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Basic Optimization Algorithm

‘ X111 = X+t 0P .

or

AXp = (X1 —Xg) = 4Py

Xk +1

O Pk
X

p, - Search Direction

o, - Learning Rate
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BASIC OPTIMIZATION ALGORITHM
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| Xp+1 = X+ 0yPk I

or

AXp = (X1 —Xp) = 0Pk

Xk +1
O Pk
Xy

p, - Search Direction s

o, - Learning Rate  (s8dsk) soSubiz s



/ Steepest Descent

Choose the next step so that the function decreases:

F(X,, 1) <F(x;)

For small changes in x we can approximate F(x):
F(X,,,) = F(X,+AX,) = F(X,) + g, AX,
where

g=VF|
T Ak

If we want the function to decrease:
T T
g AX; = oy giPr <0

We can maximize the decrease by choosing:
Pir = 8k

‘Xkﬂ = X 08y '
NG 2
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STEEPEST DESCENT

Choose the next step so that the function decreases:
F(X; ) <F(Xx;)

For small changes in x we can approximate F(x):
F(X,,,) = F(X, +AX;) = F(X,) + g, AX,

where

ngVF(X)lx X
_

If we want the function to decrease: Ax, =o,p,
:(descent direction) J gy cyga
3L g TP <0 S Pyl s

We can maximize the decrease by choosing:

T T
grAX; = 048k Pr<0

famel g 2 00 J3S Ceotde Pr = ~8k Lol S s s sl als o g TPy
il Sae lue G5 e 8 TP, S 33 Xpr1 = Xp—0q 8y a3l e o 98 G sl

P



/ Example

2 2
F(X) = x| +2x1x2+2x2+x1

Xy = I:O'S] a = 0.1
0.3

d
—F(X
VF(X) _ axl ( ) _ 2)6]+2)Cz+1 g — VF(X)' [3]
a 2x1+4x2 X=X 3
F(X)
8x2

0.5 3 0.2

X, = X,—0g, = -0.1 =
bR [0.5] [3] _0.2]
X, = X,—0g, = |:0.2] 0.1 [l 8] 0.02]
0.2 1.2 10.08
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2 2
F(X) = x|+ 2x1x2 +2x,+x,

X, = 0'5] o= 0.1
0.5
0 _
—F
VF(x) = |71 ) 2x1+2x2+1]
LF(X) | 2x;t4x;
_8x2 i

P

_ 0.2]
02

g0 VF(X)lx X
- 0

0.02]
10.08



Plot




Prepared by Kazim Fouladi | Fall2017 |2nd Edition

VY

Qs (3 ;3085 g

STEEPEST DESCENT

S2S sySab g

|3

e J 938 Gpoid s, 588a ] 5

S Wl o 1) somme S5 S 5,550k 55 51
cowl 8 g IS bt s ddian
Soxsaseby t.ﬁ

Iae slagbu 53

Sait bt Sl £

bl = sanl3s slaglu s

&~
3 U}; b/

J“’J‘“'.‘?"“J:d\:“‘




nndgsd — *
Eile  Edit View Insert Tools Desktop  Window Help k]

MATLAB

< CLICK ON ME >

>> nnd9sd
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Stable Learning Rates (Quadratic)

F(x) = %XTAX +d'x+c

VE(x) = Ax +d

Xpe1 = Xp—08r = Xp—o(AX +d) ———= x,,, = [[-0A]x, —ad
\,\r,_/

Stability is determined
by the eigenvalues of
this matrix.

[I-caAlz, = z,—aAz, = z,— oMz, = (1-0L)Z,

T~
(A, - eigenvalue of A) Eigenvalues
of [I- aAl.
Stability Requirement:
2 2
|(1—an)|<1 o< o= o<

i max
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STABLE LEARNING RATES (QUADRATIC)

st ke A F(x) = %XTAx+dTX+c

VF(x) = Ax+d

Xp+1 = Xp—08r = Xp—0(AX+d) —— > X; ., = [I-aAlx, —ad
\W_/

oSl 5l gl Loy ¢ lad (Sealing atusras S5 o) sieds Stability.is determined
caal 1ol s S 1= 0A] G s5le 58505 snalie Gllas a3 by the eigenvalues of

this matrix.

§ [I-0Alz, = z.—0Az =z -oAzZ = (1 -0A)Z Ax, =P,

¢ (A, - eigenvalue of A) Eigenvalues

g aitaa L [T = OA] G sile 5 A e sile 58505 slalan of [1- 0A].

