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Coalition Formation of Agents

|L} QWD » |r}rLD |=yxr�Ut ♦

%O} Q}o@ Q_v QO pt=a n = 3 |=Q@ =Q Q} R |xYNWt ‘@=D =@ xOW h} QaD |iqD�= |R=@ l} “1

S v(S)

{1} 4
{2} 2
{3} 5
{1, 2} 7
{1, 3} x

{2, 3} x + 2
{1, 2, 3} 20

"CU= |k}kL OOa l} x u; QO xm
xm CU= u}= |Q}PB‘tHQ@= R= Qw_vt” "O}@=}@ =Q OW=@ (super-additive) Q}PB‘tHQ@= |R=@ u}= u; |=Q@ xm x Q}O=kt |xR=@ “hr=”

“"v(S1 ∪ S2) ≥ v(S1) + v(S2) s}W=@ xDW=O ’=ypt=a R= S2 w S1 |=RHt |xawtHtQ} R wO Qy |=Q@
(Shapley values) |rAW |=yVRQ= "OvyO|t p}mWD (grand coalition) nQR@ hqD�=l} =ypt=a xm O}vm ZQi “?”

"“x Q}eDt x@ xDU@=w” O}vm x@U=Lt =ypt=a |=Q@ =Q
“=yh;|B Q=OQ@” Ot;Q@ u; |=Q@ xm “u} QtD u}= “hr=” VN@ QO xOW =O}B |xR=@ R= |=xR=@ Q} R” O}@=}@ =Q x R= |Q}O=kt |xR=@ “G”

"OW=@ (core) |R=@ Ret QO |rAW |=yVRQ= \UwD xOW p}mWD
M»»»U=B

%Q}PB‘tHQ@= |R=@ h} QaD T=U= Q@
s}W=@ xDW=O O}=@ “hr=”

x ≥ 4+ 5, x + 2 ≥ 2+ 5, 20 ≥ x + 2, 20 ≥ x + 2+ 4

OyO|t xH}Dv xm

x ≥ 9, x ≥ 5, x ≤ 18, x ≤ 14

|va}
9 ≤ x ≤ 14.

|=y?}DQD “?”

(1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1), (3, 1, 2), (3, 2, 1)
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%s} Q=O "s} Q}o|t Q_v QO CU=Q x@ AJ R= =Q

φ1 =
(4− 0) + (4− 0) + (7− 2) + (20− x − 2) + (x − 5) + (20− x − 2)

6 =
44− x

6
φ2 =

(7− 4) + (20− x) + (2− 0) + (2− 0) + (20− x) + (x + 2− 5)
6 =

44− x

6
φ3 =

(20− 7) + (x − 4) + (20− 7) + (x + 2− 2) + (5− 0) + (5− 0)
6 =

32+ 2x
6 .

%Qo = ’OQ=O Q=Qk Ret QO |rAW |=yVRQ= \UwD xOWp}mWD |=yOt;Q@ “G”

44− x

6 ≥ 4, 44− x

6 ≥ 2, 32+ 2x
6 ≥ 5,

44− x

6 +
44− x

6 ≥ 7, 44− x

6 +
32+ 2x
6 ≥ x,

44− x

6 +
32+ 2x
6 ≥ x + 2,

44− x

6 +
44− x

6 +
32+ 2x
6 ≥ 20.

|va}

x ≤ 20, x ≤ 32, x ≥ −1,

x ≤ 23, x ≤
76
5 , x ≤

64
5 ,

20 ≥ 20.

9 ≤ x ≤ 645 %OyO|t “hr=” |
*xR=@ uDiQo Q_v QO =@ xm

�

%CU= xOW h} QaD Q} R |xYNWt ‘@=D =@ xm O} Q}o@ Q_v QO Ag = {1, 2, 3, 4} pt=a Q=yJ =@ =Q |iqD�= |R=@ l} “2

v(C) =

{

|C|2 , |C| ≤ 3
0 , otherwise

#=QJ #CU= Q}PB‘tHQ@= |iqD�= |R=@ u}= =}; “hr=”
=Q |iqD�= Q=DN=U u} QDy@ w O}vm xO=iDU= (Shehory and Kraus algorithm)T=Qm w |QwyxW sD} Qwor= R= “?”
"OvwW|t ?=NDv= |}=@ir= ?}DQD x@ =yhqD�= w =ypt=a ’Ow@ u=Um} =yVRQ= |xty C}akwtl} QO Qo = xm O}vm ZQi "O}@=}@
"O}vm x@U=Lt ’u} QtD u}= “?”VN@ QO xOW Ci=} Cmax hqD�= u} QDnQR@ QO =ypt=a |=Q@ =Q |rAW |=yVRQ= “G”

#=QJ #OQ=O Q=Qk (core) Ret QO Cmax |=Q@ |rAW |=yVRQ= \UwD xOWp}mWD |=yOt;Q@ =}; “O”
M»»»U=B

%s} Q=OZkv p=Ft u=wvax@ ’Q}N “hr=”

v({1, 2, 3, 4}) = 0 < 8 = 4+ 4 = v({1, 2}) + v({3, 4}).

