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Preface

This book was written based on lectures and tutorials held for mathematics and
computer science students. Supplementary notions were added to these notes in
order to make the reader refer to the bibliography as little as possible. The present
form of the book is due to the essential contributions of our published results. We
divided the book into two parts, thus suggesting that the path of the student in
mathematics (and other subjects), starting with an introduction into the theory of
partial differential equations and then leading into the modern problems of this
subject, can be done in two steps.

In the first part, the reader who is already well acquainted with problems from
the theory of differential and integral equations learns about the classical notions
and problems: differential operators, characteristic surfaces, Levi functions, Green’s
function, Green’s formulas, among others. Moreover, the reader is instructed in the
extended potential theory in its three forms, i.e., the volume potential, the surface
single-layer potential, and the surface double-layer potential. Furthermore, the book
presents the main initial-boundary value problems associated with elliptic, para-
bolic, and hyperbolic equations.

Compared to other books on the same topic, we added a new chapter that
includes operational calculus, with the advantages that it offers for solving initial
and boundary value problems.

In the first part, we present the notions and the results in terms of the classical
solutions.

The second part of the book, which is addressed first and foremost to those who
are already acquainted with the notions and the results from the first part, aims at
introducing the reader into the modern aspects of the theory of partial differential
equations.

The first tool that is introduced is the theory of distributions and implicitly its
advantages with respect to differentiation and integration. In the context of the
theory of distributions, the initial-boundary value problems are approached by
means of weak solutions. Moreover, the second part presents the basic notions
regarding Sobolev spaces.
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While in the first part the proofs are, usually, very detailed, in the second part the
proofs are more sketch-like, since we assume that the reader already gained some
experience while reading the first part.

According to many authors, the approach of the initial-boundary value problems
associated with differential operators of order two, in the context of the theory of
distributions, has already become classical. Nonetheless, we ensure that the second
part deserves to be a modern one.

To this end, a series of recent results is introduced. For instance, we encounter
the classical theorem of Lax—Milgram and its recent extension, given by
Stampacchia, and the advantages presented by this generalization.

Then, the maximum principle for harmonic functions is presented in the form
given by Hopf. The classical embedding theorems of Sobolev were replaced with
more recent and easier ones, introduced by renowned mathematicians, such as
Gagliardo, Rellich, and Kondrachov.

Obviously, there are many more results, which are more recent and which are
related to the theory of distributions and to its problems. If we included these, even
in a simplified form, to make them more accessible, then this book would become
much longer.

These recent results were not included because we did not want to show a
scientific deficit in the rigorous mathematical reasoning of the results presented.

We have to remark our preoccupation with the independence of the book, since
the basic notions regarding topology, functional analysis, the geometry of curves
and surfaces, and so on are briefly recalled before being used. The two parts of the
book are quite independent, and we suggest the reader to go through the book in
two parts.

The second part of the book is obviously much more difficult, and therefore, the
authors have included more applications in this part.

We are convinced that our efforts will prove useful for students (and not only),
who will be attracted by the modern aspects of the theory of partial differential
equations.

Brasov, Romania Marin Marin
Esslingen, Germany Andreas Ochsner
January, 2018
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Part I
Classical Solutions



Chapter 1 ()
Quasilinear Equations oo

1.1 Canonical Form in Two-Dimensional Case

In this book, we study mainly second-order partial differential equations. Let 2 C IR”
be bounded. Denote x = (xy, x2,...,x,) € R". Let u : 2 — IR be a sufficiently
smooth function and denote

ou | 0%u
U, = —,i=1,2,...,n and Uyx; =

' 8)(,'

The general form of second-order partial differential equations is

FOo,u,uy oo, Uy, Uy x,, ~~-aux;x‘/-’~-~vux,,,|x,,) =0. (1.1.1)

In Eq.(1.1.1), the unknown function is u(x) = u(xy, x2, ..., x,), x € 2, and the
scalar function F is a given function with some properties defined below.

Definition 1.1.1 A second-order partial differential equation of the form

?
ZZa,j(xl,xz,.. x,,) “ = f(x1, X2, .o, Xp, Uy Uy, ..oy Uy,)  (1L1.2)

X;0X
i=1 j=I1 J

is called a quasilinear partial differential equation of second order.

In Eq.(1.1.2), the scalar functions a;; : 2 — R, i, j =1,2,..., n are given as
continuous functions such that g;;(x) = a;;(x), x € Q. A function u € CX(Q2, R)
is a solution of Eq. (1.1.2) if it satisfies Eq. (1.1.2).

