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FIGURE 11.1 Illustration of the first few steps in the boundary-following algorithm.The
point to be processed next is labeled in black, the points yet to be processed are gray,
and the points found by the algorithm are labeled as gray squares.
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FIGURE 11.2 Illustration of an erroneous result when the stopping rule is such that
boundary-following stops when the starting point, by, is encountered again.
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FIGURE 11.5 (a) Noisy image. (b) Image smoothed with a 9 X 9 averaging mask. (c) Smoothed image,
thresholded using Otsu’s method. (d) Longest outer boundary of (c). (e) Subsampled boundary (the points

are shown enlarged for clarity). (f) Connected points from (e).
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FIGURE 11.6 (a) An object boundary (black curve). (b) Boundary enclosed by cells (in gray). (c) Minimum-
perimeter polygon obtained by allowing the boundary to shrink. The vertices of the polygon are created by
the corners of the inner and outer walls of the gray region.
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FIGURE 11.7 (a) Region (dark gray) resulting from enclosing the original boundary by cells (see Fig. 11.6).
(b) Convex (white dots) and concave (black dots) vertices obtained by following the boundary of the dark
gray region in the counterclockwise direction. (¢) Concave vertices (black dots) displaced to their diagonal
mirror locations in the outer wall of the bounding region; the convex vertices are not changed. The MPP

(black boundary) is superimposed for reference.
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FIGURE 11.8

(a) 566 x 566
binary image.

(b) 8-connected
boundary.

(c) through (i),
MMPs obtained
using square cells
of sizes 2,3.4.6, 8,
16, and 32,
rcspccli\uly (the
vertices were
joined by straight
lines for display).
The number of
boundary points
in (b) is 1900. The
numbers of
vertices in (c)
through (i) are
206, 160, 127, 92,
66,32, and 13,
respectively.
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FIGURE 11.9
(a) Original
boundary.

(b) Boundary
divided into
segments based
on extreme
points. (¢) Joining
of vertices.

(d) Resulting
polygon.
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~ \ Distance-versus-
angle signatures.
In (a) r(8) is
constant. In
(b), the signature
[«—a— le—A—s| consists of
repetitions of the
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FIGURE 11.11

Two binary regions,
their external
boundaries, and
their corresponding
r(#) signatures. The
horizontal axes in
(e) and (f) corre-
spond to angles
from 0° to 360°,in
increments of 1°.
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FIGURE 11.12
(a) A region, S,
and its convex
deficiency
(shaded).

(b) Partitioned
boundary.
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Neighborhood
P9 P2 Ps3 arrangement used
by the thinning
algorithm.
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0 0 1 FIGURE 11.15
[llustration of
conditions (a) and
(b)in Eq. (11.1-4).

I P1 0 In this case
N(p;) = 4and
T(py) = 3.
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FIGURE 11.16
Human leg bone
and skeleton of
the region shown
superimposed.
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Order 4

]

Chaincode: 0 3 2 1
Difference: 3 3 3 3

Shapeno.: 3 3 3 3

Order 6

Order 8
. 1

Chaincode: 0 0 3 3221 1
Difference: 3 0 3 03 03 0

Shapeno: 03 03 0303

T

0303221

33133030

0303313

3

FIGURE 11.17

All shapes of
order 4,6, and 8.
The directions are
from Fig. 11.3(a).
and the dot
indicates the
starting point.
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Order 8

Chaincode: 0 0 332211 03032211

Difference: 3 03 03 03 0 33133030

Shapeno.: 03030303 03033133
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( FIGURE 11.18
’ Steps in the
generation of a

shape number.

[¥]
W
(%]
[ 6]
[S]
(]

Chaincode: 0 0 0 0 3 00 3 2
Difference: 3 0003 1033013003130

Shapeno: 0 003 10330130031303
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FIGURE 11.19

A digital
boundary and its
representation as
a complex
sequence. The
points (xg, yp) and
(x1, ¥;) shown are
(arbitrarily) the
first two points in
the sequence.
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FIGURE 11.20 (a) Boundary of human chromosome (2868 points). (b)—(h) Boundaries reconstructed using

1434,286, 144,72, 36, 18, and 8 Fourier descriptors, respectively. These numbers are approximately 50%, 10%,
5%,2.5%, 1.25%, 0.63%. and 0.28% of 2868, respectively.
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Transformation Boundary Fourier Descriptor
Identity s(k) a(u)

