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Radial Basis Networks
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17 Radial Basis Network

Linear Layer

N7 A\
al - a2
S'x1 \ZV 1\ n’ S*x1
A\ O e
1P b %
R' N S'x1 51/ N S7x1 52/

a,= radbas(||\w'-plib")

B b=1/c2)

1 1
n, = Hp_iw

\

The first layer weight vectors ;,w! are called “centers” of the basis functions.

a’=Wa'+b’

a:f(n):e_”

2
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b, b= 1/(0«5) a=f(n)=e"

The first layer weight vectors ;w! are called “centers” of the basis functions.
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Gaussian Transfer Function (Local) 1
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Example Network Function

W11,1 - _1, Wé,l - 1, bll - 2, b; — 2

2 2 2
Wl,l — 1, W1,2 — l,b — O
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Parameter Variations

1
O<w, =2
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/ Pattern Recognition Problem
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/ Radial Basis Solution

Choose centers at p, and p;: Choose bias to be 1:

T
p -1 1
‘N71:|: 2Ti,:|:l 1:|
P; -

This will cause the following reduction
in the basis functions where they meet:

2

a=e¢" = e_(l'ﬁ)2 —e?=0.1353

Choose the second layer bias to
produce negative outputs, unless we
are near p, and p;. Choose second
layer weights so that output moves
above 0 near p, and p;.

w2=[ 2], =[-1]
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Final Decision Regions
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/ Global Versus Local

« Multilayer networks create a distributed representation.

— All sigmoid or linear transfer functions overlap in their activity.

« Radial basis networks create local representations.
— Each basis function is only active over a small region.
» The global approach requires fewer neurons. The local
approach 1s susceptible to the “curse of dimensionality.”

« The local approach leads to faster training and is suitable
for adaptive methods.
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RADIAL BASIS TRAINING
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Radial Basis Training

Radial basis network training generally consists of two
stages.

During the first stage, the weights and biases in the first
layer are set. This can involve unsupervised training or
even random selection of the weights.

The weights and biases in the second layer are found
during the second stage. This usually involves linear least
squares, or LMS for adaptive training.

Backpropagation (gradient-based) algorithms can also be
used for radial basis networks.
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/ Assume Fixed First Layer

We begin with the case where the first layer weights (centers) are
fixed. Assume they are set on a grid, or randomly set. For random
weights, the bias can be /s

The training data 1s given by

{platl}»{pzatz}a ---a{pgatg}

With first layer weights and biases fixed, the first layer output can
be computed:

p! a = radbas(n;)

1

1 1
g = Hpq_iw

This provides a training set for the second layer:

N {2t ,
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Linear Least Squares (274 Layer)

Q
wowaleht F0)=X(t—a) (e, -a)

q

N
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Matrix Form

A u Z, e
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F(x) = (¢- Ux) (- Ux)+ ix; (e Ux)"(t- Ux)+ px"x

:tTt—ZtTUx+xTUTUx+prx

=t -2t Ux+ xT[UTU+ pl]x
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/ Linear Least Squares Solution

F(x) :tTt—ZtTUXerT[UTUerI]X

1
—c+d'x+ 5 x| Ax (Quadratic Function)

VF(X) :V(c+de+%xTij: d+ Ax

— 22U t+2U U +pl]x =0

[U"U+ Ix =U"t
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Example (1)

g(P) =1+Sin(%pjfor—2£p§2

p={-2,-12,-04,04,1.2,2}

t=1{0,0.19,0.69,1.3,1.8, 2}

-2 (0.5]
\V1 = 0 , b1 =10.5
| 2 0.5
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g(p) =1+Sin(%pjfor—2§pg 2
p=1-2,-12,-04,04,1.2,2}

L) gl (g0 gad £

t=10,0.19,0.69,1.3,1.8, 2}

-2 0.5
W=/ 0 ||b'=|0.5
2 0.5

Prepared by Kazim Fouladi | Fall2017 |2nd Edition

+2(0(‘22..\3\3_4.:bu.o gﬁ@‘(sdhucsmu‘_}(sd\,)d(sbd\’m‘)d@gﬁ &»|33;S|f
S s o GRS LU (s gLiad glae o s Gubls
;(@/



1 _ 1
ni,q - Hpq_iw

1
0.368

(0.852]

Example (2)

0.698

(0.527 ]

b,

1

0.961

10.237 ]

0.018]

1

1

10.077

0.237

a, = radbas(n;)

0.961

0.527 |

0.852 0.527 0.237

1

0.368 0.698 0.961
0.018 0.077 0.237 0.527

1

0.961

1

t'=[0 0.19 0.69 1.3

[0.077 |
0.698
0852

0.077 0.018]
0.698 0.368

0.852
1

1.8 2]

