fi=rm 1L

Stability

4als (5u¥ 5i LIS
G:J‘)Lé L)-u;sd‘):.l 1‘}—&1_\:&@-0 bd&:ﬂ:ﬁ‘d
Ol LAY

http://courses.fouladi.ir/nn



B \
Stability
2




Sl

STABILITY

Prepared by Kazim Fouladi | Fall2017 |2nd Edition

P

Sk SE8s el fan g sl ge

U b ol e oa (21Ses 1o (o ba ) bLE 1)l

S bl 5 yluly gandd
Lyapunov’ Stability Theorem

Jh (505 50083 (S0l

Lasalles Invariance Theorem







€ 1)
Recurrent Networks

Nonlinear Recurrent Network
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Nonlinear Recurrent Network
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Types of Stability

A ball bearing, with dissipative friction, in a gravity field:

K-'/ Asymptotically Stable

- Stable in the Sense of Lyapunov

Unstable
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Basins of Attraction

Case A Large Basin of Attraction

e | -

Case B

Complex Region of Attraction
Pk/\/\—/

In the Hopfield network we want the prototype patterns to be
stable points with large basins of attraction.
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In the Hopfield network we want the prototype patterns to be
stable points with large basins of attraction.
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Lyapunov Stability

d _
Ea(’) = g(a(?),p(1), 1)

Eqilibrium Point:
An equilibrium point is a point a* where da/df=0.

Stability (in the sense of Lyapunov):

The origin is a stable equilibrium point if for any given
value £>0 there exists a number 6(¢) >0 such that if ||a(0)||<9,
then the resulting motion, a(7) , satisfies ||a(¢)||<e for #>0.
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Eqilibrium Point: el im0 e oS (gl : Julad gl
An equilibrium point is a point a* where da/dt=0.

Stability (in the sense of Lyapunov): (Sl psede ) solub
The origin is a stable equilibrium point if for any given

value €>0 there exists a number §(¢) >0 such that if ||a(0)|| <5,

then the resulting motion, a(z) , satisfies ||a(?)||<€ for #>0.
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Asymptotic Stability

4 _
7 a(r) = g(a(),p(o), 1)

Asymptotic Stability:

The origin is an asymptotically stable equilibrium point if
there exists a number &>0 such that if ||a(0)||<d , then the resulting
motion, a(f) , satisfies ||a(?)|| — 0 as t — co.
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Asymptotic Stability:
The origin is an asymptotically stable equilibrium point if
there exists a number 6>0 such that if ||a(0)||<d , then the resulting
motion, a(?) , satisfies |[a(7)|| >0 as t —oo.

(S‘S)QAO‘J\’.AJQJJ-@JJ)“—_L‘J%AJ‘J:‘L} (e}
(SEholugagpue oo o) S LU Il O

6(_‘,@[:\(5\)\9]0“)8(54.‘_@[_5Q‘\g:w;daill:l‘)b:alnglAJ(s@iJ:m&u:\JH‘)d

Prepared by Kazim Fouladi | Fall2017 |2nd Edition

P



€ 1)
Definite Functions

Positive Definite:
A scalar function V(a) is positive definite if /(0)=0 and
V(a)>0 for a=0.

Positive Semidefinite:

A scalar function V(a) is positive semidefinite if /(0)=0
and V(a)=0 for all a.

N .
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Positive Definite: Cais (s
A scalar function ¥(a) is positive definite if /(0)=0 and
V(a)>0 for a0.

Positive Semidefinite: Cilie (ane dash
A scalar function F(a) is positive semidefinite if /(0)=0
and V(a)=0 for all a.
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DEFINITE FUNCTIONS

Negative Definite: (sis (ane
A scalar function V(a) 1s negative definite if /(0)=0 and
V(a)<O0 for a=0.
Negative Semidefinite: (sS30 (raze dasy

A scalar function ¥V(a) is negative semidefinite if V(0)=0
and V(a)<O0 for all a.
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Lyapunov Stability Theorem

da
Pl g(a)

Theorem 1: Lyapunov Stability Theorem

If a positive definite function ¥(a) can be found such that
dV(a)/dt 1s negative semidefinite, then the origin (a=0) is stable for
the above system. If a positive definite function F(a) can be found
such that dV(a)/dt is negative definite, then the origin (a=0) is
asymptotically stable. In each case, V(a) is called a Lyapunov
function of the system.
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Theorem 1: Lyapunov Stability Theorem