In the particular case of n = 2, i.e., the case of two independent variables, the
quasilinear equation (1.1.2) reduces to

0%u iy &u ta 0u 7 Ou Ou (1.1.3)
aln = ar —F— ay— = X, Yo Uy —H5 — |- L.
o2 oxdy | 2oy Y ox By
© Springer International Publishing AG, part of Springer Nature 2019 3
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4 1 Quasilinear Equations

Change the independent variables x, y in Eq. (1.1.3) by the substitution:

§=4&x,y),
n=mnx,y), (1.1.4)
where the functions £, € C 2(Q2, R) and
2E| &€ .
—| = Q. 1.1.
%um) mmx#aln (1)

The goal of transformation (1.1.4) is to obtain a new partial differential equation in
the form (1.1.3) with variables & and 7, but with at least one zero coefficient.

Observation 1.1.1 According to the condition (1.1.5), we can apply the implicit
function theorem for any point in Q2. Therefore, if (xo, yo) € Q2 is an arbitrary point
then the system (1.1.4) could be solved with respect to the unknown variables x and
y in a neighborhood of the point (x¢, yo) and we obtain

x =x(n) (1.1.6)

y=yE&n.

If we denote §y = &(xo, yo), Mo = n(xo, Yo), then we get xo = x (&, m0) and yo =
y(&o, 1m0)-

Apply equalities
o _ouoe ouoy  ou_oude  ouon
ox  9&0x  Onox’  OQy 0Dy  Ondy
and

2 2 2 2 2 2
Q:a_u % +28u8§8n+0u an
Ox2  0&* \ Ox

ocon dx 9x o2 \ ox
o ouer
0 Ox2  Om Ox?’
0u 0%u O O¢ u (0 0n OFf On
30y = e 0y * 9600 (e 30 * 04 D
QPudndn Ou 0*€  Ou
o2 Ox Oy | 0 9xdy = On 0xdy’
PO (06", P bk P ()
oyr  0&* \ Dy 00n dy dy ~ dn* \ Oy
0 dy?  On Oy?
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to Eq. (1.1.3) and obtain

O*u I O%u n 0%u F(§ ou 814) (1.1.8)

a1 — ap,—— +a = SN U, —, — .
11 o¢ 128{3 228 ) n 9 o
In Eq. (1.1.8), the coefficients a;;, i, j = 1, 2 are given by

_ 3 9¢ 9§ 55

= — 2
app = ap <8x) + alza 8y +an 8y )

6'§ 87} o0& on  0€ 817 an ¢

= — e 1.1.

=g o5t (axa Toyax) T2y 5, 1Y

_ on\* on o )
022=011<a—z> + 2a 1zanan+ 22(0;]) .

Consider the following partial differential equation of first order (compare with the
first and the third equations in (1.1.9))

2 2
@ (%) 420, 2292 4 (%) 0. (1.1.10)
y dy

Let z = ¢(x, y) be a solution of Eq.(1.1.10).
Consider the substitution

§=ox,y)
n = n(x,y),

where 7(x, y) is an arbitrary function such that the condition (1.1.5) is satisfied. Then
from Eq. (1.1.9) we get a;; = 0.
Consider the substitution

§=E4x,y)
n = p(x,y),

where ¢(x, y) is an arbitrary function such that the condition (1.1.5) is satisfied.
Then from Eq. (1.1.9); we get a; = 0.

On the other hand, solving the partial differential equation (1.1.10) is equivalent
to solving the following ordinary differential equation:

ar (dy)? = 2apndy dx + a» (dx)* = 0. (1.1.11)

Equation (1.1.11) can be written in the form
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dy 2 dy
an | — | —2a;,,— +a» =0. (1.1.12)
dx dx

Proposition 1.1.1 (i). Let o(x,y) = C be a prime integral of Eq.(1.1.11), where
C is an arbitrary constant.

Then the function z = p(x, y) is a solution of Eq.(1.1.10).
(ii). Let z = @(x,y) be a solution of Eq.(1.1.10).

Then ¢(x,y) = C, where C is an arbitrary constant, is a prime integral of
Eq.(1.1.11).

Proof (i). Let ¢(x, y) = C be a prime integral of the Eq.(1.1.11). Without loss of
generality, we can assumethat—ﬁ(x y) # 0,V(x,y) € Q.Indeed, if there exists a set
o C Qsuch that 0*; (x,y) =0,V(x,y) € Qp,then we consider the domain 2 \ 2
in which the derivative g—f(x, y) is not zero. If g—f(x, y) =0,Y(x,y) € 2, then we

change the variable y by x. If both %(x, y) =0 and g—f(x, y)=0,VY(x,y) € Q,
then the function p(x, y) is a constant and Eq. (1.1.10) has a trivial solution.
Therefore, we can assume that %’yf(x, y) # 0 in Q. Then in a neighborhood of

a point (xg, yp) so that g—f(xo, yo) # 0, we can have the expression y = f(x, cp),
where co = ©(xg, yo). Additionally, we get

8,
dy _ @y (1.1.13)
dx  SE(x,y)

We substitute (1.1.13) in (1.1.12), which is equivalent to (1.1.11), and obtain

dy 2 dy
0=|ai <—) —2ap— +£122j|
|: dx dx (x0,0)
2\ ? 2p
= | ai (-g-;) —2ap (—g—;) + axn
2 % (x0,y0)