[0.018])
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b, a, = radbas(n;)

1

1 1
ni,q - Hpq_iw

1 0.852(10.527(10.237|(0.077| | 0.018
a'=4/0.3680.698 || 0.961,]0.961|0.698 || 0.368
0.018 | 0.077]10.237]10.527| | 0.852 1
1l 55,51t U sl
1 0.852 0.527 0.237 0.077 0.018]
0.368 0.698 0.961 0.961 0.698 0.368
0.018 0.077 0.237 0.527 0.852 1
1 1 1 1 1 1

t'=[0 0.19 069 1.3 1.8 2]
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2.07
1.76
0.42
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Example (3)

X' =[UTU+pl| Ut

1.76
3.09
1.76
4.05

0.42
1.76
2.07
2.71

2.71

4.05

2.71
6

W2 =[-1.03 0 1.03]

-1

(1.01 ]
4.05
4.41

6

b* =[1]

(—1.03 ]

1.03
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x =[UTU+ 1] Ut

1.76
3.09
1.76
4.05

0.42
1.76
2.07
2.71

2.71

4.05

2.71
6

W2 =[-1.03 0 1.03]

-1

(1.01]
4.05
4.41

6

b* =[1]
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Bias Too Large

1 1 1 1 1 1 1
2 15 -1 ~05 0 05 1 15 2
2 -15 -1 ~05 0 05 1 1.5 2
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Subset Selection

Given a set of potential first layer weights (centers), which
combination should we use?

An exhaustive search is too expensive.

Forward selection begins with an empty set and adds
centers one at a time.

Backward elimination begins by using all of the potential
centers and then removes them one at a time.

There are other combinations of the forward and backward
methods.

We will concentrate on one forward selection method,
called Orthogonal Least Squares.
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/ Forward Selection

t=Ux+e
C e
lu Zl
T T
u zZ
2 2
U=’ |=| 72 |=[u, u, - u] n=_5"+1
T T
oW | [ Zo]

« There will be one row of U for each input/target pair.

 If we consider all input vectors as potential centers, there
will be one first-layer neuron for each input vector:
n=Q0 +I.

 In this case, the columns of U represent the potential
centers.

« We will start with zero centers selected, and at each step
we will add the center (or column of U) which produces
the largest reduction in squared error. )
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FORWARD SELECTION

t=Ux+e
||z
uT 2 /wl-.*‘-scsbe
2 2
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oW | [ Zo]

ol s s Uy s SoeS506 [sag09 95 sl O
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Orthogonalize the Columns
U=MR
1on, |
0 1 n; "
Rl 5 .
O O rn—l,n
0 0 1
v, 0 - 0] [m'm, 0 - 0 |
Mm=v=| 0 e D)0 mm, 0
0 0 Voa| |0 0 m,m, |

\ .
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Orthogonalized Least Squares

t=MRx+e=Mh+e

h'=[M"M| 'M7t=v Mt

T T
. -t -t
h.:m’ _

1

T
V.. ml. ml.

i,
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Gram-Schmidt Orthogonalization
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/ Incremental Error

The total squared value is:
t't=[Mh+e]' [Mh+e|=h"M'Mh+e'Mh+h'Me+e’e
e’Mh =[t—Mh| Mh =t"Mh—-h"M'Mh
h"'=V'M't .—) ¢Mh =t'Mh" -t MV 'M'Mh" =0
t't= hTMTMh+eTe:Zn:hl.2miTmi +e'e
o

Therefore, basis function i contributes the following to the

squared value: .
h;m; m,

Normalized error contribution: 0, =
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INCREMENTAL ERROR

The total squared value iS: sy tulas p) oot el B ol e g gane

t’t=[Mh+e] [Mh+e]=h"M"Mh+e’Mh+h'M’e+e’e

e’Mh =[t—Mh|"Mh =t"Mh—-h"M"Mh

h"'=V'M't =) ¢Mh =t'Mh"-t'MV'M'Mh" =0

n s 3

T Tanl T 2T <7 s e
ttt=h"M Mh+e ezzhiml.ml.+ee s 55 G e
)J“;JLSL‘BJ‘JJ'?‘L?M‘JU‘&CT’)AJJH—“D L‘”JJ“'“)SJL:’

Therefore, basis function i contributes the following to the

squared value: - '
him,m, s pse slaie 5ol sal ml ape

2T
—hi II;’ mi roadle b pgw
Ut (e o)
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| OLS Algorithm

First Step (k= 1):
m’=u, i=1..,0 K = 7
ml
()2 (T (2 : :
ol = (hl ) m,” m, 0, = Ofll) = max{ofl)}

t't

. mlu
A= o k-l ml -y
m.m .
J
i\ i)) 2 T (i
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Stopping Criteria

I—Zkloj <O
j=1

To convert to original weights:

n
X, =h, X =h— 3 r,x,

Jj=k+1
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/ Competitive Learning for First Layer

» Cluster the input space using a competitive layer (or
Feature Map).