Rotation s,(k) = s(k)e” a,(u) = a(u)e
Translation s(k) = s(k) + Ay a,(u) = a(u) + A,6(u)
Scaling sy(k) = as(k) ay(u) = aa(u)

Starting point sp(k) = s(k — ko) ay(u) = a(u)e koK

© 1992-2008 R. C. Gonzalez & R. E. Woods

TABLE 11.1
Some basic
properties of
Fourier
descriptors.
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Transformation Boundary Fourier Descriptor
Identity s(k) a(u)
Rotation s,(k) = s(k)e’® a,(u) = a(u)e’
Translation s(k) = s(k) + Ay a(u) = a(u) + A,8(u)
Scaling ss(k) = as(k) ay(u) = aa(u)
Starting point sy(k) = s(k — ko) a,(u) = a(u)e 2mko/K
_ K—1
0 5,508 5 Juala LLE gl s(k)e” = a,w) = 3 s(k)elle PmHK = q(u)el?
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Ay, = Ax + jAy s(k) = s(k) + Ay,
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FIGURE 11.21

(a) Boundary

scgment.

. (b) Representation
as a 1-D function.
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[ Region no. Ratio of lights per
(from top) region to total lights

FIGURE 11.22 Infrared images of the Americas at night. (Courtesy of NOAA.) _
1 0.204
2 0.640

3 0.049
4 0.107

© 1992-2008 R. C. Gonzalez & R. E. Woods



vy

a5l Sius 53

SrglS b

REGIONAL DESCRIPTORS

Prepared by Kazim Fouladi | Fall 2016 | 2"d Edition

J—

Region no. Ratio of lights per
(from top) region to total lights
1 0.204
2 0.640
3 0.049
4 0.107

Olessl e S 5 g 5kine Olsieds 555 Olae




V¥ E9ealS b
($1eals (5o Scbuis 53
SSns sl Shia s
REGIONAL DESCRIPTORS: TOPOLOGICAL DESCRIPTORS

il o el (UAL}.' Jladl b Gadie sl ) J:“") Topological Descriptors

(H) i slas yia sluas
(O) wisan sladil jo ulaas
(E) sbs)aae

OO0 0O

E=C—-H

g e 55T (ol gd JLaSI b il 3 ot ) clla il 31 0 oS el JS8 S sl S5y stallas (559 92 95

Prepared by Kazim Fouladi | Fall 2016 | 2" Edition

P



3 ital J
mage
X 4 Jﬂc?si! ng

e
% &1
= , B s &
" .

R -
PIm———

© 1992-2008 R. C. Gonzalez & R. E. Woods

Digital Image Processing, 3rd ed.
Gonzalez & Woods

www.ImageProcessingPlace.com

Chapter 11
Representation and Description

FIGURE 11.23
A region with
two holes.
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FIGURE 11.24

A region with
three connected
components.
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Topological property 2:
the number of connected
components (C)
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FIGURE 11.25
Regions with
Euler numbers
equal to 0 and —1,
respectively.
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Topological property 3:
Euler number: the number of connected components subtract the number of holes

E=C—-H
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FIGURE 11.26 A
region containing
a polygonal
network.
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FIGURE 11.27
(a) Infrared
image of the
Washington,
D.C. area.

(b) Thresholded
image. (¢) The
largest connected
component of
(b). Skeleton
of (c).
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Topological
property 4:
the largest
connected
component.
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FIGURE 11.28
The white squares
mark, from left to
right, smooth,
coarse, and
regular textures.
These are optical
microscope
images of a
superconductor,
human
cholesterol, and a
MiCroprocessor.
(Courtesy of Dr.
Michael W.
Davidson, Florida
State University.)
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Texture Mean

Smooth 82.64
Coarse  143.56
Regular  99.72

Standard Third

deviation R (normalized) moment Uniformity Entropy
11.79 0.002 —0.105 0.026 5434
74.63 0.079 —0.151 0.005 7.783
33.73 0.017 0.750 0.013 6.674

© 1992-2008 R. C. Gonzalez & R. E. Woods

TABLE 11.2
Texture measures
for the subimages
shown in Fig. 11.28.
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po cly )by plite Cly
Smooth Texture Coarse Texture Regular Texture

P

% Standard Third

: Texture Mean deviation R (normalized) moment Uniformity Entropy
2 Smooth  82.64 11.79 0.002 —0.105 0.026 5.434

