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T 1
Multilayer Perceptron

Inputs First Layer Second Layer Third Layer
r N7 A\ r N\ 4 N\
Wi, n, —_ ' M,:HI n, —_ @ ! 3 —_ @&
: »/! 2> /2 N
P
b|| lb:|
1
P2 n'y a, ", @, — @
b/ ) e VE />
f)_w b lbfz —
: 1
)UR ”ISl a]l\_l ”3_\_2 - a:SE - aRH 3
’l‘fl W 2.2 II2 ’fz '13
bigi v l[}:_\_:
| 1
\/ \ J (& J J
al=f1(Wip+b') az=f2(Waal+h?) a’3 = f3(Ws3a2+b3)

al = f3 (W?f!{WZf 1 (Wlp+bl)+h2)+b3}
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MULTILAYER PERCEPTRON

Inputs First Layer Second Layer Third Layer
r N7 \ r N\ 4 A\
W n, — ' w2, n, —_ @ w3 n, — &
e M/ Pl Ik >
l by, lh:' b3,
1 I
P2 n'y a, ", @, EN—
P /1 ) o 4 2 2>
f’-‘ b lh:z lf}-*l
: 1 1
!)ff 7 I.\' ] - e I.\_ 1 ”2_\_ 2 - a:s 2 ”':.\' Kl - a}.\_ 3
/! — X > /? —1 2P/
W22 ! W3 o2
hl.s, 1 l (_'):5_ 2 IF.:_\, 3
I 1 I
\/ \ J \ J A\ J
al=f1(Wip+b!) a2=1f2(Waal+b2) a’=f3(Wia+b3)

at =13 (W2 (W2 1| (Wip+b!)+b2)+b3)
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MULTILAYER PERCEPTRON
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MULTILAYER PERCEPTRON

Layer 1/Neuron 1
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MULTILAYER PERCEPTRON

Layer 1/Neuron 1

(Y 51Y) (XOr) s lansl 5L s Jle

LW!

Layer 1/Neuron 2

Inputs Individual Decisions

N0

J7L
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1-1
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/ Elementary Decision Boundaries \

1 First Boundary:
O o , a) = hardlim([_1 o]p+0.5)
O o
Second Boundary:
¢ 4’“’ aé = hardlim( [0 _l]p +0.75)
First Subnetwork
Inputs Individual Decisions AND Operation
r N7 A\ 4 N\
-1 n ar
Pi 0 Z >|I 1 - )
llo.s ST
0 nl, als, 1 l—l.S
P& % "I I
0.75
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ELEMENTARY DECISION BOUNDARIES
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1

First Boundary:

®

-O- O | O

b

a) = hardlim([_1 o]p+0.5)

Second Boundary:

aé = hardlim( [() _l]p +0.75)

First Subnetwork

Inputs  Individual Decisions

f \ Y
n«—{ [T
9 lo.s
1
0 nt, a,
ré— %
10.75
/L 1 J

AND Operation




/ Elementary Decision Boundaries \

4 Third Boundary:
O ¢ agl, = hardlim( [1 o:lp— 1.5)
O o
] Fourth Boundary:
4 ¢ 5?-' ay = hardlim([y 1] p-0.25)

Second Subnetwork

Inputs  Individual Decisions AND Operation
r N7 A 4 A\
P 1 Z o ’J: =
0 l s 1 e, @,
1 2 [—
0 nly, al, 1 l—l.5
P 1 E ’J: 1
$-025
1
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ELEMENTARY DECISION BOUNDARIES

4 Third Boundary:
O ® as = hardlim([1 Jp-1.5)
O o
) Fourth Boundary:
+ ¢ é?—’ ay = hardlim([o 1] p-025)
Second Subnetwork
Inputs Individual Decisions AND Operation
N\ N r p

