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GENERALIZATION

 ¿W0ay `\ ¾]Â¨﹋ \`0³﹞ b0 ¿﹊ÃMLP Ei0 ¶\1﹀Fi0 \`³﹞ ¾1½ ®²a± \0]︺G ¯ÂÂ︺Gč

 ]m1? \1Ãb ¿¨Â[ 1½ ®²a± \0]︺G a﹎0⇐  ¿mb³﹞2 ¾1½ ¶\0\ ¾²` a? ·﹊>m jb0a? kÂ?(overfit) ]°﹋ ¿﹞Ċ
Ějb0a? kÂ? čگ`c? `1Âh? ]Ã]O ¾1½ ¶\0\ a?0a? `\ 1x[ ... 1﹞0 ... ﹉S³﹋ `1Âh? ¿mb³﹞2 ¾1½ ¶\0\ ¾²` a? 1x[ę

 ·﹋ ¾0 ·﹊>m«Â¬︺G ]°﹋ ¿﹞ ﹏¬︻ ¿mb³﹞2 ¾1½ ¶\0\ ¿?³[ ·? ]Ã]O ¾1½ ¶\0\ ¾²` a? ċ]m1? <³[ ®2Ċ

Ei0 aG﹐1? ċ¶]ÂRÂC ¾ ·﹊>m ﹉Ã `\ ¯ÂÃ1C «Â¬︺G ² jb0a? kÂ? 1ل¬FW0Ċ

¿﹎]ÂRÂC  ®2 \0b2 ¾1½aF﹞0`1C \0]︺G f1i0 a? ¿>p︻ ¾ ·﹊>m ﹉ÃĚ1½ f1Ã1? ² 1½ ®b² ę\³m ¿﹞ oZl﹞
Ě \0b2 ¾1½aF﹞0`1C \0]︺G1½ ®²a± \0]︺G b0 Ei0 ¿︺?1GĊę

﹏p﹁ ¯Ã0 ف]½  č
Ğ1½ ¶\0\ ¿﹎]ÂRÂC 1? ®]m =i1°F﹞ `³|°﹞ ·? ·﹊>m ¿﹎]ÂRÂC «Â|°Gĝ

\³m ª1N±0 1½ ®²a± \0]︺G aÂÂ︽G ®²]? ]±0³G ¿﹞ `1﹋ ¯Ã0č
«Â±0³G ¿﹞ \0]︺G aKµ﹞ \0b2 ¾1½aF﹞0`1C  \0]︺G aÂÂ︽G ®²]? 0`¿︺﹇0² \0b2 ¾1½aF﹞0`1C «Â°﹋ «Â|°GĊ
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A cat that once sat on a hot stove

will never again sit on a hot stove

or on a cold one either.

Mark Twain
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GENERALIZATION

A cat that once sat on a hot stove will never again 

sit on a hot stove or on a cold one either.

Mark Twain

Ğ]iaG ¿﹞ ]Â﹀i ² ¶1Âi ®1¬hÃ` b0 ¶]Ãc﹎`1﹞ĉĝ

Ğhl± ]½0³Z± \ai ¿FW 1Ã ² 1`¾ \0غZ? ﹉Ã ¾²` ¶`1?²\ c﹎a½ ċ]m1? ·Fhl± 1`¾ \0غZ? ¾²` `1? ﹉Ã ·﹋ ¾0 ·?a﹎EĊĝ
¯Ã0³G ﹝1`ک
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13 Generalization

7

• The network input-output mapping is 

accurate for the training data and for test 

data never seen before.

• The network interpolates well.
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GENERALIZATION

«Â¬︺G b0 `³|°﹞č
o ¿mb³﹞2 ¾1½ ¶\0\ ¾0a? ¿O²a[ . ¾\²`² Em1﹍±

 c﹎a½ ¯Ã0 b0 kÂC ·﹋ ¿lÃ1﹞b2 ¾1½ ¶\0\ ¾0a? ²
]m1? ﹅Â﹇\ ċ]±0 ¶]l± ¶]Ã\Ċ

o·﹊>m ¿?³[ ·? ]°﹋ ¿﹞ ¿?1Ã ®²`\Ċ

o The network input-output mapping is 

accurate for the training data and for 

test data never seen before.

o The network interpolates well.



13 Cause of Overfitting

9

Poor generalization is caused by using a 

network that is too complex (too many 

neurons/parameters). To have the best 

performance we need to find the least complex 

network that can represent the data (Ockham’s 

Razor).
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 kÂ? E¨︻jb0a?

CAUSE OF OVERFITTING

h? ¾ ·﹊>m ﹉Ã b0 ¶\1﹀Fi0 aK0 `\ ︿Â︺u «Â¬︺G `1Â
 ¶]ÂRÂCĚ®²a± ¾\1Ãb \0]︺G ďaF﹞0`1C ę³m ¿﹞ ¿m1±\Ċ

? ¾0 ·﹊>m Ei0 ªb﹐ ċ¿Ã2`1﹋ ¯ÃaF¼? ¯Fm0\ ¾0a? 1
±b1? 0` 1½ ¶\0\ ]±0³F? ·﹋ «Â?1Â? 0` ¿﹎]ÂRÂC ﹏﹇0]W ¿Ã1¬

 ]°﹋Ě¿﹞1[²0 ¾ ·︽ÂGĊę

Poor generalization is caused by using a 

network that is too complex (too many 

neurons/parameters).

To have the best performance we need to

find the least complex network that can

represent the data (Ockham’s Razor).