3 Coarse  143.56 74.63 0.079 —0.151 0.005 7.783
£ Regular  99.72 33.73 0.017 0.750 0.013 6.674
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How to generate
LI DI7]15(3]|2 210/0(0(0O|1|1]0]0 a co-occurrence
matrix.
S5|11]6]1]|2]|5 3101|021 |0O]O]O]O
8|8|6|8|1]2 41001 (0|1]0]0]0
413|145 |5]1 512101 (0|1]0]O]0O
8|7]8]|7 |62 e++=3 | 0[0]|0|0|0|1
71816626 | 29— 7(0{0j0jO|1|1|0Of2
g8(1|]0|0(0]|]0]2|2]1
Image f Co-occurrence matrix G
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Descriptor Explanation

Formula

Maximum Measures the strongest response of
probability  G.The range of values is [0, 1].

Correlation A measure of how correlated a
pixel is to its neighbor over the
entire image. Range of values is
1 to —1, corresponding to perfect
positive and perfect negative
correlations. This measure is not
defined if either standard deviation
is Zero.

Contrast A measure of intensity contrast
between a pixel and its neighbor over
the entire image. The range of values

is 0 (when G is constant) to (K — 1)%

Uniformity A measure of uniformity in the range
(also called [0, 1]. Uniformity is 1 for a constant
Energy) image.

Homogeneity Measures the spatial closeness of the
distribution of elements in G to the
diagonal. The range of values is [0, 1],
with the maximum being achieved
when G is a diagonal matrix.

Entropy Measures the randomness of the
elements of G.The entropy is 0 when
all pyj's are 0 and is maximum when
all p;’s are equal. The maximum
value is 2 log, K. (See Eq. (11.3-9)
regarding entropy).

max(p;)
ij

&G —m)j—m
23X a0,

i=1j=1
o, # 0o, #0

M=
M:-:

- ’pij
J=l[=|
K K 5
> 2pi;
i=1j=1
K K Pij
E,zll+|r—;E

o) Pij

© 1992-2008 R. C. Gonzalez & R. E. Woods

TABLE 11.3
Descriptors used
for characterizing
co-occurrence
maftrices of size

K X K.The term
Dij is the jjth term
of G divided by
the sum of the
elements of G.
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K
P(i) = Epij
j=1

K
P(j) = ;pij

Pij = 8ij/”

K K
>2p=1

radils sl g 15 e 5alle 53 oo 53 5a8 G sile @ see Gl o

i=1j=1
K K
Dij o = >, - mr)ZEPif
i=1 j=1
K K
Pij 0’% = E(f - mc)zEpi,-
j=1 i=1
K K
m, = NiP(i) ot = X = m)P(i)
i=1 i=1
K K
me = S jP(j) o = 20 — m)*P(j)
j=1 j=1
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Descriptor Explanation Formula
Maximum Measures the strongest response of max(p;;)
probability  G.The range of values is [0, 1]. l‘]
Correlation A measure of how correlated a K (i — m)(j — m)pi
pixel is to its neighbor over the E E ro_ oz TP
entire image. Range of values is i=1j=1 e
1 to —1, corresponding to perfect o, # 0,0, #0
positive and perfect negative
correlations. This measure is not
defined if either standard deviation
is zero.
Contrast A measure of intensity contrast K K
between a pixel and its neighbor over > > (i — )? Dij
the entire image. The range of values  i=1j=1
is 0 (when G is constant) to (K — 1)%
Uniformity A measure of uniformity in the range K K
(also called [0, 1]. Uniformity is 1 for a constant > p,—%-
Energy) image. i=1j=1

Homogeneity Measures the spatial closeness of the
distribution of elements in G to the
diagonal. The range of values is [0, 1],
with the maximum being achieved
when G is a diagonal matrix.

Measures the randomness of the
elements of G. The entropy is 0 when
all p;;’s are 0 and is maximum when
all p;;’s are equal. The maximum
value is 2 log, K. (See Eq. (11.3-9)
regarding entropy).

