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Widrow-Hoff Learning
(LMS Algorithm)
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ADALINE Network
Input Linear Neuron
r N0 A\
p a
Rx1 A \ Sx1 l
SXR n 74
Sx1 a = purelin(Wp+b) = Wp+b
19 b %
R Sx1 S
\_/ U J
a = purelin(Wp+b)
-wj’ 1_
a; = purelin(n;) = purelin(iwrp+bf) = iWTp+bl- W = Wf’z
Wi gl
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ADALINE NETWORK

Input Linear Neuron ADALINE: ADAptive LInear NEuron (NEtwork) +
LMS: Least Mean Square (learning algorithm
N N\ quare ( galg )
P a
P W \ Sx1 >
SxR n .
_/ sx1 7|/ a = purelin(Wp+b) = Wp+b

19 b
2 R Sx 1 S \
2 _/ L J Lessls
T a = purelin(Wp+b) OIS solears
E Wi, 1
=
< . . T T :
z a; = purelin(n;) = purelin(;W p+b;,) = W p+b; W= Wf’2
& Wi, Rl

P
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ADALINE NETWORK

:JJJ‘JGSLAJS:\GSL.JCA:\JJJMQJJS#M‘)ng:\Y‘JTLs@JJJA
LS a1 Ul dglas il il g5 e e

t ol 05 i s s S0k seaels 51 5555 LMS a5, <ULl

xJJ‘JTLJ}AT@LAJiJ‘Ls‘fd;abgu:nbiAAu:mmﬂu\g‘)ﬂeﬂﬁ&éJl:sgaécu (@)
(35S o 58 a5 50 5355 e L g0 515 45l 5555 45 313 n (hmln 4S8 L

sl B 1) sosSpaaal sla) e ol sl 5 9 oo pani oo | @l e 0SSk A LMS 5, <11 O

(DSP Jlisass JUSaw (3l 5 835%)

P



W two-lnputADALINE  [M]

Inputs  Two-Input Neuron D>
r N7 A\ a<0 ‘ a>()
_b/wl’z
W
|

’ P
A J b,

a = purelin(Wp+b)

a = purelin(n) = purelin(lep+b) = 1WTerlf?:v

R— T JR—
a= |Wp+tb=w pp+wyapr+b
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Inputs  Two-Input Neuron §22
[ \ { \ a<0 ‘ Cl>0
_b/wl’z
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e
’ P
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a = purelin(Wp+b)
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a= W Pp+tb=w pptwaprtb

a = purelin(n) = purelin(lep+b) = leerb
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/ Mean Square Error \

Training Set:

Pt} 1Pt} ... . {Po-to}
Input: p p Target: t q

Notation:
X—[lw] z—lp] azlep‘l'b |::>a=xTz
b ]

Mean Square Error:

F(x)= E[e’] = E[(t-a)’] = E[(t-x"2)"]
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MEAN SQUARE ERROR

Training Set:
Pt} (P2t} ..., {Po.to}
Input:  p, Target: t g

Notation:
X—|:1W:| Z—[P] azlep+b |:>a=xTz
b ]

Mean Square Error:

F(x)= E[e’] = E[(t-a)’] = E[(t-x"z)"]
!
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/ Error Analysis \

F(x)= E[e’] = E[(t—a)’] = E[(t-x"z)"]

T
F(x)= E[* —2txTz+xTzz X]

F(x) = E[rz]—ZXTE[tz]erTE[zzT]x

F(x) = c—2x h+x'Rx I

¢ = E[F£] h = E[z] R = E[zz']

The mean square error for the ADALINE Network is a
quadratic function:

F(x) = c+ d'x + %XTAX

\ d = —2h A =2R /
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F(x) =c+ d'x + %XTAX

ERROR ANALYSIS
F(x)= E[¢’] = E[(1-a)’] = E[(1-x"2)’]
2 T
F(x)= E[t -2ixTz+xTzz x]
F(x) = E[£]-2xTE[rz] +xTE[zz" ]x
F(x) = ¢—2x"h+x'Rx I
) T
§ ¢ = E[t] h = E[tz] R = E[zz |
é g e S50 5 53500 Sl Ole Ll (Siisan )/ N a0 (Sisas o sile
- The mean square error for the ADALINE Network is a
2 quadratic function:

P d = -2h A = 2R
U"’(kb/



/ Stationary Point \

Hessian Matrix:

A =2R

The correlation matrix R must be at least positive semidefinite. If
there are any zero eigenvalues, the performance index will either
have a weak minumum or else no stationary point, otherwise
there will be a unique global minimum x*.