B oo \? Do Do dp 1
= |:a11 (a) + 261]255 +a <ay> (_)2 (X0, ¥0)-
dy

Therefore, we have

dp dp Op &p
- 2a =0, forV(x, Q.
[6111 <8x> + 12a o + axn (’)y . orV(x,y) €
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It proves that (x, y) is a solution of Eq. (1.1.10).
(ii). Let z = (x, y) be a solution of Eq. (1.1.10). Therefore,

9p\? 9 0 9p\?
011<8—f> +2a128—(§a—f+6122 (8_f> =0

The assumptions of the implicit function theorem are satisfied. Then, we divide the
above equation, formally, by g—f and obtain

20\ ? 2p
ang (g:;) +2(1]23j; +ax» =0. (1.1.14)
dy dy

Compare Eq.(1.1.14) with (1.1.12) and conclude that

6,
5 dy
o
55 dx
or 5 5
' ¥
—d —Ldy =0.
Ox x+3y Y

Therefore, dp(x, y) = 0 and ¢(x, y) = C, where C is an arbitrary constant. |

From Proposition 1.1.1, it follows that obtaining the solution of Eq. (1.1.10) is equiv-
alent to obtaining the prime integrals of (1.1.12). At the same time, obtaining the
prime integrals of (1.1.12) is equivalent to zero coefficients a;; and a;; of (1.1.8).

Equation (1.1.11) is called the equation of characteristics and its prime inte-
grals are called characteristics or characteristic curves. Consider the expression
A= a%2 — aj1ay which is important for obtaining prime integrals. There are three
possible cases:

1. If A > 0, then Eq.(1.1.11) admits two distinct real characteristics and the
partial differential equation shall be called a hyperbolic equation.

2°.1f A =0, then Eq.(1.1.11) admits only one real characteristic and the partial
differential equation shall be called a parabolic equation.

3°.If A < 0, then Eq. (1.1.11) admits two complex conjugated characteristics and
the partial differential equation shall be called an elliptic equation.

The above classification was made with respect to the partial differential equation
(1.1.3). But the substitution (1.1.4) provided (1.1.5) does not change the type of
Eq. (1.1.3). Indeed, A for Eq. (1.1.8) will be

— . ocon o€ n\?

According to Eq. (1.1.9) for the coefficients a;;, we get
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— mamy
A=A . 1.1.15
<0(x,y) ( )

From (1.1.15), it follows that the sign of A is the same as the sign of A and therefore,
that the substitution (1.1.4) provided (1.1.5) does not change the type of the equation.

Equation (1.1.8) will be called the canonical form of the partial differential equa-
tion (1.1.3).

Itis easy to see that A is a continuous function with respect to the variables (x, y).

It is well known that if a continuous function is positive in a point, then it is
positive in a whole neighborhood of that point. So, we can divide the whole plane
into three disjoint sets. We call the domain of hyperbolicity for Eq.(1.1.3) the set
points in plane IR? for which Eq.(1.1.3) is a hyperbolic equation. Analogously, we
can define the domains of parabolicity and ellipticity.

Now consider the following three possible cases:

1? The hyperbolic case: A = a%2 — ajjayp > 0.Inthiscase, Eq.(1.1.11) has two real
distinct prime integrals ¢(x, y) = C, ¥ (x, y) = C,, where C; and C, are arbitrary
constants. We substitute

E=pl, y),n=1vx,y) (1.1.16)

and according to Proposition 1.1.1 we geta;; = 0 and ay; = 0. Therefore, the canon-
ical form of the hyperbolic equation is

_ du 7(5 Ou 814)
ap—— = Uy = =
29¢an T 5e an

or, if we divide by a;, (which obviously is nonzero):

0%u ou Ou
——=F & u, —, — . 1.1.17
oEon @"”as&) (11D

We must emphasize that the transformation (1.1.16) is non-singular. Indeed,

OEM| _ o 0000 _0p _
a(x,y) dy Ox  0Ox Jy
% % ap+~A  ap—+vVA
—a = — 5 & = <
% % an an
dy dy

s VA=—VA s A=0,

which is a contradiction.

2° The parabolic case: A = a122 —ajjaxn = 0. In this case, the characteristic
Eq.(1.1.11) only has one real prime integral ¢(x, y) = C, where C is an arbitrary
constant. We substitute
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§=o(x,y),n=nx,y), (1.1.18)

where 7 is an arbitrary function of class C2. The transformation (1.1.18) is non-
singular

deon _noe (1.1.19)

A& | _ Opdn Ondy
d(x,y)| Ox0dy Ox0dy

Since we chose £ = ¢(x, y), based on Proposition (1.1.1), we deduce that a;; = 0.
Now we will prove that a;, = 0.

Proposition 1.1.2 [f the functions & and 1 have the form (1.1.18) and satisfy the
condition (1.1.19), then ay; = 0.