13 Ockham’s Razor

11

Find the simplest model that 

explains the data.
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¿﹞1[²0 ¾ ·︽ÂG

OCKHAM’S RAZOR

]Â?1Â? ċ]½\ ¿﹞ UÂu³G 0` 1½ ¶\0\ ·﹋ ¿©]﹞ ¯ÃaG ¶\1iĊ

Find the simplest model that explains the data.

¿﹞1[²0 ¾ ·︽ÂG ﹏q0
Ockham’s Razor

\³m ¿﹞ aFlÂ? 1x[ ®1﹊﹞0 ċ]m1? aG ¶]ÂRÂC ل]﹞ ·Sa½Ċ



13 Problem Statement

13

Training Set

{p1, t1}  {p2, t2}    {pQ, tQ}

Underlying Function

Performance Function
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PROBLEM STATEMENT

·¨Æh﹞ D`³q

¶]m  ·F[1i ·x?0` ¯Ã0 1? 1½ E﹎`1G «Â°﹋ ¿﹞ ra﹁]±0 č
g(.)  č³ل¼N﹞ ︹?1G ﹉Ã

q
      čq ¯Â﹍±1Â﹞ 1? ﹏﹆Fh﹞ ¿﹁\1pG cÃ³± ﹉Ãa﹀

Training Set

{p1, t1}  {p2, t2}    {pQ, tQ}

Underlying Function

Performance Function

jb³﹞2 ف]½ č =Ãa﹆G ¾0a? ¿>p︻ ¾ ·﹊>m ﹉Ã ¯F﹁1Ãg(.) cÃ³± ¯F﹁a﹎ ¶]Ã\1± 1?

o[1m \`0]±1Fi0 ¿Ã2`1﹋
¿>p︻ ¾ ·﹊>m jb³﹞2 ¾0a?č

 1x[ D1︺?a﹞ ~³¬N﹞(SSE)↙

SSE  ¿mb³﹞2 ¾1½ ¶\0\ ¾²`D



13 Poor Generalization

Overfitting

15

Extrapolation

Interpolation
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POOR GENERALIZATION

︿Â︺u «Â¬︺G

¿¨q0 ف]½ č ¾1½1x[ b0 ¾aÂ﹎³¨O¿?1Ã ®²`\
 ¾1½1x[ b0 ¾aÂ﹎³¨O ¾0a? ¿½0`¿?1Ã ®²a?  ċ\`0]± \³O²

½\ km³C 0` ·﹊>m `\  ¶\1﹀Fi0 \`³﹞ ¾ ·ÂW1± ﹏﹋ ¿mb³﹞2 ¾1½ ¶\0\ ·﹊°Ã0 a﹍﹞]Ċ

Overfitting Extrapolation

Interpolation

¿?1Ã ®²a?

¿?1Ã ®²`\

jb0a? kÂ?

1x[ ~³± ²\
o`\ ¿?1Ã ®²`\
o`\ ?1Ã ®²a?¿

 ·ÂW1± ¯Ã0 `\
 ¿mb³﹞2 ¾ ¶\0\

\`0]± \³O²Ċ

g(.)



13 Good Generalization

Extrapolation

17

Interpolation
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ExtrapolationInterpolation

«Â¬︺G

POOR GENERALIZATION

︿Â︺u «Â¬︺G

 1½ ¶\0\ ®1¬½ ² 1½ ®b² \0]︺G ®1¬½ 1? ﹏>﹇ 1لJ﹞ ·?1l﹞ ¾0 ·﹊>mĚ\³O³﹞ ¾1½ ®b² ¾ ·¬½ b0 ¶\1﹀Fi0 ®²]? 1﹞0Ċę
Yi1C ·﹊>m Ø﹑﹞1﹋ a? ¾²` ︹?1G ﹅?1xG G ¿﹞ ¾cÃ³± \²]V﹞ ¾1½ ¶\0\ f1i0 a? ·﹋ Ei0 ¾`1﹋ ¯ÃaF¼? ]°﹋ ¿﹞ ·﹋ ¾`1﹋ 1﹞0 ċ\`0]±]±0³Ċ

¿?1Ã ®²a?¿?1Ã ®²`\

g(.)



13 Extrapolation in 2-D

19



20 شبکه های عصبی مصنوعی
P
re
p
a
re
d
 b
y
 K
a
z
im

 F
o
u
la
d
i  
| 
  
F
a
ll 
2
0
1
7
  
| 
2
n
d
  
E
d
it
io
n

«Â¬︺G

EXTRAPOLATION IN 2-D

]︺? ²\ `\ ¿?1Ã ®²a?

 ċ\`0\ ¾\²`² ¾\1Ãb \0]︺G ·﹊>m ¿F﹇²
Ei0 aG`0³m\ ċ]°﹋ ¿﹞ ¿?1Ã ®²a? ¿±1﹞b ·S ² ¿?1Ã ®²`\ ¿±1﹞b ·S ·﹊°Ã0 ¯ÂÂ︺GĊ

¿>p︻ ¾ ·﹊>m wi³G =Ãa﹆G

︹?1G ﹎`1GE

t

a

2
p

1
p2

p
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¿>p︻ ¾1½ ·﹊>m ®\a﹋ aÃ_C «Â¬︺G

 1½ ¶\0\ a? ·﹋ Ei0 ·﹊>m ¯ÃaG ¶\1i ¯F﹁1Ã `\ ¿︺i ¿¨﹋ \a﹋ ¾²` ċ¾aÃ_C «Â¬︺G \1NÃ0 ¾0a?fit \³mĊ