2 (1) 2 :E - 1 - o,
¢! %
] -
1
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Total Network
-1 0 0.5
Wl _ | 0-1 bl _10.75
@) @ 10 ~1.5
0 1] -0.25
@) ® .
. 2 —
. w2_[1100 b2 - |15
QP_, 0011 1.5]
\II
3 I
w =[] v =[03
Input Initial Decisions AND Operations OR Operation
r N7 N7 N A\
1 2 3
il V! " g V) 2 2L ™4 . 1x1
f 4x1 J: j 2x1 J: f 1x1 J:
1P bt 19 b 1 =P bs
2 4x1 4 2x1 2 1x1 1
\__/ L J \ J \ J
a! = hardlim(W'p+b') a? = hardlim (W2a' +b?2) a3 = hardlim (W3a2+b3)
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TOTAL NETWORK
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-1 0 0.5
Wl _ | 0-1 bl _10.75
o) [ Lo -1.5
0 1 [-0.25)
(@) o
2_11100 b2 _ |-1.5
A 3?_, 0011 1.5
Y .
3 3
W= [1 1] b™ = [—0.5]
Input Initial Decisions AND Operations OR Operation
4 \ N7 N7 A\
L. " pw N “
1 2 3
2x1 4X2\ . 4x1 2x4\ e 2x1 1x2\ . X1
j 4x1 —[ j 2x1 J: j 1x1 J:
1P| b! 1P b2 1P| b
2 4x1 4 2x1 2 1x1 1
\/ J VARN J

a! = hardlim(W'p+b!)

a? = hardlim (W2a'+b?)

a’ = hardlim (W3a2+b?)
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Function Approximation Example
Input Log-Sigmoid Layer Linear Layer
N1 N\ s N\ 1 |
W i ah N f (n) =
Zb ’L 1, _ y 1+e”
p + ! >
le,l 2 2»1 2 5
lb'z f(n) =n
A y, N y,
a' = logsig(Wip+b!) a2 = purelin(W2a'+ b2)
Nominal Parameter Values
wip = 10wy, =10 b =10 by = 10
Wilzl Wizzl b =0
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FUNCTION APPROXIMATION EXAMPLE

Input Log-Sigmoid Layer Linear Layer
N A\ 4 A\ |
wh Z nll»i f (n) =
b, a
P + H—»
1’112
wh z }L ‘12
J B 1)
A y, N J
a' = logsig(Wip+b!) a2 = purelin(W2al+b2)
Nominal Parameter Values
L~ 10 =10 bl =_10 bl =10
Wi T Wo © [ 2 =
2 2
w1’1=l w1’2=1 b2=0

P

l+e

= n

logsig

purelin
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Nominal Response
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FUNCTION APPROXIMATION EXAMPLE

3 T T T
Lasiely oals paliie s3I0 St el
2t e
1 ; =t -
0 = a’
1 1 0 1 2

(ol s S o) Y S 10ESIZ 555 5o (sl ) ol suits L3 aly 50 ) ey
m=w,p+b =0= p==b'/w], =~(-10)/10=1 B e omadS | dly 58 (1S 5 JSb Sl sla il saas b
ny=wy p+by=0=>p=—b/wy ==10/10==-1 o5& o) oY o550 5 palld o5 € (ola1aly 58 X e

.0

143



T R
Parameter Variations
3 3 ‘ '
2 0<b)<20 2 l=swy =l
| | %
0 0 N—
> 1 0 1 2 1 1 0 1 2
3 3 —
) —1<Wi2£1 , —1<Hh <1
1 1H
0 u 0 1
1 1 0 1 2 EEE 0 1 2
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Multilayer Network

-

Input First Layer Second Layer Third Layer
- N£ N N\ A
p al al a’
W! —’ W:2 —’ W3 —’
Rx1 51x1 5 §2x1 ; $2x1
st xR-\EI_)l’ f£1 ,sz.?'-\@l’ f2 s3xs2-\‘ I £3
_/ §x1 _} $2x1 j 52x1
1P b! 1P b2 1P bs
R STx1 S1 $2x1 S2 S2x1 53
\_/ \ J . AN J

al=f1(Wip+b?)

a2=f2(Wal+b?)
al=f3(W3f2(WA 1 (Wip+bl)+b2) +b3)

(Wm+1 m+bm+1) m =
0
a =p
M
a=a

al = f 3 (W3a2+b?)