If a positive definite function ¥(a) can be found such that
dV(a)/dt is negative semidefinite, then the origin (a=0) is stable for
the above system. If a positive definite function ¥(a) can be found
such that dV(a)/dt is negative definite, then the origin (a=0) is
asymptotically stable. In each case, V(a) is called a Lyapunov
function of the system.
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Pendulum Example

/
’ ld—29+ B\ mgsin(®) = 0
m m dtz c oT mgsin =
mg
State Variable Model
_ da,
_do day . c
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State Variable Model
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dt 2
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Equilibrium Point

Check: a=0
da1 - B
a2
day _ —Esin(a,) - <a, = —€sin(0)— =(0) = 0
dt [ Ve mil2 / ml

Therefore the origin is an equilibrium point.
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EQUILIBRIUM POINT

Check: a=0
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da1 - _—

a7
@2 _ _gsin(a )_ia = —‘gsin(O)—i(O) =0
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Therefore the origin is an equilibrium point.
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€ 1)
Lyapunov Function (Energy)

V(a) = sml(ay)’ +mgl(1 - cos(a)))  (Positive Definite)

\/\r’/

Kinetic Potential
Energy Energy

Check the derivative of the Lyapunov function:

v (ab 1)+ v fz)

d _ T _ oy [
o/ @ = Vvale@ = 57 ) 57

d ) ‘

d 2
EV(a) = —cl(a,)" <0

The derivative is negative semidefinite, which proves that the
origin is stable in the sense of Lyapunov (at least).
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LYAPUNOV FUNCTION (ENERGY)

1
(s35)) S pbld als Via) = imfz(az)z +mgl(1 —cos(a;))  (Positive Definite)

Sl N~
Kinetic Potential
Energy Energy

Check the derivative of the Lyapunov function:

d B T QY (day\ Qv (da,
Sra = vvans@ - 5-{G ) 5{a)

d 1 .
ZV(a) = (mglsin(a,))a, + (m,!zaz)(—%sm(al)_n%az]

d 2
V(@) = —cl(a,) <0

The derivative is negative semidefinite, which proves that the
origin is stable in the sense of Lyapunov (at least).
ol ilae Sl o ail g5 Lol el B LI DIl (Jahas ) e (B 8LL gadS G aa s b

tJJLAUAC.'.UB(SQJ.A.CCJ‘)J-LO‘LIg‘_\fL@JJJLé..\.n\)‘W&JT‘S&A‘)JAAAJJTS&‘JJA&;HJ‘LA‘]
[Jls (5B b oSl = wsly ailae LIl (bl 6 b Tase Bhie S

Prepared by Kazim Fouladi | Fall2017 |2nd Edition

P



da1
dt

V= (9.8)2B(a2)2+(1 —cos(al))]

dV

dt

a2 o-)

/
Numerical Example

c=1.96
= —sin(a;) —0.2a,
2
(19.208)(a,)
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g=98 m=1, [=98, ¢c=1.96
da]
2[1 2
V= (9.8) [z(az) +(1 —COS(al))] %V = —(19.208)(a,)"
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Definitions (Lasalle’s Theorem)

Lyapunov Function

Let V(a) be a continuously differentiable function from R”
to M. If G is any subset of R”, we say that V' is a Lyapunov
function on G for the system da/dt = g(a) if

d”;(f) — (V¥(a)) g(a)

does not change sign on G.

Set /

Z = {a: dV(a)/dt =0, a in the closure of G}
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DEFINITIONS (LASALLE’S THEOREM)
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Lyapunov Function

Let /(a) be a continuously differentiable function from R”
to R. If G is any subset of R”, we say that V' is a Lyapunov
function on G for the system da/dt = g(a) if

dv(a) _ T
o= = (Vr(a)) g(a)

does not change sign on G.
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Set 7

Z = {a:dV(a)/dt =0, ain the closure of G} G JAals 5o bls
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/ Definitions \

Invariant Set
A set of points in R” is invariant with respect to da/dt=g(a)

if every solution of da/dt=g(a) starting in that set remains in the set
for all time.

Set L
L is defined as the largest invariant set in Z.
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DEFINITIONS (LASALLE’S THEOREM)

Invariant Set LS 4o gane

A set of points in R” is invariant with respect to da/dr=g(a)
if every solution of da/df=g(a) starting in that set remains in the set
for all time.