ª1﹍°½\²b ︿﹇³G
Early Stopping

 ¿¨﹋ ¾ ·Fi\ ²\
¾1½ j²` b0

¾b1iaÃ_C «Â¬︺G

۱ ę 1½ ®b² \0]︺G ®\a﹋ \²]V﹞Ě1½ ®²a± \0]︺Gę

۲ ę1½ ®b² ¾ ¶b0]±0 ®\a﹋ \²]V﹞

®³Âi0cÃ`﹐³﹎`
Regularization



·﹊>m ¿︻³°p﹞ ¿>p︻ ¾1½ 

«Â¬︺G



13 Measuring Generalization

23

Test Set

• Part of the available data is set aside during the training 

process.

• After training, the network error on the test set is used as 

a measure of generalization ability.

• The test set must never be used in any way to train the 

network, or even to select one network from a group

of candidate networks.

• The test set must be representative of all situations for 

which the network will be used.
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n1[ ¿>p︻ ¾ ·﹊>m ﹉Ã ¾0a? «Â¬︺G ¾1x[ ¯Â¬ZG

MEASURING GENERALIZATION

«Â¬︺G ¾aÂ﹎ ¶b0]±0

o]±³m ¿﹞ ·Fm0_﹎ `1°﹋ jb³﹞2 ]°Ã2a﹁ ³لy `\ \³O³﹞ ¾1½ ¶\0\ b0 ¿lZ?Ċ
o\³m ¿﹞ ¶\1﹀Fi0 ¾aÃ_C «Â¬︺G `1Â︺﹞ ®0³°︻ ·? ¿lÃ1﹞b2 ¾ ·︻³¬N﹞ ¾²` a? ·﹊>m ¾1x[ ċjb³﹞2 b0 gCĊ

¿lÃ1﹞b2 ¾ ·︻³¬N﹞ ¾0a? «¼﹞ ¿﹎eÃ² ²\
Ě]m1? ¾aÃ_C «Â¬︺G ¾0a? ¾a>F︺﹞ o[1m ·﹊°Ã0 ¾0a?ęč

� ċ\³m ¶\1﹀Fi0 ·﹊>m jb³﹞2 ¾0a? ·O² QÂ½ ·? ]Ã1>± ¿lÃ1﹞b2 ¾ ·︻³¬N﹞
\³m ¶\a? `1﹋ ·? 0]Ã]±1﹋ ¾1½ ·﹊>m b0 ¶²a﹎ ﹉Ã b0 ·﹊>m ﹉Ã <1ZF±0 ¾0a? ¿FW 1ÃĊ

�¾ ·︻³¬N﹞ ¿lÃ1﹞b2 E﹁` ]½0³[ `1﹋ ·? 1¼±2 `\ ·﹊>m ·﹋ ]m1? ¾\`0³﹞ ¾0a? 1½ EÂ︺﹇³﹞ ¾ ·¬½ ¾ ¶]°Ã1¬± ]Ã1?  Ċ
Ě·Fm0\ ¶]ÂRÂC ﹏﹊m 1Ã ]m1? ﹐1? ]︺? ¾0`0\ ¾\²`² ¾1t﹁ ¿F﹇² n³p[ ·? ċEi0 `0³m\ `1Âh? vam ¯Ã0 ¯Â¬tG ]m1?ę

¿lÃ1﹞b2 ¾ ·︻³¬N﹞
Test Set

a﹋_Gč
 1½ ¶\0\ `0]﹆﹞ ·﹋ Ei0 ¯Ã0 a? ra﹁Ě·﹊>m ¿mb³﹞2 ¾1½ ¶\0\ ę\²]V﹞ Ei0Ċ

a﹎0 `0]﹆﹞ 1½ ¶\0\ \²]V﹞1±  ﹏﹊l﹞ D`³q ¯Ã0 `\ ċ]m1?jb0a? kÂ? Em0\ ]½0³Z± \³O²Ċ
Ě z1V© ·? \²]V﹞1±¿¨¬︻ č]m1? ·﹊>m ¾1½aF﹞0`1C \0]︺G b0 aG گ`c? ¿¼O³G ﹏?1﹇ `³y ·? ¶\0\ v1﹆± \0]︺Gę
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13 Methods for Improving Generalization
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• Pruning (removing neurons) until the 

performance is degraded.

• Growing (adding neurons) until the 

performance is adequate.

• Validation Methods

• Regularization
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«Â¬︺G \³>¼? ¾0a? ¿Ã1½ j²`

METHODS FOR IMPROVING GENERALIZATION

·﹊>m ]m`
Network Growing

 ² ®²a± ®²]? ·﹊>m ﹉Ã b0 ~²am
¿﹁1﹋ ¿Ã2`1﹋ ·? ®]Âi` 1G ®²a± ®\²c﹁0

·﹊>m fa½
Network Pruning

c? ¾ ·﹊>m ﹉Ã b0 ~²amĚjb0a? kÂ? 1? Ø﹐1¬FW0 ę ²`گ 
¿Ã2`1﹋ aÂ﹍¬lS k½1﹋ 1G 1½ ®²a± ﹉Ã ·? ﹉Ã ف_W

¾ai0ai ¾1½³NFhO
Global Searches

﹉ÂF±d «FÃ`³﹍©0 ﹏J﹞ ¿Ã1½ j²` b0 ¶\1﹀Fi0
1¼±2 ¯ÃaF¼? <1ZF±0 ² ¯﹊¬﹞ ¾1½ ¾`1¬︺﹞ ¾ ·¬½ `\ ³NFhO ¾0a?

