=1,2,...,M. Sometimes, these are also referred to as a posteriori
probabilities. In words, each of them represents the probability that the unknown
pattern belongs to the respective class w;, given that the corresponding feature
vector takes the value x. Who could then argue that these conditional probabilities
are not sensible choices to quantify the term maost probable? Indeed, the classifiers
to be considered in this chapter compute either the maximum of these M values
s Theodoridis or, equivalently, the maximum of an appropriately defined function of them. ‘The
unknown pattern is then assigned to the class corresponding to this maximum.

The first task we are faced with is the computation of the conditional proba-
bilities. The Bayes rule will once more prove its usefulness! A major effort in this
chapter will be devoted to techniques for estimating probability density functions
(pdf), based on the available experimental evidence, that is, the feature vectors
corresponding to the patterns of the training set.
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S. Theodoridis, K. Koutroumbas,
Pattern Recognition,
Fourth Edition, Academic Press, 2009.

2.2 BAYES DECISION THEORY

We will initially focus on the two-class case. Let wy, w> be the two classes in which
our patterns belong. In the sequel. we assume that the @ priori probabilities 13
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MAXIMUM-LIKELIHOOD
AND BAYESIAN
PARAMETER ESTIMATION

Pattern
Classification

3.1 INTRODUCTION

Tn Chapter 2 we saw how we could design an optimal classifier if we knew the prior
probabilities P{oy) and the class-conditional densities p(x|ay ). Unfortunately, in
pattern recognition applications we rarely, if ever, have this kind of complete knowl-
edge ahout the probabilistic structure of the problem. In a typical case we merely
have some vague, general knowledge about the situation, together with a number of

TRAINING DATA design samples or training data—particular representatives of the patterns we want
10 ¢lassify. The problem, then, is to find some way to use this information 1o design
or train the classifier.

One approzch to this problem is to use the samples to estimate the unknown prob-
abilities and probability densities, and then use the resulting estimates s if they were
the true values, In typical supervised pattern classification problems, the estimation
of the prior probabilities presents no serious difficulties (Problem 3). However, es-
timation of the class-conditional densities is quitc another maiter. The sumber of
available samples always seems (oo small, and serious problems arise when the di-
mensionality of the feature vector x is large. If we know the number of parameters
in advance and our general knowledge about the problem permits us to parameterize
the conditional densities, then the severity of these problems can be reduced sig-
nificantly. Suppose, for example, that we can reasonably assume that pixjey) is a

normal density with mean g and covariance matrix X, although we do not know

R'O' Duda’ P'E' Hart’ and D'G' Stork’ the exact m]qu of Ihesr.qu::tilia&. This knowledge simpliﬁuﬁ problem from one
Pattern Classification, e e AR D e e e panaes by
L] : The problem of parameter estimation is a classical one in statistics, and it can

Second Edition, John Wiley & Sons, Inc., 2001. 5 oo i el VS G P AL S06 b Wil Racarabe
ly, maxi likelihoad and Bayesian estimation. Al-

thaough the results obtained with these two procedures are frequently nearly identical,
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C.M. Bishop,
Pattern Recognition and Machine Learning,
Springer, 2006.
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Section 9.1

If we define a joint distribution over observed and latent varigbles. the correspond-
ing distribution of the ohserved variables alone is obtained by marginalization. This
allows relatively complex marginal distributions over observed variables to be ex-
pressed in terms of more tractable joint distributions over the expanded space of
observed and latent variables. The introduction of latent variables thereby allows
complicated distributions to be formed from simpler components. In this chapter,
we shall see that mixture distributions. such as the Gaussian mixture discussed in
Section 2.3.9, can be interpreted in terms of discrete latent variables. Continuous
latent variables will form the subject of Chapter 12.

As well as providing a framework for building more complex probability dis-
tributions, mixture models can also be used to cluster data. We therefore begin our
1 ion of mixture distributions by considering the problem of finding clusters
in a set of data points, which we approach first using a nonprobabilistic technigue
called the K-means algorithm (Lloyd, 1982). Then we introduce the latent variable
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