Proof From a122 = aj1ay, we deduce that a; and ay; have simultaneously the same
sign and we do not restrict the generality if we assume that a;; > 0 and ay, > 0.
Then we obtain a1, = £./a,,+/a,,. According to Proposition 1.1.1 we deduce that
ap; = 0 and therefore

0 o€ 0 0
0—011<5§> + 2a 128§6£+ 11(8§>

- (f gf) £ Vay Voo % 35 (fg_f)
(ot )

From here, we get

«/al j:«/az (1.1.20)
By using (1.1.9), it follows that

9 o (85877+85677>+a22%6

a=ang a5 ta 5o T oy ox

an
dy
(m + e )(r + ! )

so that by taking into account (1.1.20) we deduce that aj; = 0. |

By using that a7 = a;; = 0, we can conclude that the canonical form of a parabolic
equation is

_ Q*u
an+— =F &1, u,

Oou Ou
P

o€ an

or, equivalently
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0%u

Ou Ou
=6 (e 5 5)

Lo¢ an

Observation 1.1.2 [finstead of transformation (1.1.18), we take the transformation

§=¢6x,y),
n=px,y),

in which p(x,y) = C is the only prime integral of the characteristic equation
(1.1.11), and £(x, y) is an arbitrary function of class C*> and which together with
p(x, y) assures the fact that the transformation is non-singular (that is £(x, y) and
p(x,y) satisfy a condition which is analogous to (1.1.19), then after some calcu-
lations similar to those from Proposition 1.1.2, we obtain the following canonical

form:
0*u — e Oou Ou
652 - ) 777 l/l, 65 £ 877 .

3° The elliptic case: A = a122 —ajjaxn < 0. In this case, the characteristic
Eq.(1.1.11) admits two prime integrals, which are complex conjugate and which
can be written in the form

Qp(xr y) = Cy,
E('x’ y) = C27

in which C; and C, are arbitrary constants and are denoted by i the complex con-
jugate of the function (. If we proceed by analogy with the hyperbolic case, that is,
we take the new variables ¢ and 7 of the form

§=pkx,y),
n="v(x,y)),

with the condition

XTI 2,

Ap,p)| _ 0pdp Ipdp
O(x,y)| Oxdy Ox dy

then we will obtaina;; = a,; = 0 and therefore the elliptic equation has the canonical

form
0%u Fe Ou au)
= S Uy — — .
déd e oy
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Unlike the hyperbolic case, the last equation is in the set of complex numbers. Then
the natural question of finding other changes in variables arises which should lead us
to a canonical form in the set of real numbers. To this aim, we introduce the functions
a(x, y) and B(x, y) so that

1 —_
o = Re(p) = E(sDJrsO),
1 _
p=Im(p) =— (-2,
i
and we take the new variables £ and 7 in the form

E=a+if,
n=a—ig. (1.1.21)

Proposition 1.1.3 In the case of elliptic equations, we have
ap = an, ap =0,

in which a;; are the coefficients of the canonical equation which were obtained after
transformation (1.1.21).

Proof 1t is obvious that £ is, in fact, £ = ¢(x, y) and then a;; = 0. If we take into
account (1.1.21), then we have

0=W=011<%> +2a 128£8€+ 22(35

2

\_/

0x 0x Jy ady
da 9B\ da 9B\’
=an (G +iy) +os (5 +i5)

+2ai; <a—a+t%)< —i—ia—)

0x ox ady dy

oa\? da da foJe
=a <a> + 2a 128_(’)_+ 22(8y)

— |:a11 (g—f) + 2a 122525 +axn <Zf) :|

da 8ﬂ da 8ﬁ Oa 8ﬂ Oa 00
+2i |an = + apn———>—|-

dx Ox Ox 6y dy Ox dy Oy
This is an equality in the set of complex numbers, and therefore both the real part
and also the imaginary part must be null, so that we obtain the desired result from
the statement of Proposition 1.1.3. |
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Using the results of Proposition 1.1.3, we deduce that in the elliptic case the
canonical form of the equation is

0u n 0u H( 5 Ou 8u>
a o oy — o, DUy — 75 ]
0a?  9B? da 0p

in which H is a real function.

‘We conclude that in the domain of ellipticity of Eq. (1.1.3) there is no characteristic
direction, while in the domain of hyperbolicity of Eq.(1.1.3) in every point, there
are two real distinct characteristic directions, while in every point of the domain of
parabolicity there is only one real characteristic direction.

Consequently, if the coefficients a|;, aj; anday; of Eq. (1.1.3) are smooth enough,
the domain of hyperbolicity is covered by a network which consists of two families
of characteristic curves, and the domain of parabolicity is covered by only one such
family.