¾1½ j²` N°i`1>F︻0¿
Validation Methods

kÃ1﹞b2 ² jb³﹞2 ¾1½ ¶\0\ a? ¶²﹑︻ ¶\0\ ·︻³¬N﹞ ﹉Ã b0 ¶\1﹀Fi0
 ª1﹍°½\²b ︿﹇³G Ø﹑J﹞ ² ¿N°i`1>F︻0 ¾0a?(early stopping)

®³Âi0cÃ`﹐³﹎`
Regularization

®2 ¾ 1½ ®b² ¿﹎`c? ®\a﹋ ]Â﹆﹞ 1? ·﹊>m ¯Fm0\ ¶1﹍± ﹉S³﹋
Ě1½ ®b² \0]︺G ®\a﹋ ]Â﹆﹞ ¾1O ·?ę



·﹊>m ¿︻³°p﹞ ¿>p︻ ¾1½ 

«Â¬︺G



13 Early Stopping

29

• Break up data into training, validation, and test sets.

• Use only the training set to compute gradients and

determine weight updates.

• Compute the performance on the validation set at each

iteration of training.

• Stop training when the performance on the validation set 

goes up for a specified number of iterations.

• Use the weights which achieved the lowest error on the 

validation set.
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ª1﹍°½\²b ︿﹇³G

EARLY STOPPING

﹅x°﹞

︿﹇³G ª1﹍°½\²bEi0 ®\a﹋ aÃ_C «Â¬︺G j²` ¯ÃaG ¶\1i ċč

¶]Ã0 č﹀Fi0 kÃ1½ ®b² b0aFlÂ? ² aFlÂ? ·﹊>m ċjb³﹞2 ]°Ã2a﹁ E﹁alÂC 1? ]°﹋ ¿﹞ ¶\1
]±³m ¶\1﹀Fi0 1½ ®b² ¾ ·¬½ 1GĊ

o¿F﹇² jb³﹞2 jb³﹞2 ¾1½`0a﹊G \0]︺G kÃ0c﹁0 1? ċ]Âi` 1x[ ¾ ·Ã²` «¬Â± ¿﹞ ·? ċ
]?1Ã ¿﹞ kÃ0c﹁0 ﹏q1W ¾ ·﹊>m ¿﹎]ÂRÂCĊ

oa﹎0 jb³﹞2 G b0 aKµ﹞ `³y ·? ·﹊>m ċ\³m ︿﹇³F﹞ «¬Â± ¿﹞  ·? ®]Âi` b0 kÂC \0]︺
Ei0 aF¬﹋ ®2 `\ jb0a? kÂ? 1ل¬FW0 ² \a﹋ ]½0³[ ¶\1﹀Fi0 ¾aF¬﹋ aF﹞0`1CĊ
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EARLY STOPPING

j²`

¿lÃ1﹞b2 ¾ ·︻³¬N﹞
Test Set

¿N°i`1>F︻0 ¾ ·︻³¬N﹞
Validation Set

¿mb³﹞2 ¾ ·︻³¬N﹞
Training Set

1½ ¶\0\ ¾ ·︻³¬N﹞
«Â°﹋ ¿﹞ «Âh﹆G ·︻³¬N﹞aÃb ·i ·? 0` 1½ ¶\0\ ¾ ·︻³¬N﹞č

o 1½ ®b² ¾ ·>i1V﹞ ¾0a?Ě¾b1i ª1﹍°½ ·? ę ¾ ·>i1V﹞ ²
«Â°﹋ ¿﹞ ¶\1﹀Fi0 ¿mb³﹞2 ¾ ·︻³¬N﹞ b0 w﹆﹁ 1½ ®1Ã\0a﹎Ċ

o ¾ ·︻³¬N﹞ ¾²` a? 0` ¿Ã2`1﹋ ċjb³﹞2 `0a﹊G a½ `\
«Â°﹋ ¿﹞ ·>i1V﹞ ¿N°i`1>F︻0Ċ

o¿F﹇² ¿Ã2`1﹋ a? ¾²`  ¿y ¿N°i`1>F︻0 ¾ ·︻³¬N﹞
 E﹁` ﹐1? `0a﹊G ¾\0]︺GĚ]m aG]?ę︿﹇³F﹞ 0` jb³﹞2  ċ 

«Â°﹋ ¿﹞Ċ
ob0 ¿Ã1½ ®b² ·﹋  ¾ ·︻³¬N﹞ ¾²` 1x[ ®0cÂ﹞ ¯ÃaG ̄ ÂÃ1C

«Â°﹋ ¿﹞ ¶\1﹀Fi0 ċ]°½\ ¿﹞ Ei\ ·? 0` ¿N°i`1>F︻0Ċ

o Use only the training set to compute 

gradients and determine weight updates.

o Compute the performance on the validation 

set at each iteration of training.

o Stop training when the performance on the 

validation set goes up for a specified 

number of iterations.

o Use the weights which achieved the lowest 

error on the validation set.

 b0 ¶\1﹀Fi0 Ĉ«Â°﹋ ︿﹇³F﹞ 0` jb³﹞2 ]Ã1? ¿±1﹞b ·Scross-validation



13 Early Stopping Example

a

32

b

a b

F(x)

Validation

Training
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EARLY STOPPING EXAMPLE