» Use the cluster centers as basis function centers.
» The bias can be computed from the variation in each

cluster:

1
. 1 [ <
dist, = —
nC

i e P
pj_iw

1

«/Edistl.

J=1

b =




\Z2 LG gl SLOAS

La3S e il (slaig,
Jsl ¥ o 5 oSl rgudin
COMPETITIVE LEARNING FOR FIRST LAYER

L) b, ¥ S Hlealsul bl a9 sbas 0 o Cluster the input space using a
S i A (S seads competitive layer (or Feature Map).

Ll ol e Gl sieds Ladi pa sa< e 51 0 o Use the cluster centers as basis function
S suldiul centers.

wlas 4d s 5o Guibisly s, 5 Olss e skl O o The bias can be computed from the

- g variation in each cluster:
1
1 ( Ly e P
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Backpropagation




Prepared by Kazim Fouladi | Fall2017 |2nd Edition

VA GLgad puas sloas
bl yu

BACKPROPAGATION

MLP Lo RBF (1) 5ol 1 glad yué (5 jbudings
el anlie 4l 5l (35 80T 31 s S 0 S fine-tune gl Lol s 5 oo solitosl RBF (5e€us JolS 55 50T (5150

j=1
bl.ll 1.1
;;fl =—=2—20p,~w)-) - ﬁwijwlﬁ’)
N Z(pj— il,j)z .
j=1
on!
“ ]
oF  bl(w,~p) OF
awl_l’j Si] Hp_JIWIHJ abl.l S; p_jWIH

L/

2 };(i/



@ nnd17no — O X

Eile Edit Miew Insert Tools Desktop  Window Help N

MATLAB

>> nndl7no



LG gl SLOAS
RBF (i) g0 (slasiss pabu

Prepared by Kazim Fouladi | Fall2017 | 2nd Edition

P

290> tia 51 OLS (3 5us
032905 LIS Sline 5 soliiu
So s Gebl g Lag sy il (5150 s s ot KU 5l suldil
S s Gublb g Lag s BT s (EM) el (55 buaas 5SLe a5 K1) 51 sulinil

S s¥ osbl s Lo A (5l G s S5 a0 5l saliil

...\.Adu_n..\l.@_\.iﬁ bufb}JATcs‘Jfﬁsd.u:mGLAJJSLSJJJJACSJJA‘QRBFGJLQM






AY

Prepared by Kazim Fouladi | Fall2017 | 2nd Edition

17 Radial Basis Networks

Objectivos 1741
Theary and Examplos. e
Fladial Basis Network 172
Function Appeondmation 174

Putterm Classification 178

Gilobal v Local 179
Training RBF Notwarks 78
Linor Loast Snuares 71
Orihogonal Least Squanes 177
Clustiring L]
Nonlinaar Optimizabon 172
Othot Training Tochniquis 1725
Summary of Aesults 1726
Sobved Probloms 1729
Eplegue 1733
Further Fieading 1734
Exorcises 1738

Objectives

ke di d in Chapters 11 and
w of meursal natwork structurs for fonetisn approximation and »mru
recognition. As we snw in Chapter 11, multilayer networks with sigmoid
tranafer functions in the hidden layers and Uncar transfer functions in the
wwpu: layer are universal function approximators. In this chnpmw-ul
55 another type of universal approximotion network, the

funmm network. This network can be used for many of the same npnll:n
Hona as multilayer astworks,

This chapter will follow the strueturs of Chapter 11. We will bogin by dea

oostrating, in on [ntuitive way, the universal approximation capabilities of

the radial basis function petwork. Then we will describe thres different

techniques for training these networks. can be trained by the same

gradioat-based algorithms diseussed in Chapters 11 and 12, with deriva.
However, they

trained using i which the first Layer weig]

puted md.op!mﬂr ﬁvmunwmm in the second layer. Fumlly [y

networks can be built in an incremental way - cne neuren at a time.

17

Martin T. Hagan, Howard B. Demuth, Mark H. Beale, Orlando De Jesus,
Neural Network Design,

2nd Edition, Martin Hagan, 2014.

Chapter 17

Online version can be downloaded from: http://hagan.okstate.edu/nnd.html
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