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/ Taylor Series Expansion \

F(x) = FO*) +Lr)| G- x%)
dx X =x

2
+ lLF(x)

2
2 > (x—x*) + ..
dx
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TAYLOR SERIES EXPANSION

F(x) = FO*) +Lr)| G- x%)
dx X =x

2
fF | ) e
dx et
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/ Example \

F(x) = e

Taylor series of F(x) about x*=0:

X

F(x) = e~ = eO—e0(x—0)+%eO(x—O)z—éeO(x—O)?’Jr

1 2 13
F :1_ + — I +
(x) X zx 6x

Taylor series approximations:

F(x)=Fy(x) =1

F(x)=F(x) = 1 -x

12
F(x)=F,(x) = 1—x+§x
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TAYLOR SERIES EXPANSION

X

F(x) = e

Taylor series of /(x) about x*=0:

12

F(x) = 1—x+3x :

éx + ...

Taylor series approximations:
S 4 po a5

F (x ) ~ F 0(x ) =1 Zeroth-Order Approximation
S 4 ya 39 580
First-Order Approximation

Fx)=F;(x) = 1-x

SUiEGAICETs

Second-Order Approximation

12
F(x)=Fy(x) = lforix
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/ Plot of Approximations \
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@ nhdgts1 — *

Eile  Edit View Insert Tools Desktop  Window Help k]

MATLAB

]
[ ]
]
[ ]
[ ]
[ ]

>> nnd8tsl



/ Vector Case \

F(X) = F(xy, X5, ... , X,)

F(x) = F(X*)+iF(X)| *(xl_xl*)+iF(X)| L —x,%)
X=X X=X

ox, dx,
J 2
+---+a—F(x)| Lx, —x *)+-—F( )| —x;%)
Xn X = 28)6
+1 0 F(x) oy —x %)y —x,%) + -
29x,0x, N
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TAYLOR SERIES EXPANSION: VECTOR CASE

F(X) = F(x, x5, ...

? ‘xn)

= * i oy k i ok
F(x) = F(x )+ax1F(X)|xx*(x1 Xq )+ax2F(X)| X*(x;z x,")
0 2
+ - +B_F(X)| (x,—x *)+——F( )| —x,%)
28x
+1_d 0 —F(X) oy —x %)y —x,%) + -
29x,0x, xoxt oM 2~ %2
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/ Matrix Form \

o = Fc)+ VEQ'| - x-x®)

30X VIEOO[ LX)+
2 X=X

Gradient Hessian
- - 82 82 82
aip(x) ?F(X) WF(X) WF(X)
X1 1
d 82 82 82
Vi = [T e - [anan ™ 520 - aan )

0 5 5 2

a —

L - axnaxlF(x) ax,,asz(X) asz(x)
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TAYLOR SERIES EXPANSION: VECTOR CASE: MATRIX FORM
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VF(x) =
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F(x) = F(x*)+ V F(X)Tlx_x*(x—x*)

9

Gradient

—F(X)

ox
0

1

—F(X)

ox

2

d

ox

F(X)

n -

V2F(x) =

C_\‘E* £
Hessian ™
] 1 ,
92 0° 02
—F(x) F(X) ... F(X)
2 dx, o dx,0
axl X19%, X10x,
9° 02 02
F(x) —F(Xx) ... F(X)
szaxl x% 8x28xn
2 2 2
0 Jd 0
axnaxlF(X) axnasz(X) asz(X)

F30x VRO X+
2 X=X
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>> nnd8ts2
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/ Directional Derivatives

First derivative (slope) of F(x) along x, axis: dF(x)/dx;,

(ith element of gradient)

Second derivative (curvature) of F(x) along x; axis: 2 F(x)/ axf
(i,i element of Hessian)

T
First derivative (slope) of F(x) along vector p: . V"[f"(X)

p' V2F(x)p

Second derivative (curvature) of F(x) along vector p: :
lIpll

\
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DIRECTIONAL DERIVATIVES

First derivative (slope) of F(x) along x, axis: dF(x)/dx;,

(ith element of gradient)

Second derivative (curvature) of F(x) along x; axis: 2 F(x)/ axf

(i,i element of Hessian)

Second derivative (curvature) of F(x) along vector p:

S T

E . . VF(x)

8 First derivative (slope) of F(x) along vector p: P olodds sliwly S 9 Gide
. [Tpll

o 1A Gt P s g Ll 5o bl S b

H Toa

= p V°F(x)p

2
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VF(x)

X-x"