﹝1Jل

¿lÃ1﹞b2 ¾ ·︻³¬N﹞
Test Set

¿N°i`1>F︻0 ¾ ·︻³¬N﹞
Validation Set

¿mb³﹞2 ¾ ·︻³¬N﹞
Training Set

15% 15% 70%

1½ ¶\0\ ¾ ·︻³¬N﹞

a b

a b

F(x)

Validation

Training

<³[ «Â¬︺G ]? «Â¬︺G

o½aF﹞0`1C ¾1t﹁ ﹏﹋ b0 ¿?³[ ¾ ¶]°Ã1¬± ]Ã1? ·︻³¬N﹞ ·i a½ 1
 ]°m1?Ě︿¨FZ﹞ ¾1½ ¶b0]±0 1?Ċę

o`\ ¯Ã0 j²` ]Ã1? b0 ﹉Ã «FÃ`³﹍©0 jb³﹞2 Ø1F>h± ]°﹋ Fi0¶\1﹀  
\a﹋ Ěx﹆± ·? E︻ai ·? Ø﹐1¬FW0 ]m1? ︹Ãai ¿¨Â[ j²` a﹎0 ¾ ·

]°﹋ ¿﹞ ﹏Â﹞ ¿N°i`1>F︻0 ¾1x[ «¬Â± ¿﹞Ċę



>> nnd13es



·﹊>m ¿︻³°p﹞ ¿>p︻ ¾1½ 

«Â¬︺G

Ě«Â|°Gę



13 Regularization

Standard Performance Measure

F = ED

Performance Measure with Regularization

36

 )Smaller weights means a smoother function (.
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®³Âi0cÃ`﹐³﹎`

REGULARIZATION

Standard Performance Measure

F = ED

Performance Measure with Regularization

(Smaller weights means a smoother function.)

 ¿Ã2`1﹋ o[1m ċ®³Âi0cÃ`﹐³﹎` `\SSE \³m ·﹊>m ¿﹎]ÂRÂC ®\a﹋ ·¬ÃaO ¾0a? ¾0 ·¨¬O ﹏﹞1m 1G «Â½\ ¿﹞ aÂÂ︽G 0`Ċ

 ]°﹋ ¿﹞ `³>N﹞ 0` ﹏q1W ︹?1G ·﹋ \³m ¿﹞ \`0² ¿>Ãa﹆G ︹?1G ﹉Ã D1﹆Fl﹞ ﹏﹞1m ¾0 ·¨¬OĞ`0³¬½ čsmooth ĝ\³mĊ

↙

·﹊>m ¾1½ ®b² D1︺?a﹞ ~³¬N﹞

 E>h± ·S a½/ \³? ]½0³[ aG`0³¬½ ·﹊>m Yi1C ċ]m1? aG گ`c?Ċ



13 Effect of Weight Changes

38
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EFFECT OF WEIGHT CHANGES

®b² D0aÂÂ︽G aK0
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/ = 0

/ = 1/ = 0.25

/ = 0.01

Effect of Regularization
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/ = 0

/ = 1/ = 0.25

/ = 0.01

®³Âi0cÃ`﹐³﹎`

EFFECT OF REGULARIZATION

®³Âi0cÃ`﹐³﹎` aK0
 ¾ ·﹊>m ﹉Ã1-20-1  1?۲۱ f³°Âi ︹?1G b0 ¾cÃ³± ¾ ·±³¬±

=i1°﹞

 E>h± =i1°﹞ <1ZF±0 ċaÃ_C «Â¬︺G ¾ ·﹊>m ]Â©³G `\ ®³Âi0cÃ`﹐³﹎` j²` EÂ﹆﹁³﹞ ]Â¨﹋/ Ei0Ċ
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p

jb0a? kÂ?
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>> nnd13reg
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REGULARIZATION

®³Âi0cÃ`﹐³﹎` ¾1½aF﹞0`1C «Â|°G ¾1½ ﹉Â°﹊G

 ¾1½ ﹉Â°﹊G
 «Â|°G

 ¾1½aF﹞0`1C
®³Âi0cÃ`﹐³﹎`

o¿N°i`1>F︻0 ¾ ·︻³¬N﹞ b0 ¶\1﹀Fi0
Ě®2 ¾²` D1︺?a﹞ ~³¬N﹞ ¾1x[ ®\a﹋ «¬Â± ¿﹞ ¾0a?ę

o\a﹋ ¾²` cÂ?¾



·﹊>m ¿︻³°p﹞ ¿>p︻ ¾1½ 

«Â¬︺G



13 Bayes’ Rule

P(A) – Prior Probability. What we know about A before B is known.

P(A|B) – Posterior Probability. What we know about A

after we know the outcome of B.

P(B|A) – Conditional Probability (Likelihood Function).

Describes our knowledge of the system.

P(B) – Marginal Probability. A normalization factor.

46
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cÂ? ¾ ¶]︻1﹇

BAYES’ RULE

P(A) – Prior Probability. What we know about A before B is known.

P(A|B) – Posterior Probability. What we know about A

after we know the outcome of B.

P(B|A) – Conditional Probability (Likelihood Function).

Describes our knowledge of the system.

P(B) – Marginal Probability.A normalization factor.
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13 Example Problem

48

• 1% of the population have a certain disease.

• A test for the disease is 80% accurate in detecting 

the disease in people who have it.

• 10% of the time the test yields a false positive.