Entropy

K K

22

i= ll+|l_]|

K K
- E El’i/ log, Pij

i=li=1

Descriptors used
for characterizing
co-occurrence
matrices of size
K X K. The term
pijis the ijth term
of G divided by
the sum of the
elements of G.
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FIGURE 11.30
Images whose
pixels have

(a) random,

(b) periodic, and
(c) mixed texture

patterns. Each

image is of size

263 X 800 pixels.
[ ] 3d! -
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abc

FIGURE 11.31
256 X 256 co-
occurrence
matrices, Gy, G,,
and G,
corresponding
from left to right
to the images in
Fig. 11.30.
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Images whose
pixels have

(a) random,

(b) periodic, and
(¢) mixed texture
patterns. Each
image is of size
263 x 800 pixels.
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256 X 256 co-
occurrence
matrices, Gy, G,
and Gs,
corresponding
from left to right
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TABLE 11.4
Descriptors
evaluated using
the co-occurrence

Normalized Descriptor
Co-occurrence Max
Matrix Probability Correlation Contrast Uniformity Homogeneity Entropy

Gy/n 0.00006  —0.0005 10838  0.00002 0.0366  15.75 matrices displayed
Gy/n, 0.01500 0.9650 570 0.01230 0.0824 643 in Fig. 11.31.
Gy/ny 0.06860 0.8798 1356  0.00480 0.2048  13.58

© 1992-2008 R. C. Gonzalez & R. E. Woods
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256 X 256 co-
occurrence
matrices, G, G,
and Gj,.
corresponding
from left to right

(a

(b) periodic, and
(c) mixed texture
patterns. Each
image is of size
263 x 800 pixels.

a
b
c
Images whose

pixels have
random,

e B8 slagw sle

<l sla Siun 53 .
o< 53 58 bl o Normalized
; Co-occurrence
Matrix
Gi/n
G,/n,
G3/n;

Descriptor
Max
Probability Correlation Contrast Uniformity Homogeneity Entropy
0.00006 —0.0005 10838  0.00002 0.0366  15.75
0.01500 0.9650 570 0.01230 0.0824 6.43
0.06860 0.8798 1356 0.00480 0.2048  13.58
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Correlation

1 | |
1 10 20 30 40 501 10 20 30 40 501 10 20 30 40 50

Horizontal Offset Horizontal Offset Horizontal Offset

-1 I | |

abc

FIGURE 11.32 Values of the correlation descriptor as a function of offset (distance between “adjacent”
pixels) corresponding to the (a) noisy, (b) sinusoidal, and (¢) circuit board images in Fig. 11.30.
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16 pixels

FIGURE 11.33

A zoomed section
of the circuit
board image
showing
periodicity of
components.
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a

C

FIGURE 11.34

(a) Texture
primitive.

(b) Pattern
generated by the
rule § — asS.

(c) 2-D texture
pattern generated
by this and other
rules.
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(a) Texture
primitive.
(b) Pattern
m s generated by the
rule § — aS.

(c) 2-D texture
pattern generated
by this and other
rules.
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‘C('
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cd

FIGURE 11.35

(a) and (b) Images
of random and
ordered objects.
(c¢) and (d) Corres-
ponding Fourier
spectra. All images
are of size

600 x 600 pixels.
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1.6
0 50 100 150 200 250 300 0 20 40 60 80 100 120 140 160 180

ab
clid

FIGURE 11.36
Plots of (a) S(r)
and (b) S(#) for
Fig. 11.35(a).

(c) and (d) are
plots of S(r) and
S(0) for Fig.
11.35(b). All
vertical axes are
x10°.
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The 2-D moment of order (p + q) of a digital image f(x, y) of size M X N is defined as

M-1N-1

=2 Ex” f(x.)

x=0 y=
where p=0,1,2,... and ¢ =0,1,2,... are integers.

The corresponding central moment of order (p + ¢q) is defined as

M-1N-1
=> E (x = )y = P)f(x,y)
x=0 y=
T — My
x=— and y = —

) nyy

The normalized central moments, denoted 7, are defined as

. = P
"
+
y=p2q+1 forp+q=23....

P
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A set of seven invariant moments can be derived from the second and third moments.

b1 = Mo T Moz

by = (Mo — M)” + 4y

b3 = (130 — 3m2)” + Gmar — Ma)’

by = (m30 + M2)” + (M1 + M3)’

bs = (130 — 3m2) (30 + M) [(M30 + M12)* = 3(ma1 + 103)?] + BGmar = M03) (M1 + 1M03)
[B(mso + m2)* = (21 + m03)’]

b6 = (o — M) [(m0 + Mm2)” = (1 + M03)°] + 4n1(m30 + M) (a1 + Mo03)

b7 = Bma1 — m03) (M0 + M) [(M30 + M12)* = 3(m21 + mos)?] + Bz — M30) (M1 + M03)