Example

F(x) = x? +2xx, + 2x§

O B

_ . -
_ QF(X) _ |:2x1+2x2j|
L 2X1 +4X2
55, )
X=X"
-1
1 -1
p' VF(x) _ [ ]_1] _ @ ~ 0
Tl 1 ;
—1
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DIRECTIONAL DERIVATIVES

F(x) =

JlS (_s‘L)a:Q:\S X* = [0'5]
0

JGa

2 2
Xyt 2x1x2 + 2)c2

p = [ﬂ o) gAdy cga

0
—F
VF(x) B Ern _ |:2X1+2X2i| _ H
2 X=X" d 2X1 +4X2 |
= _asz(X) X = x*
= X=X"
% ) _
7 | LS nuseecgn s O |
ué Lol she - [1 71] ] []
5 S o8 o (yidns O P VF(X) - 1 B 0 B P bl oo ol cua
% ol Ll S "p" N - 3 =0 ol S X* gdbady u
I ‘H
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/ Plots \

Directional
Derivatives
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DIRECTIONAL DERIVATIVES

F(x) = x% + 2x1x2 + 2x§

Directional
Derivatives

%0
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MATLAB

>> nnd8dd






/ Minima \

Strong Minimum

The point x* is a strong minimum of F(x) if a scalar 6>0 exists,
such that F(x*) < F(x*+ Ax) for all Ax such that &> ||Ax||>0.

Global Minimum

The point x* 1s a unique global minimum of F(x) if
F(x*) < F(x*+Ax) for all Ax#0.

Weak Minimum

The point x* is a weak minimum of F(x) if it is not a strong
minimum, and a scalar >0 exists, such that F(x*) < F(x* + Ax)
for all Ax such that &> [|Ax||>0.

o .
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sl e Strong Minimum S8 a0

The point x* is a strong minimum of F(x) if a scalar 6> 0 exists,
such that F(x*) < F(x*+ Ax) for all Ax such that 8> ||Ax||>0.

-l e il 531 ol Dlale o s 550 (oS (slals (e 4 g 58 Lo (o) (558 pai e O S

Sllas aasi o Global Minimum (S ol s prass oo

The point x* is a unique global minimum of F(x) if
F(x*) < F(x*+Ax) for all Ax+0.

Weak Minimum s aasi o

The point x* is a weak minimum of F(x) if it is not a strong
minimum, and a scalar >0 exists, such that F(x*) < F(x* + Ax)
for all Ax such that d>||Ax||>0.



/ Scalar Example \

F(x) = 3x4—7x2—%x+6

Strong Maximum

2- Strong Minimum

Global Minimum

1 1 1
-2 -1 0 1 2
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MINIMA
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F(x) = 3x4—7x2—%x+6

Strong Maximum

Strong Minimum

Global Minimum
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Vector Example \
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/ First-Order Optimality Condition \

F(x) = F(X*+Ax) = F(x*)+V F (x)Tl JAX +1AXTV2F(X)| AX
X=X 2 X=X

For small Ax: If x* is a minimum, this implies:

F(X* + AX) = F(x*) + VF(X)Tl AX VF(x)Tl AX =0
X=X X=X"

If VF(X)T JAX>0 then F(X*™—Ax)= F(X™) - VF(X)Tl AX < F(x)
X=X X=X

. . . . T
But this would imply that x* is not a minimum. Therefore VF(X) | AX =0
X=X

Since this must be true for every Ax, VF(X)l L= 0
X=X l




Prepared by Kazim Fouladi | Fall2017 |2nd Edition

P

YY LG gl SLOAS
S sl a o el

Jol 4 e Lol e

FIRST-ORDER OPTIMALITY CONDITION

F(X) = F(X* +AX) = F(x*)+V F (x)T| AX +%AxTV2F(x) X
X=X

X=X
AX = X —X*
For small Ax: ol o3 seadia BB SYL 4550 Mea If x* is a minimum, this implies:
F(x*+Ax)§F(x*)+VF(x)T| AX VF(x)TI AX >0
X=X X - Xx*

If VF(x)T LAX >0 then F(x*—Ax)EF(x*)—VF(x)T| AX < F(XF) X
X=X X=X *

: . . . T
But this would imply that x* is not a minimum. Therefore VF(X) | AX =00 o
X=X

Since this must be true for every Ax, VF(X)' =0 fasla AX ,a gl
stationary point ;,liaul g4dads

(s pasien 51 IS G 5 a3Y bo) 0l Al (il (Sadalh (sl s 1 (Lies GLul ) b (ol o (glabEs




/ Second-Order Condition \

If the first-order condition is satistied (zero gradient), then

F(X* + AX) = F(x*)+1AxTV2F(x)| AX + -
2 X =x*

A strong minimum will exist at x* if AX'V2F (X)l JAX > 0 for any Ax#0.
X=X

Therefore the Hessian matrix must be positive definite. A matrix A is positive definite if:

for any z#0.