£ el (1 = 0 e snts [T — 0A] G5l g3 5 suolio 5

¢ Stability Requirement: Lol Sl 253 pariSle
% 2 2 poe da yd c.gt» L;Ua_ﬂ ‘:.A:tJSLA
5 solubbos: |(1-ad)|<l = o<z = | o< raols L sSae e
& ! 7\i 7\ma!)c )
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/ Example

-'-:rll]
A = [2 2] {(xl = 0.764), |z, = [0-851] } {xz =524, |z, = [
2 4 -0.526
2 2
oc<lmax =504 0.38

o = 0.37
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Minimizing Along a Line

Choose oy, to minimize F(X; + 0, p;)

d T r
Mc(F(Xk +oyp,)) = VF(X) |X _ kak T oy Py VZF(X)lx _ kak

VE(x)!

7 ) |X = X:«pk glj:pk
T T

kazF(x)lx _ kak P Akpk

where

A, = V2F(Xx)
X =X,
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MINIMIZING ALONG A LINE

tassls (line search) ba g satun 5l K s 5o
Choose o, to minimize F(X, + 0, P;)
1
F(x, +oup,)= F(Xk)+VF(X)TL:xk 0Py +5(0Ckpk)TV2F(X)L=xk (o, p,)
d T T
—(F(x;, + = VF(x +o,p, V2F(x
Za- FXL T aupy) = VE() I TR A R

=0=

VF(x)L
(x) |x—xkpk B gf;pk

T B T
V2F A
P (X)lx _ kak PP,

where

A, = V2F(X) - g, =VF(x)"

X=X,
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F(x)
_ ) -
—F(X)
VF(X) = 881 = [2
_8x2F(X)_
]
-3
oy = — = -
S 2] H
12 4113

Example

X1 +2xp+

2x1 +4x,

17|22 0.5
-X X+ X Xy &
2 [2 4] [l 0] ! [0.5]

| _
] Po = 80 = VF(X)lx X, [_g]
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MINIMIZING ALONG A LINE
1 T 22 0.5
F(x X + X X, =
o [2 4] i 0 [0.5]
d
=F'(X)
dx 2x1+2x,+ 1 _
vEx) = [0 =TT Po = 8 = ~VF(x)| H
8 F(X) 2)61"‘43(72 X = XO —3
_8x2 |

NOSH PRI PP PP s QU VR RV JE{FUIVES SVENICES

1 )
®o = - 3 =02 X) = X0~ %8 ~ [0'5] -0.2 H = [ 0-1]

[ig i3:| 5 2][ 0.5

3]
2 4][-3




Plot

Successive steps are orthogonal.

d d T d
dOth(Xk oyPp) dOLkF(Xk+1) VF(x) x—xkﬂdak[xk o Pyl
T T
(x) szmpk i+ 1Py
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MINIMIZING ALONG A LINE

2

Successive steps are orthogonal.

% a 0 1 2 H(pos a8 2l 51 0) smad) s8aelE 5 suliial L
d d d
—F (X, + o = —F(x = VF(x X, to
do (X +0ypy) do (Xp 4 1) x)" X -x,,.do k[ PR
v T T
= VF(x) x-x,. Pk Bty =0=g.,L1p,
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/ Newton’s Method

T T
F(Xg11) = F(Xp +AXp) = F(Xp) + 8 AXy + %AXkAkAXk

Take the gradient of this second-order approximation
and set 1t equal to zero to find the stationary point:

gk+AkAXk =0

-1

. —1
Xpv1 = X — AL g I
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NEWTON’S METHOD

PaaiS e s0liil a 90 45 o o 5 ()3 95 (g o9 - 9S (e suliil J g 43 pe o588 51 (g8 o G S g,

F(Xp41) = F(Xk+Axk)zF(Xk)+g£Axk+%AX£AkAxk

pos 450 5l (e

Take the gradient of this second-order approximation
and set it equal to zero to find the stationary point:
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g + AkAXk =0

-1

X,, =X, tAx,

-
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B -1
Xp1 = X~ AL g
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Example

[

0.5
. -
! [0.5]

d
axlF(X) _ [23(1 +2.?C2+ 1]

VF(X) =

EF(X)

g, = VF(X)'X_X = [
- A0

't

o G5 R R R R BRI

e
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NEWTON’S METHOD

2 2
F(X) = x|+ 2x1x2 +2x,+ X,

0.5
X frnd
’ [0.5]
9 rx) g, = VF(x)| - H
x| _ |:2x1 +2x5 + l] X = Xo 3

8 23(1+4JC2
L
24

SR R AR S P (R S R R

VE(X) =

J
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Plot
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NEWTON’S METHOD
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Non-Quadratic Example

