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Embedded System Design

(Petri Nets)شبكه هاي پتري ر )پ )

ر.معرفي شده توسط كارل آدام پتري در رساله ي دكترا ي ر ر ري پ م رل و ي ر
(causal dependencies) تمركز بر روي مدل سازي وابستگي هاي علّي

سراسري همگامسازي فرض پيام(عدم انتقال )تنها )تنها انتقال پيام(عدم فرض همگام سازي سراسري 
:عناصر كليدي

)Conditions(شرايط• )Conditions(شرايط
.مي توانند برقرار شوند يا برقرار نشوند

) Events(رويدادها• ه )(روي
.مي توانند اتفاق بيفتند اگر شرايط مشخصي برقرار شود

)Flow relation(رابطه ي جريان• جري ي ب ر
.شرايط و رويدادها را به هم مرتبط مي سازد

.را شكل مي دهندگراف دوبخشيشرايط، رويدادها و رابطه ي جريان يك
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:مثال
تكريل آهن يكخط در همگام سازي در يك خط آهن تك ريليهمگامسازي

شرايط پيش
“Preconditions”Preconditions

شرايط:دايرهها شرايط:دايره ها
رويداد ها: چهارگوش ها

روابط جريان:پيكان ها
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Playing the “token game”y g g
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»ريل«تداخل منبع ع
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)۱(تر مثال پيچيده

Thalys trains between Cologne, 
Amsterdam, Brussels and Paris.

[http://www thalys com/be/en]
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)۲(تر مثال پيچيده

:اندكي ساده شده
همگام سازي در

Brussels وParis،
با استفاده از ايستگاه هاي

“Gare du Nord”Gare du Nord و
“Gare de Lyon” 

.Parisدر ر
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رويداد/شبكه هاي شرط

وناميده مي شود اگر و فقط اگرشبكهيك N=(C,E,F):تعريف
۱ .C و E مجموعه هاي مجزا باشند
۲.F ⊆ (C × E) ∪ (E × C) باشد)رابطه جريان(يك رابطه ي دودويي. ( ) ( ي( و جرو ب ر

∋ xيك شبكه باشد وNفرض كنيد كه:تعريف (C ∪ E). يري ورض ب ب )ي )
•x := {y | y F x}   پيش شرايط مجموعه ي)preconditions(
x• := {y | x F y} پس شرايطمجموعه ي)postconditions( {y | y}ي و يج ر )p(پس

x•x x•xx x•
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حلقه ها و شبكه هاي خالص

كنيد:تعريف c)فرض e) ∈ C × Eباشد ∋ (c,e)فرض كنيد:تعريف C × Eباشد.
(c,e)  ناميده مي شود اگر و فقط اگر  حلقهيكcFe ∧ eFc.

نام دارد اگر)pure(خالص  N=(C,E,F)شبكه ي:تعريف
Fشامل هيچ حلقه اي نباشد.
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شبكه هاي ساده

شبكه:تعريف گذر)simple(سادهيك دو هيچ اگر شود م وt1ناميده و   t1ناميده مي شود اگر هيچ دو گذر)simple(سادهيك شبكه:تعريف
t2 مجموعه جايگاه هاي ورودي و خروجي يكسان نداشته باشند.  

ت(ثال ن اده كهي ش ):يك ):يك شبكه ي ساده نيست(مثال

حدوديتهاي:تعريف جزاي عنص چ ه آن در كه ادهاي كههاي ش شبكه هاي ساده اي كه در آن هيچ عنصر مجزايي محدوديت هاي:تعريف
.نام دارندرويداد / شبكه هاي شرطاضافي را ايجاد نمي كنند، 

condition/event nets (C/E nets)
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)Place/transition nets(گذر/شبكه هاي جايگاه

Def : (P T F K W M ) is called a place/transition net iffDef.: (P, T, F, K, W, M0) is called a place/transition net iff
1. N=(P,T,F) is a net with places p ∈ P and transitions t ∈ T
2. K: P → (ℕ0 ∪ {ω}) \ {0} denotes the capacity of places

(ω symbolizes infinite capacity)
3. W: F →(ℕ0 \ {0}) denotes the weight of graph edges
4 M : P → ℕ ∪ {ω} represents the initial marking of places4. M0: P → ℕ0 ∪ {ω} represents the initial marking of places

W (S t f t)W (Segment of some net)

defaults:

M0
K = ω
W = 1
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)marks(محاسبه ي تغييرات علامت ها

“Firing” transitions t generate new markings on each ofFiring  transitions t generate new markings on each of 
the places p according to the following rules:
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شده گذرهاي فعال

Transition t is “activated” iffTransition t is activated  iff

.اما نه لزوماً» شليك شوند«يا » اتفاق بيفتند«گذرهاي فعال شده مي توانند 
م.در بستر شبكه هاي پتري، در مورد زمان صحبت نمي كنيم و