For example, let us consider the equation

82u+82u_0
Y ox2 ayr

where m is a natural odd number. In this case, Eq. (1.1.12) receives the form

dy 2
m (2} L1120
g <dx> "

It may be immediately noted that there is no characteristic direction in the half-plane
y > 0. Butin every point of the line y = 0 and in every point of the half-plane y < 0,
there are a characteristic direction and two characteristic directions, respectively.
We write the equation of the characteristic curves in the form

dx £ (—y)2dy =0,

hence, by integration, we infer that the half-plane y < 0 is covered by two families
of real characteristic curves described by the equations

m+2

2
—_—(— ZIC’
x m+2( ») 1

and

m+2

2
_(— 2 :C
X+m+2( y) 2,

where C; and C, are real constants.
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1.2 The Canonical Form for n > 2

In this paragraph, we present some considerations on the canonical form of a partial
differential equation of second order for the case that the unknown function depends
on n > 2 independent variables.

Let ©2 be an open set in n-dimensional space IR” and consider the quasilinear
partial differential equation of second order

Xn:i ) 0%u 7 Oou Ou Ou
aij(x) = ——=— = fx1. %2 oo Xny Uy — =y =— |,
J Ox; 6)61‘ b Ox1 Ox; Oxy

i=1 j=I

(1.2.1)

in which x = (x1, x2, ..., %), a;j = a;i(x) € C(Q).

Here, u is the unknown function of the equation, u : @ — R, u € C*(Q). The
function f = f(x1,x2,...,%n, 2, P1, P2, ---, Pn) 1S defined and is continuous in
any point (x, x3, ..., X,) € 2 and we have —oc0 < z, p1, p2, ..., Pn < OO.

We intend to make a change of variables so that in the newly obtained equation
(which will be called canonical equation) a part of the new coefficients, that we
denote by a;;, as in the case n = 2, must be null.

Consider the transformation

§1 =& (xr, X, ..o, Xn),
{2 = gz(xla x27 MRS xn)a

& =8 (X1, X2, .., Xp), (1.2.2)
with the condition
% gﬁ gﬁ
¢ ex do T e
3 ¢ o€
a—x = 6—)(21 6_x§ Wi # 0, (1.2.3)
9 9 9
Oxy 0x; Oxy

in which £ = £(x) is a vector function, £ : @ — R”, £ € C%(RQ).
Due to condition (1.2.3), based on the theory of implicit functions, we deduce
that the system (1.2.2) can be solved with respect to the vector variable x:

X1 = xl(flaﬁ% . 'afn)’
X2 = -x2(§11 527 s gi’l)v

Xn = xn(&l» 523 ey fn),
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which will allow the final solution of Eq.(1.2.1) to be expressed as a function of x.
From Eq. (1.2.2), we get

Ou "\ Ou 0& | 2
— = ——,i=1,2,...,n
8x,- =1 8§k ax,'
and then
N Pu 06 O du P&
. 1.2.4
8x, 6x, g Z * 98k O&m Ox; 8x] Z 0 8x,~8xj ( )

We introduce Eq.(1.2.4) into (1.2.1) so we obtain the equation

L — Pu & O, Ou Ou Ou
T = Uy —, — .., — . 1.2.
222 D 4 6,06, 0x; 0x; <f RTINS a@) (125

i=1 j=1 k=1 m=1

By using the notation

e e 08 06,
i (§) = ; ;alja—xi@_xj (1.2.6)
Equation (1.2.5) becomes
Ju Ou Ju
ZZ km(f)aé. 86 (f,u, a—f],a—é_z,...,a—gn), (127)

k=1 m=1

We will fix a point x° = (x¥, x9, ..., x%) € Q and by using the notation

’ ﬂ

— 9% o
Atk - 8)6,’ (x )
from (1.2.6) we deduce
A (€)= Z Zaij DNk A (1.2.8)

i=1 j=1

where £0 = £(x9).
By using the matrix notation

A=T[aml, A=[a;], A=[N;].

Eq. (1.2.8) becomes o
A= AAA, (1.2.9)



1.2 The Canonical Form forn > 2 15

where we denote by A’ the transpose of the matrix A.
It is known that if in (1.2.9) we make the change of variable

A=TM,

where M is the notation for a non-singular matrix and 7 is an orthogonal matrix (that
is, T' = T~1), then matrix A is reduced to its diagonal form, therefore a matrix in
which the elements that are not on the main diagonal are null. Regarding elements
on the main diagonal, we have the Sylvester’s law of inertia, which ensures that the
number of positive elements on the diagonal is constant. Also, the number of negative
elements on the diagonal is constant. We distinguish several possibilities:

1° If all diagonal elements are strictly positive at a point £ € €, then the canonical
equation becomes

g ou Ouou
Za”ag2(§) <£1,§2,...,§n,u, a&,a&,...,a&).

Then, we say that the quasilinear partial differential equation of second order is
elliptical in the point £° € Q.

2° If there are elements on the main diagonal that are not null, but some elements
are positive numbers and other negative, then we say that the equation is hyperbolic.
In particular, if only one element is strictly positive and all others are strictly negative,
we say that the equation is ultra hyperbolic in that point.