• If you have a positive test, what is your

probability of having the disease?
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BAYES’ RULE

1J﹞Ě۱  b0۲ęل 

� 1% of the population have a certain disease.

� A test for the disease is 80% accurate in detecting the disease in people

who have it.

� 10% of the time the test yields a false positive.

� If you have a positive test, what is your probability of having the disease?



13 Bayesian Analysis

A – Event that you have the disease.   

B – Event that you have a positive test. 

50
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BAYES’ RULE

1J﹞Ě۲  b0۲ęل 

A – Event that you have the disease.

B – Event that you have a positive test. 
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13 Signal Plus Noise Example

52
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SIGNAL PLUS NOISE EXAMPLE

Âi﹍°1ل ?· 1J﹞ čcÃ³± ¾ ·﹁1u0ل



·﹊>m ¿︻³°p﹞ ¿>p︻ ¾1½ 
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⇓

1½ ®b² ]°±0³G ¿¬± ¿¨Â[ گ`c? ]°m1?Ċ

ra﹁č ¾1½ ®b² ]°Fh½ ¿﹁\1pG aÂ︽F﹞ ·﹊>mĊ

]Ã1? ]°﹋ «¬Ãc﹋1﹞ 0` 1½ ¶\0\ vam ·? 1½ ®b² ¿yam 1ل¬FW0 ·﹋ «Â°﹋ <1ZF±0 0` ¿Ã1½ ®b²Ċ



13 NN Bayesian Framework
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NN BAYESIAN FRAMEWORK

¿>p︻ ¾ ·﹊>m ¾0a? ¾cÂ? <³S`1¼S

Ě 1½ ·Ã﹐ \0]︺G ď·Ã﹐ a½ `\ ®²a± \0]︺Gę

↙

 ﹏﹞1m `0\a?
1½ f1Ã1? ² 1½ ®b² ¾ ·¬½

,  - Regularization Parameters



13 Gaussian Assumptions

58
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GAUSSIAN ASSUMPTIONS

¿>p︻ ¾ ·﹊>m ¾0a? ¾cÂ? <³S`1¼S č¿i²1﹎ ¾1½ ra﹁

¿Ã2`1﹋ o[1m čm ¾1½ ®b² ¾0a? ¿i²1﹎ ¯ÂlÂC ︹Ãb³G ² ¿mb³﹞2 ¾ ·︻³¬N﹞ `\ ¿i²1﹎ cÃ³± ra﹁ 1? ¾cÂ? `1﹞2 1?·﹊>Ċ
 ĕف]½ č¯ÂhC ︹Ãb³G ®\a﹋ «¬Ãc﹋1﹞ ¾0a? 1½ ®b² ¯F﹁1Ã č ¯ÃaG ﹏¬FV﹞MPx

Ě]°﹋ ¿﹞ «¬Ãc﹋1﹞ 0` ¿Ã1¬± Ei`\ ︹?1G ·﹋ ¿Ã1½ ®b² ﹏?1﹆﹞ `\ čMLxę
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REGULARIZATION PARAMETERS

¿>p︻ ¾ ·﹊>m ¾0a? ¾cÂ? <³S`1¼S č®³Âi0cÃ`﹐³﹎` ¾1½aF﹞0`1C

 ¾aÂ﹎ ¶b0]±0 cÃ³± `\ g±1Ã`0² f³﹊︺﹞ 1?
q
 Ei0 =i1°F﹞č

oa﹎0 g±1Ã`0² cÃ³± ﹐1? ]m1? ⇐β   \³? ]½0³[ ﹉S³﹋⇐ /  \³? ]½0³[ گ`c?⇐

 `0³¬½ ·﹊>m ︹?1G ² ]°m1? ﹉S³﹋ ]±³m ¿﹞ `³>N﹞ ﹏q1W ¾1½ ®b²(smooth) \³m ¿﹞Ċ
o ]m1? aG گ`c? cÃ³± ·Sa½⇐ «Â°﹋ ¿﹞ aG`0³¬½ 0` ·﹊>m ︹?1G čaK0 b0 ¾aÂ﹎ wi³F﹞ 1?cÃ³± D0
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


22

1
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 ¾1½aF﹞0`1C ¿﹊ÃcÂ﹁ ¾1°︺﹞α  ²β ¾cÂ? <³S`1¼S f1i0 a?č

Ei0 =i1°F﹞ ·﹊>m ¾1½ ®b² ¯ÂlÂC ︹Ãb³G g±1Ã`0² f³﹊︺﹞ 1?č
oa﹎0 ﹐1? g±1Ã`0² ¯Ã0 ]m1? ⇐  «Ã`0\ ·﹊>m ¾1½ ®b² `0]﹆﹞ \`³﹞ `\ ¿¬﹋ ®1°Â¬y0⇐

 ]°m1? گ`c? ¿¨Â[ ]°±0³G ¿﹞ 1½ ®b² ⇐α  \³? ]½0³[ ﹉S³﹋⇐ /  \³? ]½0³[ ﹉S³﹋
⇐ ·﹊>m ︹?1G `\ aFlÂ? D0aÂÂ︽G ² ·﹊>m ¾1½ ®b² ®\³? گ`c?

o ]m1? aG گ`c? g±1Ã`0² ¯Ã0 ·Sa½⇐ m ¿﹞ b1N﹞ ·﹊>m ︹?1G ¾0a? ¾aFlÂ? D0aÂÂ︽G\³Ċ



13 Optimizing Regularization Parameters
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OPTIMIZING REGULARIZATION PARAMETERS

¿>p︻ ¾ ·﹊>m ¾0a? ¾cÂ? <³S`1¼S č ¾b1i ·°Â¼?®³Âi0cÃ`﹐³﹎` ¾1½aF﹞0`1C

D﹐1¬FW0 ¾ ·¬½ ®\³? ¿i²1﹎ ra﹁ 1?