).غيرقطعي است(ترتيب شليك شدن گذرهاي فعال شده ثابت نيست
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)marking(ها نويسي براي تغييرات علامت كوتاه

( , ) if \  W p t p t t· ·ì- Îïï
( , ) if \  

( )
( , ) ( , ) if

W t p p t t
t p

W p t W t p p t t

· ·

· ·

ïïï+ Îïïï= íï- + Î Çï

با فرض
( , ) ( , )

0 otherwise

p p pïïïïïïî

( ) ( ) ( )P M M t¢" Î +

جمع برداري+ :
: ( ) ( ) ( )p P M p M p t p¢" Î = +

M M t¢ = +
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Matrix N describing all changes of markingsg g g

( , ) if \  W p t p t t· ·ì- Îïï
( , ) if \  

( )
( , ) ( , ) if

W t p p t t
t p

W p t W t p p t t

· ·

· ·

ïïï+ Îïïï= íï- + Î Çïï

Def : Matrix N of net N is a mapping

( , ) ( , )

0 otherwise

p p pïïïïïïî

Def.: Matrix N of net N is a mapping
N: P ×T → ℤ (integers)
such that ∀ t ∈T:  N(p,t)=t(p)(p, ) (p)

Component in column t and row p indicates the change of 
the marking of place p if transition t takes place.

For pure nets (N M ) is a complete representation of a net
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Nماتريس:مثال
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Place - invariantsMoreMore
in-depth:

Standardized technique for proving properties of 
system models

For any transition tj ∈T we are looking for sets R ⊆ P of 
places for which the accumulated marking is constant:

0)( = j pt
∈Rp

Example:
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Characteristic Vector

0)( 0)( =
∈Rp

j pt


 ∈

=
Rp

pcR

if1
)(Let:


 ∉ Rp 

pcR  if 0
)(Let:

0)()()( ==⋅=  pcptctpt jRjj 0)()()( 
∈∈

pcptctpt
R

Pp
jRj

Rp
j

Scalar product
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Condition for place invariantsp

 0)()()( ==⋅= 
∈∈

pcptctpt
R

Pp
jRj

Rp
j

Accumulated marking constant for all transitions if

pp

01 =⋅ Rct

0
.........

=⋅ Rn ct Rn

Equivalent to NT cR = 0 where NT is the transposed of N
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More detailed view of computationsp
















 0)()(...)( 1111 Rn pcptpt











=



















0
0
0

)(
)(

)(...)(
)()(

2

1

212

111

R

R

n

n

pc
p

ptpt
pp
























 0
0

)(
...

)(...)(
...

1 nRnmm pcptpt

System of linear equations.
Solution vectors must consist of zeros and ones.Solution vectors must consist of zeros and ones.
Equations with multiple unknowns that must be integers called 
diophantic ( Greek mathematician Diophantos, ~300 B.C.).
Di h ti li ti t l t l th t d dDiophantic linear equation system more complex to solve than standard 
system of linear equations (actually NP-hard))
Different techniques for solving equation system (manual, ..)
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Application to Thalys examplepp y p

NT 0 ith NTNT cR = 0, with NT=

Solutions? Educated guessing:Solutions? Educated guessing:
∑rows=0   1 linear dependency among rows  rank = 10-1 = 9
Dimension of solution space = 13 - rank = 4
4 components of (6, 11, 12, 13) of cR are independent
 set one of these to 1 
and others to 0 to obtain a basis for the solution space
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1st basis

Set one of componentsp
(6, 11, 12, 13)
to 1, others to 0.
→ 1st basis b :→ 1st basis b1: 
b1(s6)=1, b1(s11)=0, 
b1(s12)=0, b1(s13)=0

• t10(s10) b1(s10) + t10(s11) b1(s11) + t10(s13) b1(s13) = 0
→ b (s ) = 0

1( 12) , 1( 13)

→ b1(s10) = 0
• t9(s9) b1(s9) + t9(s10) b1(s10) = 0

→ b (s )=0→ b1(s9)=0
• … All components ∈ {0, 1} →

cR1 = b1b = (1 1 1 1 1 1 0 0 0 0 0 0 0)
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Interpretation of the 1st invariantp

( )00000001111111, =Rc ( )1,R

CR 1

Ch t i ti t

CR,1

Characteristic vector 
describes places for 
Cologne trainCologne train.
We proved that:
the number of trainsthe number of trains 
along the path remains 
constant.
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2nd basis

Set one of components
(6, 11, 12, 13) to 1,
others to 0.
→ 2nd basis b2: 
b2(s6)=0, b2(s11)=1, 
b2(s12)=0, b2(s13)=0