39 If on the main diagonal there are some null elements, then the equation is called
parabolic in that point.

4° If the main diagonal has null elements and the non-null elements have a single
sign (therefore, all negative or all positive), then the equation is called elliptical—
parabolic in that point.

5¢ If the main diagonal has null elements and the non-null elements have different
signs, then the equation is called hyperbolic—parabolic in that point.

It is clear that the interest for the canonical form of quasilinear partial differential
equations of second order is given by the fact that this form of the equation facilitates
its integration.



Chapter 2
Differential Operators of Second Order oo

2.1 Green’s Formula

Let ©2 be a domain (therefore an open and convex set) in the space IR”. The most
general form of a differential linear operator of second order is

Lu = Z Za,,(x) + Zb (x) + c(xX)u, 2.1.1)

i=1 j=I

where a;; = aji(x) € C*(Q), b = b;j(x) € C1(Q), ¢ =c(x) € CO(Q) are given
functions, and u = u(x) € C?(2) is the unknown function.
As usual, we denote by x the vector with n components x = (xy, X2, ..., X,).

Definition 2.1.1 (i) Given the differential linear operator of second order, L, we call
as its adjoint in Lagrange sense, the operator denoted by M and defined by

Z Z F(ay ()v) Z 8(b <X>v> + ). (2.1.2)

0x;0x;
i=1 j=1 et i=1

(ii) The operator L is called self-adjoint if it coincides with its adjoint, that is,
Lu = Mu, Yu € C*(R).
Observation 2.1.1 [°. The operator L leads a function u(x) € C*(Q) into another

function (Lu)(x) € C°(Q).
2°. It is easy to prove that the adjoint operator M can be written in the form

ov

Ja;j(x)
—Z bi(x)— 22 “’x o

MU—ZZa,,(x)

i=1 j=1

© Springer International Publishing AG, part of Springer Nature 2019 17
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+lew) - ab (x) Zza @@ |, (2.13)

0x,;0x;
i=1 i=1 j=1 !

3°. If we use the form (2.1.3) of the adjoint operator; it is easy to prove that the
adjoint of the adjoint of an operator L, is even L.

Proposition 2.1.1 A necessary and sufficient condition that the operator L is self-
adjoint is

bi(x) = Za‘g;(x), i=1,2,....n (2.1.4)
J

Proof The operator L is self-adjoint if and only if, according to the above definition,
Lu = Mu, Yu € C*2(Q).

If we write Mu, by using formula (2.1.3), in which we replace v with u, we see
that the equality Lu = Mu is possible if and only if the coefficients of the derivatives
for the two members coincide. We find that these coefficients coincide if and only if
we have the equalities

bi(x) = Zatg;(X)’ i=12,...,n,
J

n n 2
2 = e a1

But the equality (2.1.5); is obtained from Eq. (2.1.5);, by computing the derivative
in both members with respect to x; and then summing the resulting relations after all
values of i. |

In the following theorem, we prove a fundamental formula in the theory of partial
differential equations, known as Green’s formula.

Theorem 2.1.1 Let Q be a domain so that its border 02 is a closed surface which
admits a tangent plane, continuously varying, almost everywhere. If L is a differential
operator, defined on 2, and M is the adjoint operator of L, then the following identity
holds true:

/[v(x)Lu(x) —u(x)Mv(x)]dx
Q

:/ { |: (x )8M(X) u(x )Gv(x)i| +b(x)u(x)v(x)}dax, (2.1.6)
o

where % is the derivative of the function u in the direction v = (Y1, V2, - - - s Vn)-
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Proof We multiply in (2.1.1), in both members, by v, and in (2.1.2) by u, and the
obtained relations are subtracted

2y 8 (a;jv)
vlu —uMv = ZZ |:va,, o 3)61 ax,ax, :|

i=1 j=I1

ou 3(1) V)
+ Z |:Ub —Xl aXl :|

IR N VO T IO0 B
_‘ [“)xi i1 a”(?x,» " an [“)xi i

_ 0 . Ou d(ajjv)
= a{Zliva,jaTj u ox; i|+b,uv

Integrating this equality, member to member, on €2 and we obtain

f[v(x)Lu(x) —u(x)Mv(x)]dx
Q

"0 - ou 0(ajjv)
= — i —U— b; dx. 2.1.7
/Q;axi Z[a 5 ]+ wo § d 2.1.7)

Recall Gauss—Ostrogradsky’s formula

/ZaQ’ :/ ’ZlQ,-cosa,-dax,
0e

in which (cos ay, cosas, ..., cosq,) are the cosine directors of the outside unit
normal to the surface 9<2.
Regarding the formula (2.1.7), in the right-hand side we have Q; given by

0; = Z [vaij% — ua(aijv)] + bjuv
J

=1 Ox;
so that if in (2.1.7) we apply Gauss—Ostrogradsky’s formula, we get

/[v(x)Lu(x) —u(x)Mv(x)]dx

/ ZZ I:va,ja uaij%} COS «;
J

i=1 j=I
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n n 3a,~

+ b; — — ] cosayuv } do,. 2.1.8

2\" & @

Now recall the definition of the derivative in a direction. If A = (A, Ao, ..., \,) is

an arbitrary direction (that is, a vector) from IR”, then the derivative of a function u
in the direction A is defined by

Ou " Ou \
6/\ o N 8x,~ I
Jj=1
If we have (A1, Ay, ..., \;,) = (cosaq, cosan, ..., CoSay,), that is, the cosine direc-

tors of the outside normal to the surface 0€2, then we have the derivative in the
direction of the normal v

0 "0
8_” = Z—MCOSOéj.
v .