Yv

da¥aia (gdsad

LG gl SLOAS

MULTILAYER NETWORK
Input First Layer Second Layer Third Layer
N 5 N F A
p al al a’
WwW! ——P W2 ——P W —>
Rx1 S§1x1 3 §2x1 s $2x1
st x:e_\@l’ f£1 ,s'Ex.e‘F\@L’ f£2 53)(59\ i £3
_/ §1x1 _/ 52x1 j 58x1
19| bt 19 b2 1= b
R STx1 51 S2x1 S2 53x1 53
\__/ \ J AN J
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al=f1(Wip+b?)

m+ 1

a2=f2(Wal+b?)

a’ = f 3(W3a2+b?)

ad=f3(W3f2(WA 1 (Wip+b!)+b2) +b?%)

(W

m+1

m m+1

+b )
0

a =p

M

a—a
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Performance Index

Training Set
{platl}a {p29t2} IR {antQ}
Mean Square Error

F(x)= E[e’] = E[(t—a)"]

Vector Case

F(x)= E[e e] = E[(t—a) (t—a)]

Approximate Mean Square Error (Single Sample)
F(x) = (t(k)—a(k) (t(k)—a(k)) = e (k)e(k)

-

Approximate Steepest Descent
WGkt = Wl D—a2 ety = ) - 0
’ ’ ow:' !

Lj i
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Training Set
{Prti}, {P2.ta} ..., {Po.to}
Mean Square Error

F(x)= E[e’] = E[(t-a)’]

Vector Case

F(x)= E[e'e] = E[(t—a) (t—a)]

Approximate Mean Square Error (Single Sample)
F(x) = (t(k)—a(k) (t(k)—ack)) = e’ (k)e(k)

Approximate Steepest Descent
IF b (k+1) = by (k) aa—l;
W i

A

w:.“fj(k+ 1) = w:.’fj(k)—ot




/ Chain Rule \

df(n(w)) _ df(n)  dn(w)
dw dn dw

Example

f(n) = cos(n) n=e" F(n(w)) = cos(e”™)

df(n(w)) _ df(m)  dn(w) _ ooy = (Csinge?)) (22
dw dn dw

Application to Gradient Calculation

oF  oF o oF  oF on!
— X = X

dw; ; on; dw, b’ on" ob!

LJj I i ]
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CHAIN RULE
df(n(w)) _ df(n)xdn(w)
dw dn dw
Example
f(n) = cos(n) n=c" F(n(w)) = cos(e™™)

df(n(w)) _ df(n)  dnw) _ i (n))(26*") = (—sin(e>"))(2¢>")
dw dn dw

Application to Gradient Calculation

oF _ oF onf oF _ oF  ony
v




Gradient Calculation
Sm 1
Z i,j J
an;n m—1 an:”
w !
awl.’j abl
Sensitivity
m  OF
S, =T —
an;n
Gradient
81:" _ om m-1 81:“ _ om
= 5. d. _— = .
awj.’fj t ob; l
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GRADIENT CALCULATION
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oLl S sl
Sm—l
m m m-—1 m
n, = Zwm.aj +b1.
j=1
on’ w1 anj.” B
) !
awl.’j abi
Sensitivity
. oF
s; =
on’;

1

M sa¥ 0 palld (5355 aie Gl 5o ol il 4 F ol

Gradient
aﬁ' - om m-1 81:“ . om
a p» = Sf aj — Si
Wi i ob;
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Steepest Descent

wi k1) = w (k) —as)'al b+ 1) = B (k) — o)

Wkt 1) = Wk —as"@" ) b"(k+1) = b"(k) - os”

-Bn o

Next Step: Compute the Sensitivities (Backpropagation) /
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STEEPEST DESCENT

1

wf}.(k+ 1) = wfj(k)—(xs;naj“ bl'(k+1) = b (k) — o)’

W k+1) = W'k —as"@" ' b”(k+ 1) = b"(k)— as”
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- Next Step: Compute the Sensitivities (Backpropagation)
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Jacobian Matrix
-a m+ 1 a m+ 1 a m+l- Sm
N e Tt
on|  On an?m on; — M= - w’_"; la_a.L
on'" on' b on'’
an;nJrl angﬁl an;nJrl / ! !
= anT ang1 3nm p ;_n+1 9 m
: 5 A w;ﬁjﬂﬂﬁ = w1
' on'’ ’ on'’ ’
m+1 m+1 m+1 J J
anSm-*—l nSm+l anSm+l m
P P p M. m fm(”, )
anl an2 anSm f (nj) - a m
- o n_]
A0 o0
m+ 1 M, m
on Wm+1Fm(nm) Fm(nm) _ 0 f (”2) 0
on” : : :
I 0 0 v f (nSm)-
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JACOBIAN MATRIX