VE(X) = V(c+de+%xTAx) — d+Ax = —2h+2Rx

-2h+2Rx =0

If R 1s positive definite:

x* = R 'h
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STATIONARY POINT

Hessian Matrix:
A =2R

The correlation matrix R must be at least positive semidefinite. If
there are any zero eigenvalues, the performance index will either
have a weak minumum or else no stationary point, otherwise
there will be a unique global minimum x*.

VF(x) = V(c+dTX+%XTAX) = d+Ax = -2h+2Rx

-2h+2Rx =0

If R 1s positive definite:

-l (5wl s st o 4l Gl cazLA >0 ) XF = R 'h

P
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T 1
Approximate Steepest Descent

=

F(x) = (t(k)—a(k))” = € (k)

Approximate (stochastic) gradient:

VE(x) = Ve (k)

Approximate mean square error (one sample):

2, e (k) _ de(k) . _
2 de(k
Vel (K)r+1 = aeaé") - 2e(k)%)

—|
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APPROXIMATE STEEPEST DESCENT
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Approximate mean square error (one sample):

F(x) = (t(k)—a(k)® = (k)

Approximate (stochastic) gradient:

VFE(X) = Ve (k) +(39bad) s ool £

2
bossebae: VORI = L8 gen2® 5y R
awl’j awl’j
de” (k de(k
bk (VMR = 2B g2
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/ Approximate Gradient Calculation \

de(k) _ olt(k)—a(k)] _ _d

oo T
owy My pym UCOR L p(k) +b)]

1,j

R
de(h) _ 2 |
w3 Lz(k)(z wlafpj.(k)-i-bJ]

Wl).j = 1

de(k) _

j

VF(X) = Vei(k) = —2e(k)z(k)
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APPROXIMATE GRADIENT CALCULATION

de(k) _ A[t(k) —a(k)] _ 0
awlaj awl,j ow

[t(k) — (;W p(k) + b)]
1,/

R
dek) _ 9 [ .
awl’j aijLf(k) (;2 wy pi(k) + b)]

=1

de(k) _ de(k) _
w, P b !
. \ p— k =
S5 e e st dlan Sy 5o s py(k)
p,(k)
¢ _v2 - z(k)=| :
F(x) = Ve (k) = 2e(k)z(k) . (6)
(7259 o 5) piS s (59559 o9 1y e el 2 3Y LSS R







/ LMS Algorithm \

Xp+1 = Xp— ocVF(x)lX

X, = X, +20e(k)z(k)

iW(k+1) = ,W(k) +20e(k)p(k)

b(k+1) = b(k)+20e(k)
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LMS ALGORITHM
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Xp+1 = Xk—OLVF(X)lx <
- R

4

X, = X, +20e(k)z(k)
U

(W(k+1) = w(k)+2ae(k)p(k)
LMS a1, &I
Sla— s ms soacls

By (goaels

b(k+1) = b(k)+2ae(k)



/ Multiple-Neuron Case \

W(k+1) = W(k)+2ae,(k)p(k)

bi(k+1) = b,(k)+20e,(k)

Matrix Form:

(
W(k+1) = W(k)+2ae(k)p (k)

b(k+1) = b(k)+20e(k)
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MULTIPLE-NEURON CASE
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W(k+1) = w(k)+2ae,(k)p(k)

b.(k+1) = b,(k)+20e,(k)

Matrix Form:

P
W(k+1) = W)+ 20e(k)p (k)

b(k+1) = b(k) +20e(k)
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ANALYSIS OF CONVERGENCE
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X, = Xt 20e(k)z(k)
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/ Analysis of Convergence \

X, ;1 = X, +20e(k)z(k)

E[Xg+1] = E[x;] + 20E[e(k)z(k)]

ElX,, ] = E[X,]+2a{E[1(k)z(k)] - E[(X, 2(k))z(k)]}
E[Xg: 1] = E[xg] + 20 E[1,2(k)] - E[(z(K)Z (k))X;]}
ElX,.,] = E[x,]+20a{h-RE[x,]}

E[x,, ] = [I-20R]E[x,]+2ch

For stability, the eigenvalues of this
matrix must fall inside the unit circle.