We introduce the notations

n n 2
Y= Z (Z ayj COS ak> s
j=1 \k=1
1 n
Vi =— Za,j COS ;. (2.1.9)
7o

It is easy to see that

n
2 =1
j=1

that is, the direction v = (1, 72, - . . , V) defines a versor (that is, an unit vector).
In the following, we will use also the notation

by =" bi(x)—z%(x) cos a;. (2.1.10)
j=t 7

i=l1

Taking into account Proposition 2.1.1, we deduce that for a self-adjoint operator we
have b = 0.



2.1 Green’s Formula 21

With the help of notations (2.1.9) and (2.1.10), formula (2.1.8) becomes

/[v(x)Lu(x) —u(x)Mv(x)]dx
Q
", Ou .
= v —i—Uu —~; | +buv § doy,
/m ! ;336./'% ;8%‘%

so that if we take into account the definition of the derivative in the direction +, this
becomes

/[v(x)Lu(x) —u(x)Mv(x)]dx = / [7 <v8_u — u@) + buv] do,,
Q oQ o o

which is just Green’s formula. |

Corollary 2.1.1 In the case of a self-adjoint operator, Green’s formula becomes
0 0
¥ (v—u — u—v) doy.
Q

Proof The result is obtained immediately, by taking into account that for a self-
adjoint operator we have b = 0, based on the above observation. |

Consider now the particular case, when the operator L is the Laplacian A, defined
by

/[v(x)Lu(x) —u(x)Mv(x)]dx = /
Q

0

)

X

n
0%u
Lu = Au = Z 5
i=1 71
In this situation, in comparison to the general form (2.1.1) of the linear differential
operator of second order, we have
ajj = §ij9 b,' =O, C =O,
in which ¢;; are Kronecker’s symbols.

Taking into account formula (2.1.10), we obtain that b(x) = 0, and therefore the
Laplace operator is self-adjoint. Also, based on notation (2.1.9), we have

v = Xn: (Xn:éij CoS ¢

j=1 \i=1

and the components ; of the direction 7y become
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n
v = Zéij Cos oy = COS @,
i=1

that is, the direction v coincides with the direction of the outside normal v to the
surface 012.
In conclusion, if L = A = M = A and Green’s formula becomes

Ju v
/Q(UAM — uAv)dx = /m (1)5 — Lt%) do,.

2.2 Levi Functions

Definition 2.2.1 The differential linear operator of second order, L, is called elliptic
if it satisfies the condition

n n
ZZaU({))\l»)\j >0, VEe Q, Y(A1, A2y ..., \n) € R, (2.2.1)
i=1 j=1
the equality taking place if and only if A\ = Ay =--- = )\, = 0.

In algebraic language, the operator L is elliptic if the matrix of its main coefficients,
{aij}i,j, is positive definite.

Denote by I';; the algebraic complement of the element a;; in the matrix of the
coefficients {a;;}; ;. We also use the usual notations

|A©)| = |det{a;}i |, Aij = mri]w

It is known that if the matrix {a;;}; ; is positive definite, then the matrix {A;;}; ; is

positive definite.
Also, we recall that a matrix which is positive definite has a nonzero determinant.

Definition 2.2.2 We call a Levi function of second order, attached to the elliptic
operator L, the function H (x, &) given by

@-n)/2
1 n n

Hx )= s DY AGO @i =) —E)) ., (222)

i=1j=1

for n > 3. In the case n = 2, H (x, £) has the form
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1 1
H(x,&) = In , 2.2.3)
21/ 1A(©)] non

DY A — &)X — &)

i=1j=1
in which x = (x1, x2, ..., x,), £ = (&1, &, ..., &) € Q, and w, is the area of the
unit sphere from the n—dimensional space R".
‘We recall that

_ 2/
r'(n/2)’

where I is the Euler’s function of second order, defined by

o0
['z) = / e 't*ds.
0

‘We must outline that the coefficients A;; were built exclusively using the coefficients
aij.

That part of the operator L which corresponds to the coefficients a;; (and, there-
fore, implicitly, to the coefficients A;;) is called the main part of the operator L.

The function H, as we shall see in the following, plays a very important role in
the study of elliptic equations.

In the following theorem, we prove a first property of the function H.