F
Z «Â±b ¿﹞ =Ãa﹆G `³¨ÂG wh? 1? 0`Ċ

č ¾1½aF﹞0`1C ¯Â¬ZG ¾0a? ¿½0` ¯F﹁1Ãα  ²β 1½ ¶\0\ ¾²` b0 ½[ف
⇐ aG﹐1? Uxi ﹉Ã `\ ¾cÂ? ﹏Â¨VG ·? b1Â±



13 Quadratic Approximation
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QUADRATIC APPROXIMATION
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13 Optimum Parameters

65

If we make this substitution for ZF in the expression for the 

evidence and then take the derivative with respect to  and

 to locate the minimum we find:

Effective Number of Parameters
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OPTIMUM PARAMETERS

¿>p︻ ¾ ·﹊>m ¾0a? ¾cÂ? <³S`1¼S č ¾b1i ·°Â¼? ¾1½aF﹞0`1C®³Âi0cÃ`﹐³﹎` čª²\ ·O`\ =Ãa﹆G č·°Â¼? ¾1½aF﹞0`1C

1½aF﹞0`1C aKµ﹞ \0]︺G

If we make this substitution for ZF in the expression for the evidence

and then take the derivative 

with respect to  and  to locate the minimum we find:

Effective Number of Parameters

n  Ė·﹊>m ¾1½aF﹞0`1C ﹏﹋ \0]︺G n0

 ·﹊>m ¾1½aF﹞0`1C b0 ¾\0]︺G ·SĚ ®b² ďf1Ã1? ęĈ]±³m ¿﹞ ¶\1﹀Fi0 aKµ﹞ `³y ·? 1x[ ︹?1G ®\0\ k½1﹋ `\



13 Gauss-Newton Approximation

67

It can be expensive to compute the Hessian matrix.

Try the Gauss-Newton Approximation.

This is readily available if the Levenberg-Marquardt

algorithm is used for training.

H = 2Fx  2JTJ 2I
n+
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GAUSS-NEWTON APPROXIMATION

¿>p︻ ¾ ·﹊>m ¾0a? ¾cÂ? <³S`1¼S č ¾b1i ·°Â¼? ¾1½aF﹞0`1C®³Âi0cÃ`﹐³﹎` čf²1﹎ =Ãa﹆G+¯G³Â±

¿h½ gÃaG1﹞ ¾0a? =Ãa﹆G

It can be expensive to compute the Hessian matrix.

Try the Gauss-NewtonApproximation.

This is readily available if the Levenberg-Marquardt algorithm

is used for training.

H = 2Fx  2JTJ 2I
n+



13 Algorithm (GNBR)

69

1. Initialize ,  and the weights.

2. Take one step of Levenberg-Marquardt to minimize F(w).

3. Compute the effective number of parameters

 = n  2 tr(H-1), using the Gauss-Newton approximation 

for H.

4. Compute new estimates of the regularization parameters
 = /(2EW) and  = (N  )/(2ED).

5. Iterate steps 1-3 until convergence.
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GAUSS-NEWTON BAYESIAN REGULARIZATION ALGORITHM (GNBR)

¿>p︻ ¾ ·﹊>m ¾0a? ¾cÂ? <³S`1¼S č ¾b1i ·°Â¼? ¾1½aF﹞0`1C®³Âi0cÃ`﹐³﹎` čf²1﹎ =Ãa﹆G+¯G³Â± č«FÃ`³﹍©0

f²1﹎ j²` 1? ¿h½ gÃaG1﹞ =Ãa﹆G b0 ¶\1﹀Fi0 1? ®³Âi0cÃ`﹐³﹎` ¾0a? ¾cÂ? <³S`1¼S+¯G³Â±č
1. Initialize ,  and the weights.

2. Take one step of Levenberg-Marquardt to minimize F(w).

3. Compute the effective number of parameters

 = n  2 tr(H-1), 

using the Gauss-Newton approximation for H.

4. Compute new estimates of the regularization parameters

 = /(2EW) and  = (N  )/(2ED).

5. Iterate steps 1-3 until convergence.

¿﹁\1pG ¾1½ ®b²

 ¾ ·>i1V﹞F

 <1ZF±0γ

WD
EEF )(w

n0

 ¯Â¬ZG `1? a½ 1?α  ²β  ︹?1GF(w)  \³m ¿﹞ r³︻⇐ ]°﹋ ¿﹞ aÂÂ︽G «¬Â± ¿﹞ ¾ ·x﹆±Ċ
¯ÃaF¼? MÃ1F± GNBR ¿±1﹞b  ¾ ¶b1? ·? ¾\²`² ¾1½ ¶\0\ ·﹋ \³m ¿﹞ ﹏q1W[-1,1] ]°°﹋ 0]ÂC Em1﹍±Ċ

 ¾ ·>i1V﹞  ²β

¿Ã0a﹍¬½ 1G `0a﹊G



13 Checks of Performance
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• If  is very close to n, then the network may be too small.

• Add more hidden layer neurons and retrain.

• If the larger network has the same final , then the smaller

network was large enough.

• Otherwise, increase the number of hidden neurons.

