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Hopfield Model
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Equations of Operation

dnf 2 n (1)
Cdr :Z ”J)__;Jr]

J=1

n; - input voltage to the ith amplifier

a; - output voltage of the ith amplifier

C - amplifier input capacitance

I. - fixed input current to the ith amplifier

a; — f(n,)
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j =1 Amplifier

Resistor

ol ssuiSen B G sus,5 50, A, - Input voltage to the ith amplifier

]

ol sssiSens® 3l o2 sua 56 @; - output voltage of the ith amplifier

suiSen 58 s, Solb it C - amplifier input capacitance
o seaiSen s o eliasusoba [ - fixed input current to the ith amplifier
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Network Format

S
dnft)
R.C - = ZRT a t)—nf0)+ R,
i=1
Define:
€ = R,C Wl,j = RiTi’j bf
dn (:)

= —n(H+ 2 w; a(t)+b

j=1
Vector Form:

(dn() _

T2 =m0+ Wa()+b

a(r) = f(n(7))
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Hopfield Network

Input Recurrent Layer
N\ 4 N
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n(0) = f'l(p), (a(0)=p) edn/dt=-n+Wf(n)+b
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Lyapunov Function

i=1(0

S |a;
V(a) = - %aTWa +y {j fl(u)dul b'a
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Individual Derivatives

First Term:
dj 1.1 _ g7 Tda _ rda _ Tyyda
dt{_i Wa} pvia Wal o = -IWal'z 1
Second Term:
¥ da dal. dal

p . g _i a. » p da; da
77 Of (u)du dai ,(‘;f (u)du E f (ai)df nidt

s |a
d , Tda
al I | =0’

Third Term:

dy vy wrplailda _ 71da
dt{_b aj V(b a] - b T
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Complete Lyapunov Derivative

T da

Tda 7da da
17

T T
E_b r7en [-a W+n -b

d T..,da
EV(a) = —-a WE-I-II

From the system equations we know:
dn(t)]T

T T T
[-a W+n —-b ] = —8[7

So the derivative can be written:
d [dn(t)]Tda > cdnpida, >, dn;yda,
a’ Tl @ 8_21(dz dr ) B E‘Zl(dr dt)
i= i=

2

S
_ d 1 da,
. 8.;1(4_%[f ()] dt)

If di%[f_l(ai)bo then %V(a)so



Y

LG gl SLOAS
S bl s

COMPLETE LYAPUNOV DERIVATIVE

Prepared by Kazim Fouladi | Fall2017 |2nd Edition

e -2lbe Skl cnlis

2 %k;/

d T T
EV(a) = —a WE+H E—b T [-a W+n -b

4
a’ ™

tail e ) @osats V(@) Fide o

T da

Tex,da rda Tda aa
]dr

From the system equations we know: sl st o¥olas )

T
[—aTW+ nT—bTJ = —E[d_z,?)]

I Gidie O 55 o0
1S o 30k ) Su et

S _ | S | ‘
_Efgll (di‘*‘,[f l(a")]I%%)z

col (53 5mm (2l f T 38
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If U '@)>0 then  £(a)<o

So the derivative can be written:
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Invariant Sets

Z = {a:dV(a)/dt =0, ain the closure of G}

—V(a)——sz( T )]LI)

i=1

This will be zero only if the neuron outputs are not changing:
da

dt

Therefore, the system energy is not changing only at the
equilibrium points of the circuit. Thus, all points in Z are
potential attractors:
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g se bl Lag 58 (shed (o oA Fidie S g o Hhus (S5 5o V(@) Bline lade
This will be zero only if the neuron outputs are not changing:

da _
dt
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Therefore, the system energy is not changing only at the
equilibrium points of the circuit. Thus, all points in Z are

potential attractors:
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Example

a = f(n) ntan( ) n ~Yj_ctan(za)
1,2 2,1 > W_[Ol]
10
Iy,=1T5,=1
e =RC=1
Yy =14
= — _ |0
11—12—0> b u
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Example Lyapunov Function

ba

V(a) = ~3a' Wa + 2 [ 1w

V(a) - _alaz_#llog{cos(gal)}rlog{cos(gaz)}]
Arn
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1 T >, |4 T