4
F(X) = (xp—x1) +8xjxy—x;+tx,+3

1 — 2 _ 3
Stationary Points: X = [0'42] X = [ 0'13] X = [0'55]
0.42 0.13 —0.55

F(x)
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NON-QUADRATIC EXAMPLE
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F(X) = (x3-x1) +8x1x3— x| +x+3
Stationary Points: X = [_0‘42] x° = [‘0-13] X = [0.55]
0.42 0.13 —0.55
Ll F(X) s s Fo)

1.5
143.!\9|ou;

) -1 0 1 2 2 -1 0 1 2
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NEWTON’S METHOD
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DIFFERENT INITIAL CONDITIONS
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F(x)

F z(X)

\
Vol
LU . s . BRI

2 N R R 2 R .
-2 1 0 1 2 -2 -1 0 1 2 -2 -1 0 1
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Eile  Edit View Insert Tools Desktop  Window Help k]

MATLAB

< CLICK ON ME >

>> nnd9nm
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NEWTON’S METHOD
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QUASI-NEWTON METHODS

P tlae 4 5LS JSde pd ) Baa by

(one-step-secant) als—G cilsw L (quasi-Newton) o5 gai—dads sla i s,

N . ENN - -1 s .
ssige i3Sl Hip e e o 5le L AR Lagi g 0ol Lo
g oo alKiad ¢ yile (55l 9ol 4 S G LIS S8 e S

-Jﬁw‘;&&A-]{?Hk(eddk.}Jdtﬁu‘s‘x
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CONJUGATE GRADIENT METHOD

13,8 «quadratic termination : a gu da 8 saailan ol & (sd cusla (3525 (g,
.AJ&UAWL;AJ‘JQL;JJAMJ‘AASJJ‘&JAQJJ c_:ts

J
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/ Conjugate Vectors

1 7 T
F(x) = 75X Ax+d x+¢

A set of vectors 1s mutually conjugate with respect to a positive
definite Hessian matrix A if

p,{ApJFO k#j

One set of conjugate vectors consists of the eigenvectors of A.

T - T :
zkAzj = ?szkzj =0 k=#j

(The eigenvectors of symmetric matrices are orthogonal.)

.




¥y LG gl SLOAS

T slayls

CONJUGATE VECTORS

1 r T
F(x) = 5X Ax+d x+¢ F(X) (s 5lwpass o 1 bua

A set of vectors 1s mutually conjugate with respect to a positive
definite Hessian matrix A if

pf:Apj:O k#j

A s oo ae G ile 4 o £ gu e gada 50 sLal s de sane

One set of conjugate vectors consists of the eigenvectors of A.

JJ.:LL;AJZ;SJ.C\A HGQ}JGL&J‘JJ—};‘(GJJ:}O6&)‘.\)—3)‘%\}&?—&&3

T B T :
zkAzj = kakzj =0 k#j

JJ‘AJ@M&ﬂh%MJ‘Jf&‘&EQ:M

(The eigenvectors of symmetric matrices are orthogonal.)
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For Quadratic Functions

VF(x) = Ax+d
V2F(x) = A
The change in the gradient at iteration £ is
Ag, = 81— 8 = (Ax,  td) - (AXx +d) = AAX;

where

AXp = (Xp4+1—Xg) = 04 Pg

The conjugacy conditions can be rewritten

T T T .
ockpkApj:AxkApj:Agkpj=0 k+#j

This does not require knowledge of the Hessian matrix.

/

44
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FOR QUADRATIC FUNCTIONS

VF(x) = Ax+d
V2F(x) = A
The change in the gradient at iteration £ 1s
Ag, = 8,,,-8 = (Ax,  ,+d)-(Ax, +d) = AAx,

where
AXp = (X 11— Xg) = 0Py
caled pai oo Pp o 53 1 FI(X) €€ 05 0 AT sl S0 O

The conjugacy conditions can be rewritten

T T T :
akpkApjzAxkApj:Agkpjzo k#j

OIS SlaiS m syt (s Qa5 44 LS (55 Oa s s ie bt Ol

This does not require knowledge of the Hessian matrix.

il o gas Lol S @l pndl o Shaiiia £ gae saies slacs
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Forming Conjugate Directions

Choose the 1nitial search direction as the negative of the gradient.

Py = &

Choose subsequent search directions to be conjugate.