This 1s a sufficient condition for optimality.

A necessary condition is that the Hessian matrix be positive semidefinite. A matrix A is
positive semidefinite if:

z Az>0 for any z.

N .
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SECOND-ORDER CONDITION

If the first-order condition is satisfied (zero gradient), then faaols XF bl s 4da®s (51

F(X* + AX) = F(x*)+1AxTV2F(x)| AX + -
2 X - X"

A strong minimum will exist at x* if AX V2R (x)l LAX > 0 for any Ax#0.
X=X

Therefore the Hessian matrix must be positive definite. A matrix A is positive definite if:

L Songs g S L T e
. S sl S Los Z Az >0 forany z#0. oal cdie s’y polie sdaa
ail enlie Guae Wb s G sile

This is a sufficient condition for optimality.

A necessary condition is that the Hessian matrix be positive semidefinite. A matrix A is
positive semidefinite if:

S sl oY b T
250 Ste ane dass b ead L3l z Az>0 for any z. aal 8l a3 nalie (sean
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/ Example \

2 2
F(x) = x|+ 2x1x2 +2x5 + x4

VF(x) = [2x1+2x2+ 1] =0 —> x* = [1]

2x1 + 4x2 0.5

V2F(x) = 22 (No? a fqnchon of x
2 4 in this case.)

To test the definiteness, check the eigenvalues of the Hessian. If the eigenvalues
are all greater than zero, the Hessian is positive definite.

2-A 2
2 4-A
A = 0.76,5.24 Both eigenvalues are positive, therefore strong minimum.

N .

IV2E(x) - Al| = = AT 6A+4 = (L—0.76)(\—5.24)
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2 2
F(x) = x|+ 2x1x2 +2x5 + x4

2x,+2x,+1

VF(x) = =0 — > x*= [1]

2x1 + 4x2 0.5

V2F(x) = 22 (No? a fqnchon of x
2 4 in this case.)

To test the definiteness, check the eigenvalues of the Hessian. If the eigenvalues
are all greater than zero, the Hessian is positive definite.

[2—1 z]
2 4

A = 0.76,5.24 Both eigenvalues are positive, therefore strong minimum.

IV2E(x) - Al| = = AT 6A+4 = (L—0.76)(\—5.24)
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Quadratic Functions

F(x) = %xTAx rd'x+e

Gradient and Hessian:

(Symmetric A)

N

(Useful properties of gradients:

V(h'x) = V(x'h) = h

VXTQX = QX+QTX = 2Qx (for symmetric Q)

J

Gradient of Quadratic Function:

‘ VF(x) = Ax +d '

Hessian of Quadratic Function:

‘ VIF(x) = A '

\

40



¥\

LG gl SLOAS
pgs 4y C—,‘C‘

[ S C—.‘t‘

QUADRATIC FUNCTIONS
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T T
F(x) = %X Ax+d x+¢ (Symmetric A)

Gradient and Hessian:

Useful properties of gradients: )
V(h'x) = V(x'h) = h
VXTQX = QX+QTX = 2Qx (for symmetric Q)
. J

Gradient of Quadratic Function:

‘VF(X) = Ax+d '

Hessian of Quadratic Function:

‘ V2F(x) = A ' el Sin T YL 45 e SlEEe (s4as




/ Eigensystem of the Hessian \

Consider a quadratic function which has a stationary
point at the origin, and whose value there is zero.

F(x) = %XTAX

Perform a similarity transform on the Hessian matrix,
using the eigenvalues as the new basis vectors.

B = [zl Z ... z,,,]

Since the Hessian matrix is symmetric, its eigenvectors
are orthogonal.

B! - BT
A, 0 .. 0

A = [BTAB] = | O P2 O Z A A - BABT
00 .2
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EIGENSYSTEM OF THE HESSIAN

Consider a quadratic function which has a stationary
point at the origin, and whose value there is zero.