• t10(s10) b2(s10) + t10(s11) b2(s11) + t10(s13) b2(s13) = 0
→ b2(s10) = 10

• t9(s9) b2(s9) + t9(s10) b2(s10) = 0
→ b2(s9)=1 b2 not a characteristic 

t b t b b i• ⋅⋅⋅ vector, but cR,2=b1+b2 is
→ cR,2 = 
(1,0,0,0,1,1,0,0,1,1,1,0,0)b (1 1 1 1 1 1 0 0 0 0 0 0 0)

b2 = (0,-1,-1,-1,0,0,0,0,1,1,1,0,0)
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Interpretation of the 2nd invariantp

,1,0,0),1,0,0,1,1(1,0,0,0,12 =Rc , ,0,0), ,0,0, ,( ,0,0,0,2,Rc

CR 2
We proved that:
None of the Amsterdam trains 
gets lost (nice to know )

CR,2

gets lost (nice to know ).
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Setting b3(s12) to 1 and b4(s13) to 1
leads to an additional 2 invariants endleads to an additional 2 invariants

( )0000000111111c ( )00000001111111, =Rc
( )00111001100012, =Rc

CR 3 CR 1CR 2

( )0100011000000=c

( )10011000000003, =Rc
CR,3 CR,1CR,2

W d th t

( )01000110000004, =Rc

We proved that:
• the number of trains serving 

Amsterdam, Cologne and Paris , g
remains constant.

• the number of train drivers 
remains constant

CR,4
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)شبكه هاي پتري(كاربردها

كردن منابع؛مدل
مدل كردن انحصار متقابل؛
مدل كردن همگام سازي؛
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)Predicate/transition nets(گذر /شبكه هاي محمول

هاي پيچيده ي سيستم بازنمايي فشرده:هدف
:تغييرات كليدي

توكن ها انفرادي مي شوند؛•
گذرها فعال مي شوند اگر توابع در يال هاي وارد شده درست باشند؛•
افراد توليد شده به وسيله ي گذرهاي شليك شده از طريق توابع تعريف  •

.مي شوند

Changes can be explained by folding and unfolding C/E nets,
ti b d fi d b C/E t semantics can be defined by C/E nets.
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مساله ي فيلسوف هاي خورنده:مثال

n>1 philosophers sitting at a round table;
n forks,
n plates with spaghetti;n plates with spaghetti;
philosophers either
thinking or eating spaghetti
(using left and right fork).
.

H t d l fli t f f k ?How to model conflict for forks?

How to guarantee avoiding starvation?
2 forks 
needed!
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Condition/event net model
of the dining philosophers problemof the dining philosophers problem

Let x ∈ {1..3}
tx: x is thinking
ex: x is eating
fx: fork x is available 

Model quite clumsy.

Difficult to extend to 
more philosophers.
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Predicate/transition model
of the dining philosophers problem (1)of the dining philosophers problem (1)

Let x be one of the philosophers Tokens: individualsLet x be one of the philosophers,
let l(x) be the left spoon of x,
let r(x) be the right spoon of x.

Tokens: individuals.

Semantics can be 
defined by ( ) g p

p1
p3

p2

y
replacing net by 
equivalent 
condition/event net.p1

f2

condition/event net.

f1
f2

f3
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Predicate/transition model
of the dining philosophers problem (2)of the dining philosophers problem (2)

t

p1
p3p2

xx

t

f1
f2

f3
l(x) l(x)

r(x)r(x)
v u

f

f2 r(x)r(x)

xx
e

Model can be extended to arbitrary numbers of people.
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ارزيابي

:مزايا ي ز
مناسب براي كاربردهاي توزيع شده•
رسمي• طور به اثبات قابل ويژگيهاي براي معروف نظريه  اي معروف براي ويژگي هاي قابل اثبات به طور رسمينظريهاي
در ابتدا نظريه اي نامانوس بود؛ اما اكنون در اثر افزايش تعداد •

.كاربردهاي توزيع شده پذيرفته شده است ير پ وزيع ي ربر
)براي شبكه هاي ارائه  شده(معايب 

نمشكلاتي در مورد مدل كردن زمان• ز ن ر ل ور ر ي
عدم وجود عناصر برنامه نويسي•
سلسلهمراتب• وجود عدم وجود سلسله مراتبعدم

:توسعه ها
آن• محدوديتهاي حذف براي بسيار تلاشهاي
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Summary

Petri nets: focus on causal relationshipsp
Condition/event nets

– Single token per placeg p p
Place/transition nets

– Multiple tokens per placeMultiple tokens per place
– Place-invariants provide means for proving properties 
– Thalys used as an exampleThalys used as an example

Condition event nets
– Tokens become individualsTokens become individuals
– Dining philosophers used as an example

Extensions required to get around limitations
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Extensions required to get around limitations