• If a network is sufficiently large, then a larger network will 

achieve comparable values for , ED and EW.
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CHECKS OF PERFORMANCE

¿>p︻ ¾ ·﹊>m ¾0a? ¾cÂ? <³S`1¼S č ¾b1i ·°Â¼? ¾1½aF﹞0`1C®³Âi0cÃ`﹐³﹎` čf²1﹎ =Ãa﹆G+¯G³Â± č«FÃ`³﹍©0 č`a?¿Ã2`1﹋ ¿i

o If  is very close to n, then the network may be too small.

o Add more hidden layer neurons and retrain.

o If the larger network has the same final , then the

smaller network was large enough.

o Otherwise, increase the number of hidden neurons.

o If a network is sufficiently large, then a larger network

will achieve comparable values for , ED and EW.



13 GNBR Example

α/β = 0.0137

73
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GNBR EXAMPLE

¿>p︻ ¾ ·﹊>m ¾0a? ¾cÂ? <³S`1¼S č ¾b1i ·°Â¼? ¾1½aF﹞0`1C®³Âi0cÃ`﹐³﹎` čf²1﹎ =Ãa﹆G+¯G³Â± č«FÃ`³﹍©0 č1J﹞ل

α/β = 0.0137  ¾ ·﹊>m1-20-1
 Ø﹑﹋ )۱ b²®



13 Convergence of GNBR

ED

75



/

ED

Training Testing

Iteration Iteration

Iteration Iteration
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>> nnd13breg



·﹊>m ¿︻³°p﹞ ¿>p︻ ¾1½ 
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13 Linear Network

a = purelin(Wp+b)

Linear Neuron

p a

1

n
W

b

Rx1

S x R

S x1

S x1

S x1

Input

R S

a = purel inWp + b  = Wp + b
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a = purelin(Wp+b)

Linear Neuron

p a

1

n
W

b

Rx1

S x R

S x1

S x1

S x1

Input

R S

a = purel inWp + b  = Wp + b



13 Performance Index
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13 Error Analysis

85

The mean square error for the Linear Network is a 

quadratic function:
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The mean square error for the Linear Network is a quadratic function:



13 Example

⎨p = 1  t = 1 ⎬
⎩ ⎭

1
1

1

⎧ ⎫

⎨p2 =
⎩

–1

1
 t2 = –1⎬

⎭

⎧ ⎫

(Probability = 0.75)

(Probability = 0.25)

= E
D

Fx = c – 2x Th + xT Rx

c = E t2 = 1 20.75 + –1 20.25  = 1

R = EzzT = p pT 0.75 + p pT 0.25
1 1 2 2

= 0.75 
1

+ 0.25 
–1

1 1
1 1 –1 1

1 0.5

0.5 1
=

h = Etz = 0.75 1 1
+ 0.25 –1 –1

=
1 1

1

0.5
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⎭
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(Probability = 0.75)
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D

Fx = c – 2x Th + xT Rx

c = E t2 = 1 20.75 + –1 20.25  = 1

R = EzzT = p pT 0.75 + p pT 0.25
1 1 2 2

= 0.75 
1

+ 0.25 
–1

1 1
1 1 –1 1

1 0.5

0.5 1
=

h = Etz = 0.75 1 1
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EXAMPLE

﹝1Jل



13 Performance Contour

Optimum Point (Maximum Likelihood)

 Fx  = A = 2R =
2 2 1

1 2

A – I
2 –  1

1 2 – 
=  – 4 + 3=  – 1  – 3

2
= 1 = 1  2= 3

1  = 1

Eigenvectors

A – I v = 0

Hessian Matrix

Eigenvalues

2  = 31 1

1 1
v1  = 0 v1  =

1

–1

–1 1

1 –1
v2  = 0 v2  =

1

1

x
ML

= –A–1d = R–1h = 1 0.5

0.5 1

–1
1

0.5

1

0
=
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13 Contour Plot of ED

-2 -1 0 1

= n – 2MPtrHMP–1

91
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13 Steepest Descent Trajectory
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13 Regularization
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( = /)

To locate the minimum point, set the gradient to zero.

Fx  = ED + EW

EW 2
 – x 0 x – x 0

1
= -- x

T

E
W  

= x – x 0 ED = Ax – x 
ML

Fx = ED + EW

Fx  = Ax – xM L  + x – x  = 0
0
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To locate the minimum point, set the gradient to zero.

Fx  = ED + EW

EW 2
 – x 0 x – x 0

1
= -- x

T

E
W  

= x – x 0 ED = Ax – x 
ML

Fx = ED + EW

Fx  = Ax – xM L  + x – x  = 0
0



13 MAP – ML
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13 Early Stopping – Regularization
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13 Reg. Parameter – Iteration Number
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13 Example

⎨p1 = 1  t1 = 1 ⎬
⎩ 1 ⎭

⎧ ⎫

⎨p =
⎩

2
–1  t

1
2 = –1⎬

⎭

⎧ ⎫

(Probability = 0.75)

(Probability = 0.25)

E
D  

= c + x d +
2

x
T 1

-- Ax
T

c = 1 d = –2h =
–2

–1
A = 2R =

2 1

1 2
E = --x x

W

1

2

T

2
Fx = 2E

D
+ 2E

W

2 1 +  1 0

1 2 0 1

2 +  1

1 2 + 
= =

F x  =
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13  = 0, 2, ∞
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13  = 0  ∞
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13 Steepest Descent Path
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13 Effective Number of Parameters
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