105 o dalae (MH]) 0¥ clias (55 5IM 0¥ cnliaa
M ¥ NG e (M) s (1) pallk 5555 (25515 o 5ke 5 sulinwl

1 m+ 1 m+ 1 s"
anm I on on m+1l m m+ 1
! — ! — ... lm " +1 J Z Wi oa t b; aam
anl an2 ani,,, i = /=1 - = wm+ l—-L
3 9 m 9 m L 9 m
amllamil amll nj nj nf
b m+ 1 2 n3 n2 617 =fm(n;n)
n =| 5 m P m P m +1
n n n m 1, m
anm ! 2 s" an,‘ _ m+laf” (n;) o omt1l zm o om
: . =w, ., —L-=w, . f(n;)
: : anm s S an m s S J
d m+ 1 d m+ 1 d m+ 1 Y Y
nsm +1 nb‘m t 1 n'sm t+1 m m
anm 8?’! o anm )(: m(nj‘,) = af_(n'L)
1 2 g" . p m
L p n.
J
M. m
e 0 o
m+1 .m
on Wt IF-’?-’(nm) Fm(nm) _ 0o f (ng:) 0
anm 4 H H
s m
0 0 Les .f (ngm)
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m _ OF
on

[

m+1

on

m

on

A A
JoF
J anm+ |

Backpropagation (Sensitivities)

= F"m™)(W" "

T OF

m+ 1

" = F'm™w"h

T m+1
S

-

The sensitivities are computed by starting at the last layer, and
then propagating backwards through the network to the first layer.
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BACKPROPAGATION (SENSITIVITIES)

~ m+ INT ~ ~
m = m m T
S = a}; B [an m J amFJrl = F (n )(W +1) a}f‘l‘l
on on on on

m+l

S

m+1

sm _ Fm(nm)(Wer I)TS

The sensitivities are computed by starting at the last layer, and
then propagating backwards through the network to the first layer.

taiw 5 Js) oY G B g e e 550 S 3 G 5 D5 o daulane AT Y Sl g 5 a b lacuwliua

M M-1 2 1
S —S8 —...—>8 —8S
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Initialization (Last Layer)

S.

M _ OF _at-a) (t—a) _ [

SM

E)Z (tj—aj)z 3
= _2(t,—a)—~

i M
on’,

1

M i M
. ani ani

o oMty
G ) M

an?/‘{ on,

s = 20— a) M)

s = oF ™) (t—a)

-

41
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INITIALIZATION (LAST LAYER)

SM

2
A oY (t;—a))
v dF _at-a) (t-a) _ E’l s

S

da,
= -2(t;— a;)—-

M M M M
on ; on ; ani ani

da, aaﬁw an(n?) fM( My
_ = M
am' ol o l

1

M= 2 a) M

M = 2 mMt—a)

L/

2 }(i/



/ Summary \

Forward Propagation

0
a =p
am+1 :fm+1(wm+lam+bm+l) m=0,2 ... M-1
M
a=a
Backpropagation
M
s = 2F (n")(t-a)
m L] m m T m
"= F'mMywW" Y s =M, 20

Weight Update

W1y = Wi—as"@" ") b"k+1) = b" (k) —as”

o 2
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SUMMARY

-
,y};ﬁb/

oA

Forward Propagation

a =p
m+1 m+ 1 m+1 m m+1 .
M
a-=a
Backpropagation

M

m+1. T m+1

" = F'm"yW" s

s = 28 ™t a)

m=M-1,...,2,1

Weight Update

W k1) = Wk —as"@" )

b"(k+1) = b" (k) —as"






/ Example: Function Approximation \

= g(p) =1+ Sin(gp)

p R ; e
—— X QO——
- N +
1-2-1 a
>
Network
_ \)




v

(&2 w2 A8) JUie )Ll aia ) oSl

K

EXAMPLE: FUNCTION APPROXIMATION

— g(p) =1+ Sin(%cp)

: N

( N
1-2-1

Network
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Network

1-2-1

-

Network

Input Log-Sigmoid Layer

Linear Layer

r N7 N\ 4 N\
| n' at
wh Z }L W,
b, n? az?
p J]' YA >
n', ats h2
Wiy Z >£ W2, l]
JCE
) y, N Y,
a' = logsig(Wip+b!) a2 = purelin(W2a'!+b2)