Pr = — €t BPr_1
where
T T T
Ag, 8 2. 2 Ag, 8
B, Tklk or B, - Tkk or B, - Tklk
Agr_1Pk-1 gr 1851 8r-18k-1
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FORMING CONJUGATE DIRECTIONS

Ago, AZy,..., AZp g s asee P AZy 53 s 50e Py sl sala Py
(cuail=al S (g5lwaslaio aslin) <

Choose the 1nitial search direction as the negative of the gradient.

Po = £

Choose subsequent search directions to be conjugate.

Pr = — 8+ BPr1

where
T T T
Ag, g L Ag, 8
B, — Tklk or B, - Tkk or B, - Tklk
Agik_1Pk-1 g 181 i 18k-1

P
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Conjugate Gradient algorithm

The first search direction 1s the negative of the gradient.

Py = &

Select the learning rate to minimize along the line.

VF(x) | T
o, — X = k _ EiPy (For quadratic
k —

7 :
pksz(x)lx . P, p/A,p, functions.)

Select the next search direction using

Pr = 8t BPr-1

If the algorithm has not converged, return to second step.

A quadratic function will be minimized in # steps.
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CONJUGATE GRADIENT ALGORITHM
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» The first search direction is the negative of the gradient.

Py = 8
Select the learning rate to minimize along the line.
vr'|

T
B X - X, _ BPy (For quadratic
veya TA functions.)
p; (x)|X P PP

o, =

Select the next search direction using

Pr = — &t BiPr-1

[f the algorithm has not converged, return to second step.

A quadratic function will be minimized in # steps.
S e panh o al€ 71 53 g0 da o ol AT, Sl b



/ Example

- W T lide xo- o

24 0.5
Jd
—F(X)
0 2x; +2x,+1 -
aF(x) 2x1 +4xy T
_8x2

[3 3: I:_j 0.5 3 0.1

0 = — _ = 0.2 X = X~ %8 ~ 0:5 —0.2 3 B :0:1
.l ol L2
\ /SU
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CONJUGATE GRADIENT ALGORITHM

VE(X) =

F(x) = 1 T[z 2]x+ [Lox  x,= [

0.5]
0.5

d
axlF(X)

d

3o )

2 4

B 2x1 +2xy+
le +4X2

1 _
] Po = 80 = “VFO[, [_i]

X, =

0.

X, — 0O =
0~ %8p [0.

el

0.1
0.1



Example
B 221, i 0.6
g = VF(X)lXxl - [2 4] 0.1 ' [0] [OJ
1] 0.6
r [o6-06
"1-0.6
b - :;’:1 B Lo _ 0i782 ~ 0.04
080 IE
33 _3]

0.6 -3 _ |02
~ g +Bip - +0.04[ 7 =
Pi = —g1+BPo _0_6] [_3] [0.48]

[0.6 —0.6] -0'72]

0.48 —

(xl _ o - pu— — %";é’_ 1‘25
[L0.72 0.48] [2 2] [0'72] |
012 08 ] 0.48
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CONJUGATE GRADIENT ALGORITHM

0.
r [os-0s6 —0666

B, = =" == = 22— 004
S020 3 3] i]

[ 0.6 3l o2
— o+ _ L0043 =
Pi = 81" BiPo _0.6] [—3] [0.48]

b6 04 '0-72]
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Plots

—0.1 0.48 0.5

Conjugate Gradient

051

=

-05

0.5 0 0.5

Steepest Descent
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CONJUGATE GRADIENT ALGORITHM

X, = X, toyp; = !_0'1] + 1.25[_0‘72:| = [_1}
—0.1 0.48 0.5

Conjugate Gradient Steepest Descent

0.51

(=]

05
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>> nnd9mc
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Martin T. Hagan, Howard B. Demuth, Mark H. Beale, Orlando De Jesus,
Neural Network Design,

2nd Edition, Martin Hagan, 2014.

Chapter 9
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We initinted our discussion of imi in Chapter 5.
Ther tool for analyzing the

thse Tayler sori ;
performance surface, :;d then used [t todetermine conditions that msst be
antisfied by optimum peinta. In this chapter we will again use the Taylor
serisa expansion, in this ease to develop algerithma to locate the eptimum
polaits. Wewill i hrwe diffe - iendeation aleorlth

steepest desewnt, Newton's method and conjugate gradisat. In Chapters
10-14 we will apply all of these olgarithma to the training of eural net.
warka,

Online version can be downloaded from: http://hagan.okstate.edu/nnd.html