[B(mso + m12)* — (21 + M03)°]

|This set of moments is invariant to translation, scale change, mirroring (within a minus sign) and rotation.‘

Prepared by Kazim Fouladi | Fall 2016 | 2"d Edition
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M, =20 (x=0)"(y=3)" f(x,)

Moo =2 > (x=X)°(y—9)' f(x,y) = sz(x,y) =my,
o= N (=)' (7= 7) (5, 3) = myy =2 (myy) = 0

oy =3 (=2 (= 7) £ (%) = myy = 2 (1) =0

My,
— — m,,m _ _ M
“11=ZZ(X_X)1(y_y)1f(X,Y)=m11—M=mn—xmm=m”—ym10 n — Pq
o My, rq MY
00

T ZZ@ — 32— ) f(x,y) = my, —Tm,,
Mo = ii(x— X' (=) f(x,y) = my, = ymy,

Hy = szi(x —3)' (v =) f(x,y) = my = 2%my, = Fmy, +2%m,,
Mo = ii(x =%)' (v =)’ £ (x,) = my, =2ymy, —Xmy, +2ym,,
Mo = Xgi(x—xf(y—y)"f(x,y) = My, —3%my, + 2% my,

Mos =ZZ(X—E)O(y—§)3f(X,)’)=m03 —35”102 +2y2m0]
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rotated by 90°, respectively.

© 1992-2008 R. C. Gonzalez & R. E. Woods
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Moment  Original

Invariant  Image  Translated Half Size Mirrored Rotated 45° Rotated 90°
&y 2.8662 2.8662 2.8604  2.8662 2.8661 2.8662
b, 7.1265 7.1265 7.1257  7.1265 7.1266 7.1265
b3 10.4109 10.4109 10,4047  10.4109 10.4115 10.4109
by 10.3742 10.3742 103719  10.3742 10.3742 10.3742
s 213674 213674  21.3924 213674 21.3663 21.3674
be 13.9417 13.9417 13.9383  13.9417 13.9417 13.9417
by -20.7809 —20.7809 -20.7724 20.7809  —20.7813 —20.7809

TABLE 11.5
Moment
invariants for
the images in
Fig. 11.37.
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Moment  Original

Invariant Image Translated Half Size Mirrored Rotated 45° Rotated 90°
b1 2.8662 2.8662 2.8664  2.8662 2.8661 2.8662
by 7.1265 7.1265 71257  7.1265 7.1266 7.1265
b3 10.4109 104109  10.4047 10.4109 10.4115 10.4109
o 10.3742 103742 103719 10.3742 10.3742 10.3742
s 213674 213674  21.3924 21.3674 21.3663 21.3674
s 13.9417  13.9417 13.9383  13.9417 13.9417 13.9417
o —20.7809 —20.7809 —20.7724 20.7809  -20.7813  —20.7809

sgn(¢;) logio(l¢il)

o slalbea
Jlaass dudoss
Ral O3 g
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Invariant (Log)  Original  Half Size  Mirrored Reotated2®  Rotated 45°
N 6.249 6.226 6.919 6.253 6.318
b, 17.180 16.954 19.955 17.270 16.803
i 22.655 23.531 26.689 22.836 19.724
by 22919 24.236 26.901 23.130 20437
s 45.749 48.349 53.724 46.136 40.525
s 31.830 32916 37.134 32.008 20.315
7 45.589 48.343 53.590 46.017 40.470

sgn(¢;) logio(l¢il)

o slalbea
Jlaass dudoss
Ral O3 g
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USE OF PRINCIPAL COMPONENTS FOR DESCRIPTION

If we have n registered images, the vectors will be n-dimensional:

X1
X2
X = .
xl’l
_ T
X = (X1, X2, ..., X,)

The mean vector of the population is defined as
m, = E{x} m, = — > x;

The covariance matrix of the vector population is defined as

T Lo o T

Cx = E{(X o mx)(x o mx) } Cx = E Exkxk — I, my
k=1

The matrix C, is real and symmetric.
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To illustrate the mechanics of Eqs. (11.4-4) and (11.4-5), consider the four
vectors x; = (0,0,0)",x, = (1,0,0)7,x; = (1,1,0)7, and x, = (1,0, 1)’. Ap-
plying Eq. (11.4-4) yields the following mean vector:

my =

3
1
4
1

Similarly, using Eq. (11.4-5) yields the following covariance matrix:

R
Ci=ge| 1 3 -1
1 -1 3

All the elements along the main diagonal are equal, which indicates that the
three components of the vectors in the population have the same variance.
Also, elements x; and x,, as well as x; and x3, are positively correlated; ele-
ments x, and x; are negatively correlated.
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USE OF PRINCIPAL COMPONENTS FOR DESCRIPTION: HOTELLING TRANSFORM

Because C, is real and symmetric, finding a set of n orthonormal eigenvec-
tors always is possible (Noble and Daniel [1988]). Let e; and A;,i = 1,2,..., n,
be the eigenvectors and corresponding eigenvalues of C,," arranged (for conve-
nience) in descending order so that A; = A; forj = 1,2,...,n — 1. Let A be
a matrix whose rows are formed from the eigenvectors of C,, ordered so that
the first row of A is the eigenvector corresponding to the largest eigenvalue,
and the last row is the eigenvector corresponding to the smallest eigenvalue.

Suppose that we use A as a transformation matrix to map the xs into vec-

tors denoted by ys, as follows:

y-= A(X B mx)

m, = E{y} = 0 C, = ACA’ Cy =

Another important property of the Hotelling transform deals with the re-
construction of x from y. Because the rows of A are orthonormal vectors, it fol-
lows that A™! = A7, and any vector x can be recovered from its corresponding
y by using the expression

Prepared by Kazim Fouladi | Fall 2016 | 2"d Edition

x = ATy + m, (11.4-10)
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y = A(X B mx)

m, = E{y} =0 C, = ACA’ C, =

Another important property of the Hotelling transform deals with the re-
construction of x from y. Because the rows of A are orthonormal vectors, it fol-
lows that A™' = AT and any vector x can be recovered from its corresponding
y by using the expression

x = ATy + m, (11.4-10)
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USE OF PRINCIPAL COMPONENTS FOR DESCRIPTION

Suppose, however, that instead of using all the eigenvectors of C, we form ma-
trix A, from the k eigenvectors corresponding to the k largest eigenvalues,
yielding a transformation matrix of order k X n.The y vectors would then be
k dimensional, and the reconstruction given in Eq. (11.4-10) would no longer
be exact (this is somewhat analogous to the procedure we used in Section
11.2.3 to describe a boundary with a few Fourier coefficients).

The vector reconstructed by using Ay is

x=Aly + m,

It can be shown that the mean square error between x and X is given by the ex-
pression
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FIGURE 11.38 Multispectral images in the (a) visible blue, (b) visible green, (c) visible red, (d) near infrared,
(e) middle infrared, and (f) thermal infrared bands. (Images courtesy of NASA.)
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FIGURE 11.39
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A A A Ay As As
10344 2966 1401 203 04 31
TABLE 11.6

Eigenvalues of
the covariance
matrices obtained
from the images
in Fig. 11.38.
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FIGURE 11.40 The six principal component images obtained from vectors computed using Eq. (11.4-6).

Vectors are converted to images by applying Fig. 11.39 in reverse.
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FIGURE 11.41 Multispectral images reconstructed using only the lwo principal componenl images
corresponding to the two principal component images with the largest eigenvalues (variance). Compare
these images with the originals in Fig. 11.38.
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FIGURE 11.42 Differences belween the original and reconstrucled images. All difference images were
enhanced by scaling them to the full [0, 255] range Lo facilitate visual analysis.
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FIGURE 11.43

(a) An object.

(b) Object
showing
eigenvectors of its
covariance matrix.
(c) Transformed
object, obtained
using Eq. (11.4-6).
(d) Object
translated so that
all its coordinate
values are greater
than 0.
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FIGURE 11.44

A manual
example.

(a) Original
points.

(b) Eigenvectors
of the covariance
matrix of the
points in (a).

{¢) Transformed
points obtained
using Eq. (11.4-6).
(d) Points from
{c), rounded and
translated so that
all coordinate
values are
integers greater
than (). The
dashed lines are
included to
facilitate viewing.
They are not part
of the data.
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lh (a) A simple
3 staircase
j;, structure.
14 . (b) Coded
B structure.

1) S—aA,
(2) A—bS, and
3) A—b,
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FIGURE 11.46
Sample
b b b derivations for
(1,3) a a the rules
5 5 S—aA A—=bS,
and A—b.
(1,2,1,3) a
b
(1,2,1,2,1,3)
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FIGURE 11.48

(a) Abstracted
primitives.

(b) Operations
among primitives.
(c) A set of
specific primitives.
(d) Stepsin
building a
structure.
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