F(x) = %XTAX

Perform a similarity transform on the Hessian matrix,

using the eigenvalues as the new basis vectors.
S salanul
B = [Zl Z ... Zn] b Olsieds (it G 5be o5 slaslas

Since the Hessian matrix is symmetric, its eigenvectors

are orthogonal. 4 o7 ()l s (5 55Le
B =B LAV s solatis QTL§°3£J LSL‘”J‘JJ;‘U‘-‘;‘

A' = [BTAB] = A A = BABT
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/ Second Directional Derivative \

p' V2F(x)p _ p Ap
Ipl® Ipl®

Represent p with respect to the eigenvectors (new basis):

p = Be
. 2
YA
p'Ap _ ¢'B (BAB")Be _ ¢'Ac i Y
Ipl? ¢'B'Bc ¢ e A
de
i=1
T
7Lmingp Azpskmax
Ipl
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SECOND DIRECTIONAL DERIVATIVE

Prepared by Kazim Fouladi | Fall2017 |2nd Edition

P

p' V2F(x)p _ p Ap

&LH?JJQGBAA
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Ipll® Ipll®

Represent p with respect to the eigenvectors (new basis):

p = Be B psaldous

p’Ap _ ¢'B'(BAB")B¢ _ ¢’ Ac _ =1 Slaois onSiles
2 T T T n o555 salie

B B 292

Ipll c c cc ¥ C? !
i=1 S5 RASL5 O

8525 olale (S S
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\
/ Eigenvector (Largest Eigenvalue)

0
0
T T 0
p = Zmax c = B p - B Zmax - 1
0
0
” )
2
T Z hic; z
Zax Azmax _i=1 Y !
|| ”2 N n ~ Vmax Z, O\'min)
Zmax Z C‘? (?\‘max)
i=1 / -
The eigenvalues represent curvature L /
(second derivatives) along the eigenvectors
(the principal axes).

N /

46
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(8320 olade Gu SS 50 b shLRe) 0505 Hlae

EIGENVECTOR (LARGEST EIGENVALUE) B O-
0
8305 LlaBe (p SE50s = a g0 Fidie : RCANRT
B B T . T B 0 LS9 oo 1
P = Zpax c=Bp=B Zyax ~ 1 4o slaslase 1)
(i 4S5 aalaie
0
h— 0—

2
T 2 hie; 4 7
Zyyax Azmax _i=1 Y I
| |2 N n ~ "max Z, (?\‘min)

||zm'ax

The eigenvalues represent curvature L

(second derivatives) along the eigenvectors
(the principal axes). N |
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3
Circular Hollow \

F(x) = x§+x§ = le[z 0 X
02

2

48
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F(x) =x;+tx, = =X X
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Elliptical Hollow

2 2 1 _T|21
F(x) = + + = =X X
(X) = xytxx,+x; = 3 [1 2]
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ELLIPTICAL HOLLOW
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F(x) = x?+x1x2+x§ = lXTI:2 liIX
12
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ELONGATED SADDLE

F(x)

V2F(X) = [‘
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/ Quadratic Function Summary \

 If the eigenvalues of the Hessian matrix are all positive, the
function will have a single strong minimum.

 If the eigenvalues are all negative, the function will have a
single strong maximum.

« If some eigenvalues are positive and other eigenvalues are
negative, the function will have a single saddle point.

 If the eigenvalues are all nonnegative, but some
eigenvalues are zero, then the function will either have a
weak minimum or will have no stationary point.

+ If the eigenvalues are all nonpositive, but some
eigenvalues are zero, then the function will either have a
weak maximum or will have no stationary point.

Stationary Point:
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QUADRATIC FUNCTION SUMMARY
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If the eigenvalues of the Hessian matrix are all positive, the
function will have a single strong minimum.

If the eigenvalues are all negative, the function will have a
single strong maximum.

If some eigenvalues are positive and other eigenvalues are
negative, the function will have a single saddle point.

[f the eigenvalues are all nonnegative, but some
eigenvalues are zero, then the function will either have a
weak minimum or will have no stationary point.

If the eigenvalues are all nonpositive, but some
eigenvalues are zero, then the function will either have a
weak maximum or will have no stationary point.

ol sakds | Stationary Point:
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m duﬂwhy-u-rm.a.mfwm-{mmmmm,mh-
are
network bearning laws, including associative earning (aa in the Hebbian
Iearning of Chapter 7) nnd competitive learning (which we will discuss in
Chiapter 10], Performance arniag ia another importaat class of learning
Law, in which the network parameters are adjusted to optimize the parfor-
manes of the network [n th o will Loy th
learniag, which will then be presesied
.-a-_-.ul..ch-pemw-h'rl- In objective of the pr e
surfaces and to d i i the exist.
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Sow this up with a di maxima.
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