Set L

L 1s defined as the largest invariant set in Z.
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Lasalle’s Invariance Theorem

Theorem 2: Lasalle’s Invariance Theorem

If V' 1s a Lyapunov function on G for da/dt=g(a), then each
solution a(¢) that remains in G for all >0 approaches L°=L U {oo}
as t —oo. (G 1s a basin of attraction for L, which has all of the
stable points.) If all trajectories are bounded, then a(r) — L as
[ —> oo,

Corollary 1: Lasalle’s Corollary
Let G be a component (one connected subset) of
Q= {a: V(a) <n}.

Assume that G 1s bounded, dV(a)/dt < 0 on the set G, and let the set
L°=closure(L U G ) be a subset of G. Then L° is an attractor, and G
is in its region of attraction.
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LASALLE’S INVARIANCE THEOREM
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Theorem 2: Lasalle’s Invariance Theorem

If V' is a Lyapunov function on G for da/dt=g(a), then each
solution a(¢) that remains in G for all >0 approaches L°=L {oo}
as t —oo, (G is a basin of attraction for L, which has all of the
stable points.) If all trajectories are bounded, then a(7) — L as
[ —> oo,
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Corollary 1: Lasalle’s Corollary
Let G be a component (one connected subset) of
O = fa: V(a)< Lired (548 garo S
n = {ar V(a) <mj.
Assume that G is bounded, dV(a)/dt < 0 on the set G, and let the set
L°=closure(Lw G ) be a subset of G. Then L° is an attractor, and G
.. . . sy Woda
is in its region of attraction. o
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Pendulum Example

Q00 = {a: V(a) <100} G = One component of €2, ,.
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PENDULUM EXAMPLE
n=100

Q0= 1a: V(a) <100} G = One component of €2,,.

2f 1 2r 1

1F g 1t 4

a, of : 1 a, or .
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a 4y
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Invariant and Attractor Sets

Z = {a: dV(a)/dt=0, aintheclosurc of G} = {a: a, = 0, a in the closurc of G}

=
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e a
Z = {a:dV(a)/dt =0, aintheclosure of G} = {a: a, = 0, a in the closure of G}
={a:a,=0,-1.6<q,<1.6}
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G=

Larger G Set

Q00 = {a: V(a) <300} L°=L={a:q

=tnm, a, =0}

~\

2+

-5 0 5 10 -10 -5 0

For this choice of G we can say little

about where the trajectorywill converge.
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For this choice of G we can say little
about where the trajectorywill converge.
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Pendulum Trajectory
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PENDULUM TRAJECTORY
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/ Comments \

We want G to be as large as possible, because that will indicate
the region of attraction. However, we want to choose / so that the
set Z, which will contain the attractor set, is as small as possible.

V=0 is a Lyapunov function for all of )", but it gives no
information since Z = R".

If V, and V, are Lyapunov functions on G, and dV,/dt and dV,/dt
have the same sign, then V; + V, 1s also a Lyapunov function, and
Z=7Z,NZ,. If Z1is smaller than Z, or Z,, then V' is a “better”
Lyapunov function than either V', or V,. V'1s always at least as
good as either V| or V,.
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We want G to be as large as possible, because that will indicate

the region of attraction. However, we want to choose V so that the

set Z, which will contain the attractor set, is as small as possible.
Z

V=0 is a Lyapunov function for all of R”, but it gives no

information since Z = R".

If V, and V, are Lyapunov functions on G, and dV\/dt and dV,/dt
have the same sign, then V| + V, is also a Lyapunov function, and
Z=7,N2Z,. If Zis smaller than Z, or Z,, then V' is a “better”
Lyapunov function than either V| or V,. V' is always at least as
good as either V', or V.
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Chapter 20

Ohjectives
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-.. d.beulnd In Chapter 18,

1 this chapter we will deflae stabliity more carefully. Our sbjective s to
determine whether a particular set of coalinear equations has points (or
trajectaries) to which It output might converge. To help us study this tople
we will lntreduce Lynponov's Stability Theoren and apply It to o skmple,
but lartructive, problem. Thea, we will preseat a geaeralization of the
Lyapuasy Theary: LaZalle's Iavariance Theorem. This will set the stage for
Chapter 21, wheee LaZalle’s thearsm I3 used to preve the stablllty of
Hopfield networks.
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