48
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NETWORK
4 R
P
1-2-1 a
o—> —>
Network
\ J
Input Log-Sigmoid Layer Linear Layer
N\ A\ r A\
)l n'y aty
wh Z »L W,
b, n? a?
g Jf D o (v
n', al, l h2
Wiy Z >£ W2 5 1
40"
) J N J

<
3y /';Kb/

a' = logsig(Wip+b!)

a2 = purelin(W2a'!+b2)
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Initial Conditions

—0.41 —0.13
3

w'(0) = [0‘27] b'(0) = [0'48] W2(0) = [0.09 —0.17] b*(0) = [0.48]

— Network Response
— Sine Wave
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(@B _\3‘,53) JLis :Jmlw ‘333‘,35."
SeoleThal iV oIy

INITIAL CONDITIONS

oabal S S uulie b opilel paujlude
W'(0) - [0-27] b'(0) - [0-48] W 0) = [0.00 -0.17]  b°(0) = [0.4g]

—0.41 —0.13
3 T T
— Network Response
— Sine Wave
f e ) 99T sLasula
2 aala ¥
{Pg 1y}
- N Syl
5 (25,6) S [-2:0.2:2]
2 1r 1
; ol maly /7 5
0 1
N
P
& T 1 0 1 2

P
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o

Forward Propagation

a

0

:p:

1

al = fl(W1a0+b1) = logsig [‘0'27] [1] + [‘0'48] = logsig [_0'75]
—0.41 —0.13 —0.54

1 I t+te”

.54
1+eD5

1
0.75

1

_ [0.321]
0.368

0.368

a2 = fz(WZal +b2) = purelin ([0_09 _0'17] [0'321] + [0.48]) = [0.446]

e=t-a-= {1+ sin&‘p)}—az - {1 n sin(g'l)}—OA% ~ 1.261

-




E GLgad puas sloas
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FORWARD PROPAGATION

a =p=1

al _ fl(wla()+b1) _ logsig [—027] [1] + [—048] _ lOgSig [—075]
—0.41 —0.13 —0.54

1

0.75
q! = [1te _ [0.321]

1 0.368

.54
_1+eos_

at = fZ(WZa1 +b2) = purelin ([0_09 _0’17] [gi.zé] + [0.48]) = [0.446]

e=t-a-= {1 +sin(§p)}—a2 - {1 + sin(gl)}—o.446 ~ 1.261
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/ Transfer Function Derivatives \

£y = ;7(1 +len) e (1 - +16"I1 +le") = (1-a')a")

fim =Ly -1
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Backpropagation

> = 2F (n))(t—a) = —2[f'2(n2):|(1.261) = 2[1]1261) = —2.522

11
g — Fl(nl)(Wz)Tsz _ [(101)(01) 0 ][0.09] [_2.522]
)

1 I.||—
0 (1_a2)(a2 0.17

S1 _ [(1 —0.321)(0.321) 0 ;I [0.09] [72.522]

0 (1-0.368)(0.368)| |-0.17

§' = [0.218 0 ][0.227] _ [0.0495]
0 0.233]10.429 0.0997
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BACKPROPAGATION

> = 2F () (t—a) = —2[f2(n2):|(1.261) = —2[1](1.261) = —2.522

1,1
. T 1 0
§! = Fl(nl)(Wz) ¢ = |(I-ana) [0.09] [72.522]
0 (l—aé)(aé) —0.17

s1 _ [(l —0.321)(0.321) 0 )] [0.09] [_2.522]

0 (1-0.368)(0.368)] |--0.17

g [0.218 0 ]10.227] _ [0.0495]
0 0.233]]0.429 0.0997
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Weight Update

o= 0.1

WA = W 0)—as*@) = .00 ~0.17] —0.1[2.529] [0:321 0.363]

W) = [0.171 —0.0772]
b*(1) = b*(0) - as” = [0.48]—0.1[—2.522] = [0.732]

Wl(l) _ WI(O)—asl(aO)T _ [0.27] _o0l1 [0.0495] [1] _ [0.265]

041 0.0997 0.420
b'(1) = b'(0)— o' = [_0_48] _0_1[—0.0495] _ [—0.475]
0.13 00997  |-0.140
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WEIGHT UPDATE

o= 0.1

WA = W 0)—as*@) = .00 ~0.17] —0.1[2.529] [0:321 0.363]

W) = [0.171 —0.0772]
b*(1) = b*(0) - as” = [0.48]—0.1[—2.522] = [0.732]