N e
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ANALYSIS OF CONVERGENCE

X, = X, +20e(k)z(k) tasola LMS )

E[Xg+ 1] = E[x;] +20E[e(k)z(k)] S e ol o 3|
e(k) = t(k)—x, z(k)
E[X, 4,1 = E[x,]+20{ E[1(k)2(k)] - E[(X, 2(k))Z(k)]}
S e 02350 X,12(K) elas 1, 2T (KX,
ElX; 4 1] = E[Xg] + 204 E[t,2(0)] - E[(z(0)z (k))X,]}
tas ol il Z(K) ) S8 X 050

E[X,,,] = E[X,]+20{h-RE[xX,]}

E[X;, ] = [I-20R]E[X,] +2ch

sl e b Sl ala sl b For stability, the eigenvalues of this
il anl s el Jals by sualie matrix must fall inside the unit circle.
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T 1)
Conditions for Stability

leig(IT-2aRDl = |1 -201] < 1

(where A, is an eigenvalue of R)
Since A;>0, 1-20d;<1 .
Therefore the stability condition simplifies to

1 —20&11. >_1

o<l1/A;, foralli

| O<a<l/A, .. I
N s
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CONDITIONS FOR STABILITY

leig(1—20R])| = [1-201| <1

(where A, is an eigenvalue of R)
Since A,>0, 1-20A;<1
Therefore the stability condition simplifies to

1—20c?ui>—1

a<l/A; foralli

| O<a<1/A,,. l
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/ Steady State Response \

Elx, ] = [1-2aR]E[X;]+20h

If the system 1is stable, then a steady state condition will be reached.

Elx ] = [I-2aR]E[x ]+ 20h

The solution to this equation is

E[x ] = R 'h = x*

This 1s also the strong minimum of the performance index.
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STEADY STATE RESPONSE

E[X; ] = [I-2aR]E[X, ] +20h

[f the system is stable, then a steady state condition will be reached.

Elx ] = [T-20R]E[x ]+ 2ch (o) LB Wl s o
The solution to this equation is
E[x,] = R 'h = x*

This 1s also the strong minimum of the performance index.
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-1

1
R=3|
1

T 1 T 1 T
R = E[pp 1= 5PiP1 * 5P2P2

1

[71 11]*%! ][1 1f1:| [0

0

= 1.0,  Xy=100, A;=20
°‘<xl =2—h)=0.5
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EXAMPLE
-1
Banana pi=1 1.t = [ 1] Apple {P2=| 1| &= [1]
—1 —1

T 1 T 1 T
R = E[pp 1= FPIP1L T PP

|- 1 100
R =3 1[—11—1]+§ o= =0 14
-1 0-1 1

A= 10, A= 00, Ay=20

0L by s nSols £ 5 s malna 3!

A 2.0

max

= 0.5



/ Iteration One \

—1
Banana a(0)= W(0)p(0)= W(0)p,= [0 0 0][ l] 0
~1

e(0) = #(0)—a(0)= ¢, —a(0)= —1-0= -1

W(1) = W(0) + 20e(0)p’ (0)

T
~1
W) = [p0( +2(0.2)(1)[ 1] =04 04 04]
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EXAMPLE
-1
Banana  a(0)= W(0)p(0)= W(O)p,= [0 0 o]| 1]~ 0
—1
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e(0) = #(0) —a(0)= t,—a(0)= —1—-0= —1

W(1) = W(0)+ 20e(0)p’ (0)

T

1
Wb = [o oo +2026D]| 1| = [o4 04 04
—1



/ Iteration Two \

1
—1

e(l) = t(1)—a(l)= t,—a(l)= 1—(-0.9= 1.4

T
1
W(2) = [0.4 -0.4 0.4] +2(0.2)(1-4){ 1] = [0.960.16—0.13
~1
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EXAMPLE
1
Apple  a(1)= W(DP()= WP~ [0.4 04 04]| 1|~ 04
1

J—

e(l) = t(l)—a(l)= t,—a(l)=1-(-0.49= 1.4

T
1

W(2) = [0.4 —0.4 0.4]+2(0-2)(1-4) 1| = [0.960.16-0.18
~1



/ Iteration Three \

-1
a(2)= W2)p(2)= W(2)p,= [0.96 0.16 0.16][ 1] —0.64
—1

e(2) = t(2)—a2)= t;—a(2)= —1-(-0.64)= -0.36

W(@3) = W(2)+20ce(2)pT(2) = [1.1040 0.0160 —0.0160]

W) = [1 0 q]
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EXAMPLE
-1
a(2)= W2)p(2)= W(2)p,= [0.96 0.16 —0.16] 1= —0.64
—1
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e(2) = 1(2)—a(2)= t,—a(2)= — 1 —(-0.64)= —0.36