"OvDUy (synchronized) s=oty =yv; |oty xm s}vm|t ZQi "Ovvm|t =QH= =Q |v=Um} sD} Qwor= =ypt=a |xty “?”
(a) Agents i (where i is in {1, 2, 3}) calculate C∗

i
= {1, 2, 3} and broadcast (i, {1, 2, 3})

Agent 4 calculates C∗

4
= {2, 3, 4} and broadcasts (4, {1, 2, 4})

(b) All agents form the set C∗ = {(1, {1, 2, 3}), (2, {1, 2, 3}), (3, {1, 2, 3}), (4, {1, 2, 4})}

and calculate Cmax = {1, 2, 3}

(c) All agents in {1, 2, 3} join Cmax = {1, 2, 3} and stop
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(d) Agent 4 forms coalition {4}

%s} Q=O {1, 2, 3} hqD�= |=Q@ “G”
C v(C)

{1} 1
{2} 1
{3} 1
{1, 2} 4
{1, 3} 4
{2, 3} 4
{1, 2, 3} 9

w
φ1 =
1+ 1+ 3+ 5+ 3+ 5

6 = 3.
"φ2 = φ3 = 3 %s} Q=O u}vJty ’uQ=kD T=U= Q@

"Ovm|tv Z=QDa= u; x@ =ypt=a R= |=xawtHtQ} R I}y =Q} R ’OQ=O Q=Qk core QO < 3, 3, 3 > Ot;Q@ “O”

�

lQLDt |=yC=@ Q u}= "Ovvm|t Q=m M} Qt |xQ=}U |wQ Q@ ’Ov=xOW xDN=UhrDNt |�=[i |=yTv=S; \UwD xml}D=@ Q pt=a Q=yJ “3
"Ovvm ptL =Q sQowr}m 15 w 15 ’25 ’45 |=yuRw Ovv=wD|t ?}DQDx@ w OvwW|t xO}t=v D w C ’B ’A (mobile robots) “Q=}U”
s=Hv= u; |wQ sRq |=y|UQQ@ =D OwW pkDvt QoWw=m x@ w xOW ptL =yC=@ Q \UwD CU= sRq w OQ=O uRw sQowr}m 51 xQNYl}
|xOvyOp}mWD |=[a= R=l} Qy \UwD ptL p@=k uRw ‘wtHt =@ |w=Ut |vRw xm OvyO p}mWD |}=ys}D Ovv=wD|t =yC=@ Q "OwW
100 ’xOvvmptL |=yC=@ Q |xOvR=U |=yTv=S; ’OW |UQQ@ w p}rLD QoWw=m QO R}t;C}kiwt Qw]x@ xQNY |Dkw "Ovvm ptL =Q s}D
QO xm Ov=xDN=U =Q |}=yC=@ Q xm |}=[i |=yTv=S; "Ovvm|t Ci=} QO |tra |=yxO=O |Qw;OQo QO |Q=mty p}rOx@ QqO uw}r}t

$Ovvm|t Ci=} QO QqO QiY ’Ov=xOQmv |mtm xQNY ptL
XNWt =Q VRQ= ‘@=D w =ypt=a |xawtHt ’O}vm |Ov@pwtQi =ypt=a hqD�= p}mWD |xr�Ut l} ?r=k QO =Q xr�Ut u}= “hr=”

"“Ovm|t C}=im u; j}kO h}YwD ’CU}v sRq ‘@=D pt=m pwOH” O}vm
"O}vm x@U=Lt pt=a Q=yJ Qy |=Q@ =Q |rAW |=yVRQ= “?”

#=QJ #OQ=O OwHw |rLx=Q (core) Ret QO =}; “G”
M»»»U=B

51 Ov=wD@ xm =yC=@ Q R= hqD�= Qy xm CU= CQwY u}= x@ VRQ= ‘@=D "{A,B,C,D} %R= CU= CQ=@a =ypt=a |xawtHt “hr=”
w v({A}) = 0 ’p=Ft |=Q@ "OvQ=O QiY VRQ= l} Qy =yhqD�= Q}=U xm|r=LQO ’OQ=O 100 VRQ= ’Ovm ptL =Q sQowr}m

"v({A,B}) = 100
%R= OvDQ=@a |rAW |=yVRQ= “?”

φ(A) =
1
4! [3! · 0!(100− 100) + 3 · 2! · 1!(100− 0) + 3 · 1! · 2!(100− 0) + 0! · 3!(0− 0)]

=
1
24(0+ 600+ 600+ 0) = 50

φ(B) = φ(C) = φ(D)

=
1
4! [3! · 0!(100− 100) + 2 · 2! · 1!(100− 100)

+ 2! · 1!(100− 0) + 1! · 2!(100− 0) + 2 · 1! · 2!(0− 0) + 0! · 3!(0− 0)]

=
1
24 [0+ 0+ 200+ 200+ 0+ 0] =

50
3 .
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%R= OvDQ=@a ’Ovvm ptL =Q xQNY Ovv=wD|t xm p=t}v|t |=yhqD�= "CU= |yD core “G”

{A,B}, {A,C}, {A,D}, {B,C,D}.

=yv; Qo = ’OwHw u}= =@ "OQm Ovy=wN lQD =Q hq�D= =yv; x=ou; ’OW=@ 100 R= QDtm D w C ’B |=Q@ =yh;|B ‘wtHt Qo = ’u}=Q@=v@
xm OyO|t p}mWD “D =} C ’B” |rt=a =@ |O}OH hqD�= w Ovm|t Ci=} QO R=}Dt= QiY A ’OvQ}o@ R=}Dt= 100 ,=awtHt

"CU= xOQm Ci=} QO =Q h;|B u} QDtm

�
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