W) = W0 os' @ - [0,27] ol [o.0495] [l - [0.265]
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BATCH VS. INCREMENTAL TRAINING
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The algorithm described above is the stochastic gradient descent algo-
rithm, which involves “on-line” or incremental training, in which the net-
work weights and biases are updated after each input is presented (as with
the LMS algorithm of Chapter 10). It is also possible to perform batch train-
ing, in which the complete gradient is computed (after all inputs are ap-
plied to the network) before the weights and biases are updated. For
example, if each input occurs with equal probability, the mean square error
performance index can be written

59508 A a5l s sluse Jladal (258 L

F(x)= E[e'e] = E[(t-a) (t-2a)] =

0
é S (t,~a,)'(t,~a,). (11.49)
q=1

The total gradient of this performance index is
0 0

VF(x) = v{é > (tq—aq)T(tq—aq)} = é Y Vi(t,~a,) (t,~a)}. (11.50)

g=1 g=1
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BATCH VS. INCREMENTAL TRAINING

0 o
VF(x) = v{é 3 (t, - aq)T(tq—aq)} - é T Vi(t,~a) (t,~a,)}. (11.50)
qg=1 qg=1
Therefore, the total gradient of the mean square error is the mean of the
gradients of the individual squared errors. Therefore, to implement a batch
version of the backpropagation algorithm, we would step through Eq.
(11.41) through Eq. (11.45) for all of the inputs in the training set. Then,

the individual gradients would be averaged to get the total gradient. The
update equations for the batch steepest descent algorithm would then be

0
Wk+1) = w’"(k)_g A (11.51)
g=1

b"(k+1) = bm(k)—% Y s, (11.52)

q=1
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Choice of Architecture

g(p) = 1+ sin(%‘p)

1-3-1 Network
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Choice of Network Architecture
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CHOICE OF NETWORK ARCHITECTURE
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Convergence

g(p) = 1+ sin(np)
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Generalization

{p]:t]} ? {pz,tz} LR {pQ:tQ}

g(p) =1+ sin(%p) p=-2,-16,-12,...,16,2

1-2-1

1-9-1




\a1 LG gl SLOAS

GENERALIZATION
Pt (Pyty) .o (Pt}
a(p) = 1+ Sin(gp) p=-2,-16-12,..,16,2
8 3
1-2-1 1-9-1

L I 1 R 1 L L
-2 -1 0 1 2 -2 -1 0 1 2

Prepared by Kazim Fouladi | Fall2017 |2nd Edition

‘c;_m:a.‘au_‘LJJATLsin\ngdoz ﬁé@#&wﬂ@}&y&de&h)ddﬁj

P



@ nnd11gn - O d

Eile  Edit View Insert Tools Desktop  Window Help k]

MATLAB

>> nndllign






v

Prepared by Kazim Fouladi | Fall2017 | 2nd Edition

Obhjectives

11 Backpropagation

Looctes 11
Theory and Examples a2
Multilayer Precoptrons. 1z
Pattern Classdication 13
Function Approximation 14

The Backpropagation Algotithm n-r
Pariormance Indax 1

Chain Fulo 118
Backpropagating the Sonsiivitios -1
Summary 1113
Exampio 114
Batch vs. Incromontal Training 117
Using Buckpropagabon 118
Choice of Network Archilecture 1n-1e
Convorgonca 120
Gonoralization 1122
Summary of Rosults 125
Solved Probloms 127
Epilogue 1141
Further Reading 1142
Exorestos 1144

I thi di ich
we began in Chnpul%hr prosonting nmnll:.nllunuﬂhn m's'n.lp
rithm of Chapter 10 gensralization, pagnuon. s be
used to traln multllayer networks. As .m.u-lﬁkﬂ:.
propagation is an approximate stespest descent algoritha, anhn:h the
Encdex ia mean -;-.mmw The difference between the LS
algorithm and backpropagation is oaly in the way in which the derivatives
are caleulated. Fora nngh-l.ny!l! linear network the error 3 an np‘hm lin-
ta, o
weights can be earily enmnmed. In multilayer netwerks with ml.lmul
tranafer functions, the relatisaship bmumdn network weights and the
error | plex. i arder el we peed to use
the chain rube of cakeulus. La fact, this chapter is in Large part a demonstra-
thon of how to use the chaln rule.
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