W(@3) = W(2)+2ae(2)pT(2) = [1.1040 0.0160 —0.0160]

W) = [1 00
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ADAPTIVE FILTERING
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Adaptive Filtering
Tapped Delay Line Adaptive Filter
_y Inputs ADALINE

k) o l AGER — N
D (k)
i——p pak) = y(k- 1)
D a(k)
D
——p pulk) =y(k-R+1)

AN J

a(k) = purelin(Wp(k)+b)

R

a(k) = purelin(Wp+b) = 2 wy ylk—i+1)+b

i=1

\

44
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ADAPTIVE FILTERING
EETNRPE Ry ks
Tapped Delay Line Adaptive Filter
W) @ > 2.(H =3k Inputs ADALINE
N7 N\

m wk)

—p p(k)=y(k-1)

oARL Al pa b UAS )
(S s R-1 5 ol s9503)

a(k) = purelin(Wp(k)+b)
R
a(k) = purelin(Wp+b) = Z wy yk—i+1)+b

i=1
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/ Example: Noise Cancellation \

EEG Signal Contaminated Restored Signal
(random) g ¢ Signal e
»(JP——--
+
Contaminat - "Error"
ontaminating Adaptively Filtered
Noise to Cancel
" Contamination
Noise Path
Filter
Graduate
Student \
v . a
Adaptive
:' ™ Filter
60-Hz \
Noise Source

Adaptive Filter Adjusts to Minimize Error (and in doing
this removes 60-Hz noise from contaminated signal)

N /

46
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EXAMPLE: NOISE CANCELLATION

sad su T JU& sad Lok JUSe
EEG Signal Contaminated Restored Signal
Electro-encephalogram (random) g / Signal e
+
Wow( o - Uasy
i3S o ol e o il 56l )
2ol 8 SS9l il (gl s "Error"

Contaminating Adaptively Filtered

Noise to Cancel

\Cont::lmination

3295 s Sl T ae
Noise Path | <72 e

m

5 Filter Gt

E Graduate R

S Student

- Heen Wy 0255 e 5L 5l

- v . a

£ Adaptive

5 :. ™ Filter

c 60-Hz \

3 Fafe nsese Noise Source

g Adaptive Filter Adjusts to Minimize Error (and in doing
g this removes 60-Hz noise from contaminated signal)

' L‘Q?Ls‘}bu‘xaelﬁs_acﬂfam‘a;.\au”‘ésd%
,U’;ﬁb/ (- S oo Ban s oo oIT YUK SV, 3558 F 0 g (T alas] )



/ Noise Cancellation Adaptive Filter \

Inputs ADALINE
N\ N
v(k)
n(k) — a(k)
Vi
— _/ P

a(k) = wyv(k) +w, v(k-1)
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NOISE CANCELLATION ADAPTIVE FILTER
Inputs ADALINE
N A\
v(k) Wi
n(k) a(k)
D Wio Z z >
\—_/ U J
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a(k) = wyv(k) +w, v(k-1)



/ Correlation Matrix \

R = [zz] h = E[iz]

z(k) = [ "(")]
v(k—1

t(k) = s(k)+m(k)

R[ E[v (k)] E[v(k)v(kl)]}
Elv(k—1)v(b)]  E[v (k- 1))

- [ El(s(k) + m(k)) (k)] ;|
EL(s(k) +m(k)v(k— 1)
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CORRELATION MATRIX
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R = [zz'] h = E[z]

h =

2(k) = [ v(k) ;I
vik—1

t(k) = s(k)+m(k)

ENViD)] Elv(kvik=1)
[v(k—1)v(k)]  E[v (k= 1))

[ EL(s(k) + m(k)v(h)] ;l
E[(s(k) +m(k)v(k—-1)

|



/ Signals \

2Tk 37:)
3 4

v(k) = 12 sm(zgk) m(k) = 1.2 sm(

EDO] = (1.2) %i( m(%‘))z = (1.2%0.5=0.72

EDV:(k—1)] = E[V (k)] = 0.72

3
Ev(k)v(k—1)] = %Z (1 2 sm—Xl 2 si 2“(’_‘; 1))
k=1

2T

- (1.2)20.5003(?) ~ _0.36

R - | 072 -036
~0.36 0.72
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SIGNALS
(ol Csadls gany glaat b dland 5o Jay) wdes dobial JUSaw EEG YU (2 58

oA VA sud (sl el 58 P g —0.2 1 0.2 cal i< a6

s e (k) = 12 sin(@‘) m(k) = 1.2 sin(@"_%“)