V(a) = ~5a Wa + z If_l(u)du ~b a PN

i=1(0
1 7 1 0 1]1% sl Hhio o g (gtlan

‘ ‘LLAA: —_— = —— = —
Jol stdes ok Wa 2[“1 ‘12] [1 O] . d,d; cl iaa bl 1)
2

C;\_m|‘):\‘) C'_:‘)J_‘ci..: “.\JJ (54.‘.0; {.\‘—l f—:).a
¢ 2 2 n 27 4 n
-1 T !
f (w)du = — tan(—u}du = —[—logl:cos(—u)]ﬁ] = ——log[cos(—a.)]
.! ych[ 2 NeL 2 0 ,MZ 27

Ppeols SLL b sl ccpl by

V(a) - _alaz_#llog{cos(gal)}rlog{cos(gaz)}]
Arn



dn

— =-n+Wf(n) = —n+Wa

dt

dnl/dt = a,—n,

dnz/a’t =a;—n,

2 -1fl4rn
@ = gl {7
L2 tan—1(1.4ﬂ:

2 2
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Example Network Equations
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Convergence to a Saddle Point
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Hopfield Attractors

The potential attractors of the Hopfield network satisfy:

da

EZO

How are these points related to the minima of /(a)? The
minima must satisfy:

T
vy = [ o —
aal aaz ' 805

Where the Lyapunov function is given by:

V(a) = ——a "Wa+ zéffl(u)du}b a

i=1]0
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The potential attractors of the Hopfield network satisfy:
da

2 -

33 Lt ) (sl oyt il e e b1 1 03 5L ol slanasi o b suiiSda bl LLS,|
How are these points related to the minima of V(a)? The
minima must satisfy:

T
(shom s loms Biia = ol sb) VY = |QL IV OV | — g
2a, 90, " day

Where the Lyapunov function is given by:

S a;
V(a) = —%aTWa+ 2 _rf_l(u)du _b’a
i=10



Hopfield Attractors

Using previous results, we can show that:

VV(a) = [-Wa+tn-b] = —8[6%]

The ith element of the gradient is therefore:

d B @i o ood o N
8aiV(a) TN (Lr Ha))) =-¢

d_

~1 da
da, L/ (af)]d t

Since the transfer function and its inverse are monotonic

increasing: di @) >0
CII-
All points for which 32 = 0 will also satisfy V¥ (a) = 0

Therefore all attractors will be stationary points of V(a).
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Using previous results, we can show that: sl olas ol 55 (L8 gl 3

VI(a) = [-Wa+n—b] = —¢ [d“m

JJ-‘-“L;‘ul:‘J‘Jif“ l)..a.\:_u,u.}
The ith element of the gradient 1s therefore:

) dn,. d 1 d 1 da ;
_— =_—e—"'=_eg= )]) =—& — )] —
aaiV(a} dt dt (L7 (@)l da, Lf (a‘)ldr
Fo ¢ A (59 srum (5] 85K O u s 5 JEII A G e
Since the transfer function and its inverse are monotonic

increasing: di‘%[f_l(a")] >0
ol sis (g sl aa V(@) (Lol S col dA/dE = 0 oS LIS (gdan 5o 4S5y 05ls @Y oyl
All points for which % = 0 will also satisfy Vr(a) =
caieaa 50 V(@) L) LU LasaiiSia (sdad G
Therefore all attractors will be stationary points of V(a).
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Effect of Gain
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Lyapunov Function

_bla fﬁl(u) = %:tan(@)

af.f‘l(wdu p

0

—
T o 2 Bl i

S
| A
Via) = —53 Wa + ‘21

¥ 2

| Ly =014 |
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LYAPUNOV FUNCTION

Via) = —

1 7
52 Wa+.21
.

S LU b s S

ot aliigls G SLL pls IS K o3 S Ll a s

J‘f*l(u)du ~b’a
0
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0
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High Gain Lyapunov Function

As y—oo the Lyapunov function reduces to:

Va) = — %aTWa “b’a

The high gain Lyapunov function 1s quadratic:

T T T T
Va) = —%a Wa-b a = %a Aa+d a+c

where

V2V(a) = A = -W d=-b ¢ =0
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HiGH GAIN LYAPUNOV FUNCTION

P e CuslS 5 8 ) cp ety SHLL Ll S Jae culgs (o caw 4 Y (S

As y—oo the Lyapunov function reduces to:
yia) = — %aTWa —b’a
colp g8 da 0 2B S Vb e b S e &b

The high gain Lyapunov function is quadratic:

T T T T
V(ia) = —%a Wa-b a = %a Aa+d a+tc

where

V2r(a) = A = -W d=-b c=0
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EXAMPLE
V2r(a) = -W = 01 1 veray -l = —7: —?‘L “ A1 = A+ D - 1)
A= -1 z]=[l Ay, =1 zz=|:1:|
1 1
1 b o Sl
V(A) ool i ooy ke o e 035 loe 0
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Hopfield Design

The Hopfield network will minimize the following
Lyapunov function:

V(ia) = — %aTWa “b’a

Choose the weight matrix W and the bias vector b so that
JV takes on the form of a function you want to minimize.
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The Hopfield network will minimize the following
Lyapunov function:

Via) = — %aTWa —b’a

Choose the weight matrix W and the bias vector b so that
JV takes on the form of a function you want to minimize.
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Content-Addressable Memory

Content-Addressable Memory - retrieves stored memories
on the basis of part of the contents.

Prototype Patterns:
{P1, P2 .. . Pol (bipolar vectors)

Proposed Performance Index:

0
1 2
Ja) = 5 Y (Ip,] )
g=1
For orthogonal prototypes, if we evaluate the performance

index at a prototype:
0
2 2
Jp) =5 Y (p1'py = 5By = -3
g=1
J(a) will be largest when a is not close to any prototype

pattern, and smallest when a is equal to a prototype pattern.
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For orthogonal prototypes, if we evaluate the performance
index at a prototype'
J(p) = Z (tp,1"py" = 4Py - 3
‘f =1 wols? 41 e (54.@/
J(a) will be largest when a is not close to any prototype
pattern, and smallest when a is equal to a prototype pattern.
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Hebb Rule

If we use the supervised Hebb rule to compute the weight matrix:

0

T
W= > p,p,) b=0
qg=1

the Lyapunov function will be:
0 0
1 1 1
V(a) = 52 Wa - —zaT[Z pq<pq)T]a =3 ap,p,) a
q =1 g=1

This can be rewritten:

1 0 T 2
V(a) = — > [(p,) al =J(a)
g=1

Therefore the Lyapunov function is equal to our performance
index for the content addressable memory.
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If we use the supervised Hebb rule to compute the weight matrix:

2 T
W = Z Py(Py) b

q =1

Il
=

the Lyapunov function will be: P salsa B bl B s8T

0 Q
1 7 1 r T 1 T T
V(a) = _Ea Wa = _za [2 pq(pq) ]a = ) Z a pq(pq) a
q=1 q=1

This can be rewritten: Lo s 3550 55 @ e Wl 55 e S

Q
1 T .2
v = 5 3 () al = J@)
g =1

Therefore the Lyapunov function is equal to our performance
index for the content addressable memory.
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Hebb Rule Analysis

9 T
W= p,(p,)
qg=1

If we apply prototype p; to the network:

0 _ _
ij - 2 pq(pq)ij - pj(pj)ij - Spj
g=1
Therefore each prototype is an eigenvector, and they have

a common eigenvalue of S. The eigenspace for the eigenvalue
A=S is therefore:

X = span{py, P2, ....Po}

An S-dimensional space of all vectors which can be written as
linear combinations of the prototype vectors.
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W= 3 p,p,)

qg=1

If we apply prototype p; to the network: :psS Jleel € 0 1, Py alisisn Sl S

0
Wp, = 3 p,(p,)'P; = P;(P) P, = 5P,
g=1 s e
Therefore each prototype is an eigenvector, and they have

a common eigenvalue of S. The eigenspace for the eigenvalue
A=S is therefore: 9ol 058 s ile (58535 Lo So B s Lo sa (ol sl
fa g e 8335 slake Ol sl 55 sLiad s Ll LA = 8 S ke g3y Hlake LT Saa

X = span{py, P2, --..Po}
o5 lisis Lok sl S5 ol s 1 LT )55 e 45 cnanl ola o s (san Jold sans—S (L 5 o
An S-dimensional space of all vectors which can be written as
linear combinations of the prototype vectors.
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Wa = W{op, +0o,p, + - +ayp,}

{a,Wp, + o, Wp, + - + ocQWpQ}
= {0 Sp, + 0, Sp,y+ - + 0SSP,

= S{op, +o,p, + - +ochQ} = Sa
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Weight Matrix Eigenspace

The entire input space can be divided into two disjoint sets:

RS = xuxt

where X* is the orthogonal complement of X. For vectors
a in the orthogonal complement we have:

(p)a=0¢g=12...0

Therefore,
0 0

T
Wa = qu(pq) a-— z(pq-O)zﬂ -0-a
g=1 g=1

The eigenvalues of W are S and 0, with corresponding
eigenspaces of X and X*. For the Hessian matrix

Vi = —-W

the eigenvalues are -S and 0, with the same eigenspaces.
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WEIGHT MATRIX EIGENSPACE

P08 o ae (4o gane 90 4 Ol e 1) g8 s0s sLad US
The entire input space can be divided into two disjoint sets:

cceal X salaie acie Xt S
= - R = Xux"
(C.\_u.-‘ J‘}ACX‘)‘J‘J‘)J‘)A\)JXL‘)‘J‘J‘)J‘)-&>
where X is the orthogonal complement of X. For vectors

a in the orthogonal complement we have:

(pq)Ta=0,q=l,2,...,Q :f;:\JldaEXL)MxJ.AL;b:\
Therefore, ranslasl€oTiasta € X &I
0 0
T
Wa = qu(pq) a-= Z{pqv()) =0=0-a
q=1 =1 bl A= 0,580 g0 slale gl 85 slad S X - <&

The eigenvalues of W are S and 0, with corresponding
eigenspaces of X and X*. For the Hessian matrix

V2) = - W 058 sl emal oobie W gady sulie pu
'("5:‘\5(5‘-‘5-50[‘“‘[:') OJ_S:)‘ Sl s:.\‘)l-j-ﬁu—nu-b(_;éjfj ‘&J‘:\A

the eigenvalues are -S and 0, with the same eigenspaces.
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Lyapunov Surface

The high-gain Lyapunov function is a quadratic function.
Therefore, the eigenvalues of the Hessian matrix determine its
shape. Because the first eigenvalue is negative, /' will have
negative curvature in X. Because the second eigenvalue is
zero, V will have zero curvature in X*.

Because V' has negative curvature in X , the trajectories of the
Hopfield network will tend to fall into the corners of the
hypercube {a:-1<a,;<1} that are contained in X.
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LYAPUNOV SURFACE

The high-gain Lyapunov function is a quadratic function.
Therefore, the eigenvalues of the Hessian matrix determine its
shape. Because the first eigenvalue is negative, V' will have
negative curvature in X. Because the second eigenvalue is
zero, V will have zero curvature in X
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Because V" has negative curvature in X, the trajectories of the
Hopfield network will tend to fall into the corners of the
hypercube {a:-1<qa,<1} that are contained in X.
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/3
Example

_ |1 _ T _ |1 11 1.1 1 7
- W = - - = _1 = _2gT1 1
P, [1] P (Py) H[l 1] [1 1:| V(a) = —3a Wa = —>a [1 1]a
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Zero Diagonal Elements

We can zero the diagonal elements of the weight matrix:
W' = W-0I

The prototypes remain eigenvectors of this new matrix, but the
corresponding eigenvalue is now (S-Q):

Wp, = [W-0Ilp, = Sp,-0p, = (S-0)p,
The elements of X' also remain eigenvectors of this new
matrix, with a corresponding eigenvalue of (-Q):
W'a = [W-QI]la=0-Qa = —Qa
The Lyapunov surface will have negative curvature in X and

positive curvature in X", in contrast with the original Lyapunov

function, which had negative curvature in X and zero curvature
in Xt
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We can zero the diagonal elements of the weight matrix:
W = W-0I

The prototypes remain eigenvectors of this new matrix, but the
corresponding eigenvalue is now (S-0Q):

Wp, = [W-0llp, = Sp,-0p, = (5-0)p,
The elements of X also remain eigenvectors of this new
matrix, with a corresponding eigenvalue of (-Q):

Wa=[W-0Ila=0-0a = -Qa

The Lyapunov surface will have negative curvature in X and
positive curvature in X%, in contrast with the original Lyapunov

function, which had negative curvature in X and zero curvature
in X,
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Example

If the initial condition falls exactly on the line a,=-a,, and the
weight matrix W is used, then the network output will remain
constant. If the initial condition falls exactly on the line a,=-a,,
and the weight matrix W’ is used, then the network output will
converge to the saddle point at the origin.
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If the initial condition falls exactly on the line a,=-a,, and the
weight matrix W is used, then the network output will remain
constant. If the initial condition falls exactly on the line a,=-a,,
and the weight matrix W’ 1s used, then the network output will
converge to the saddle point at the origin.
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