3
2
EV (k)] = (1.2)2% (m{@‘n - (1.2%0.5 = 0.72
s 3l sk = 1,2, 3 e

E[Vi(k-1)] = E[Vi(k)] = 0.72

E[v(k)v(k—-1)]

] —

3 . .
z (1.2 sinﬂcIl.ZZ sinm)
~ 3 3

(1.2)20.5cos(27“) = 036

R - [0.72 —0.36]
. ~0.36 0.72

2 };(i/



[

Stationary Point \

E[(s(k) + m(k))v(k)] = Els(k)v(k)]+ E[m(k)v(k)]

- =
0
3
E[m(k)v(k)] = % Z (l 2 sm(ﬂ(— %)Xl 2 1n¥) = —0.51
El(s(k) +m(k))v(k—1)] = E[s(k)v(k—1)]+ E[m(k)v(k—1)]
=
0
3
Elm(k)yv(k-1)] = % z (1 2 sin (@—:%)11.2 sinzn(];_ 1)) = 0.70

b | ELG + m)vo) ] . [-o.sl]
i —>

[(s(k) + m(k))v(k—1)] 0.70

-1
- R'h = [0.72 —0.36:| l—o.sl] _ [—0.30]
036 0.72] L[0.70 0.82
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STATIONARY POINT

P

E[(s(k) + m(k))v(k)] = E[s(k)v(k)] + E[m(k)v(k)]
=

i i 5She U Jita V(K) 5 5(K) 1 ()

Elm(v(k)] = % Z ( (ﬂ“ —%“)Il 2si 2;“") - 051

El(s(tk) tm(k))v(k—1)] = E[s(k)v(ik—1)]+ E[m(k)v(k—1)]
~

0

3
Elm(kyv(k—1)] = % ¥ (1 2 sin (ﬂ‘ —32‘)11.2 sin”(’;‘ 1)) ~ 0.70

4

h_ | BTG+ m@w) ] . [-0.51]
: =

[(s(k) +m(k))v(k—1)] 0.70

-1
R - [0.72 —0.36] [—0.51] _ [—0.30]
-0.36 0.72] Lo.70 0.82
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F(X) = c¢c— 2x ' h+x'Rx

¢ = E[(k)]= E[(s(k) +m(k))°]

¢ = E[s*(k)] + 2E[s(k)m(k)] + E[m* (k)]

2 1 ]
Els"(0] = 53 j s“ds = S0 = 00133
0

—0.2

3 2
2 1 . (2n 3m
E I lia (2 3m\ — om0
THGIEESY { sm( n_ 3 )} 0.7
¢ = 001334072 = 0.7333

F(x*) = 0.7333 - 2(0.72) + 0.72 = 0.0133
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F(x) = c—2x'h+x'Rx

¢ = E[£(0))= E[(s(k) +m(k))*]

¢ = E[s*(k)] + 2E[s(k)ym(k)] + E[m*(k)]
s s (Sl b J8iws V() 5 5(K) 15
0.2

2 1 > 1 a9
Els“(0)] = 53 j s'ds = 508 |_0_2 = 0.0133
—0.2
) I < on 3m\|’
— . T T —
Elm* (k)] = 5;}:1{12 sm(?—T)} - 072

c = 0.0133+0.72 = 0.7333

F(X*) = 0.7333-2(0.72) + 0.72 = 0.0133
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10 LMS Response

2r Original and Restored EEG Signals

. I 1 I 1
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2r EEG Signal Minus Restored Signal
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nndwnc — *
Eile  Edit View Insert Tools Desktop  Window Help k]

7 0N

.’%“

>> nndl1lOnc
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Eile  Edit View Insert Tools Desktop  Window Help k]

MATLAB

>> nndlOeeg
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Objectives

Tn the previo L Laid the fasndtion for perf .

by which & natwark Es tral i 1, Inﬁhd‘ap.
mwonpplyﬂnprmupludw‘wmnulmmnlmghlw
neural aetwerk.

Widsow-Hoff learning is an opproximate steepest uomnulgomhn.m
which the performance index ia mean square ervor. This algorithm ia
portant ta our discussion for two reasena. First, it is widely used lod.!y Ln
many signal processiag applieations, several of which we will diseuss in

this chapter. In addition, it i the precursar to the backpropagation alge
¥lthan for multdlayer avtworks, which la presested kn Chapter 11
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