Theorem 2.2.1 The Levi function of second order H satisfies the equation

OPH(x,&)

ZZ Ok

i=1 j=I1

Proof We will obtain the result by direct calculation. We consider, specifically the
case n > 3. If we derive (2.2.2), we obtain

—n/2

OH(x,§) _ -
e | A(g ;,ZIA”@(X' &)(xj—&)) x

Y A©G, - &) |
p=1

in which we used the symmetry of the coefficients A;; (which is due the symmetry
of the coefficients a;;). We derive this equality with respect to xx
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O*H(x, &) _ A (&) 1
Ox;Oxy wiTAOT ( [2_ = !
\/Zl Zl Aij(f)(xi—§i)(xj—§j))
i=1j=

3 3 Ap(© 4O ~ ) ~ &)

n

wn/A)]

n+2
Z Z Aij (O (i — &) (x; — éj)>

i=lj=

— HM:

We multiply this last equality, in both members, by ag () and then we sum up with
respect to s and k

1 on - Z Zask(g)Ask(f)
’H
Zask(ﬁ)a (x,8) — s=lk=

=1 el 8xs6xk n o n .
' wn/ 1A ZZAij(f)(xi—fi)(xj—fj))

i=1j=1

33 5 3 4 (©) A (€) Arg (€) (xp—E,) (xg —E,)

n s=1lk=1p=1g=1

W/ 1A (\/

n+2

M:

iAm@m—&xw—ao

i=1j=1

If we take into account that

n
E Qs Agn = 6[}’}17
s=1

then the last relation becomes

O%H (x, §
Zzask(g) Ox an =

s=1 k=1

This is the equation from the statement and so the proof of the theorem is
completed. |

Theorem 2.2.2 The function H (x, £) satisfies the following asymptotic evaluations,
uniform on compact intervals from Q:

H(X,g) ( 2— n)
OH (x,§)

. =0(r'™"), Vk=1,2,....n,
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& H(x,§)

= ),V =
x.0x0 O(r™), Vk,s=1,2,....,n,

where r is given by

that is, r is the distance between the points x and &, x, & € R".

Proof We recall that we say that a property takes place uniformly on compact subsets
from an open set, if the respective property takes place, locally, on the respective open
set.

Let O be the notation for the Landau symbol. If we take into account the signifi-
cation of Landau’s symbol, we can give a new formulation for the evaluations from
the statement of the theorem.

For any compact set from €2, there exist the positive constants M, M,, and M3,
which depend only on that compact set, so that

aHz(x 9 ' M, (2.2.4)

r n

OHx.O 1 | _ (225)
8xk pl-n

PH(x,6) 1

ern < M3. (226)

Note that these evaluations are made for x — &, and the constants M, M, and M3
do not depend on x or &.
We made the change of variables

xi —& = Aty

so that we have

n 1 n
D AN=5) &’ =1 22.7)
i=1 i=1

This proves that Aj, Ao, ..., A, can be the cosine directors of a unit direction
to the surface 92, A = (A, A2, ..., A\,). On the other hand, if we consider A =
(A1, A2, ..., \y) as a point in the n—dimensional space IR”, then A belongs to the
sphere with center at the origin and radius 1, S(0, 1), in R".

Anyway, from (2.2.7) we deduce that not all ); can be simultaneously null. Using
the definition (2.2.2) of the function H (x, &), we have
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(2.2.8)

‘H(x,f)‘ _ 1 1
P T =D VTA©] ([ s "~
22 A (ONA

i=1j=1

The denominator on the right-hand side of the relation (2.2.8) is positive because the
operator L is elliptic. Then

ZZaij(f))\i)\j >0 = ZZAU({)/\:')\/' >0,

i=1 j=1 i=1 j=1I

and the equality takes place if and only if all ); are null, and this, as we saw, is
impossible.
If we denote

n—2

n n

g& N =VIAOI [D°D " AN, , (2.2.9)

i=1 j=I

then we deduce that g is a strictly positive and continuous function with respect to the
variable £ and also to the variable A. If we fix an arbitrary compact set Q C €2, then
g is continuous for any (£, A\) € Q x S(0, 1). Therefore, we can use the classical
result from Weierstrass’s theorem and deduce that g has an effective minimum value

inf JA) = 0,
(fv)\)EQXS(O»l)g(f ) w=

and then the estimate (2.2.4) is proved with M; = 1/pu.
To prove the estimate (2.2.5), let us first observe that we have

" LAl s — &) !
OHx,© 1| _ 2 1A ¢

‘ Oxy rI*"|_

ww—m(fsn(\/i ilA,-,»@(xi &) — f,»))"
i=1j=

n
1Al AP
s=1

S N.V\(3] ( 3 Ay ()0 — E)(x; —5,»)

i=1j=1

We now introduce the notations
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MmN =Y 1Axl AL
s=1

n

ha €N = wn/TA@I | | DD AN |

i=1 j=1

and then, for a compact set Q arbitrarily fixed in €2, we can make analogous consid-
erations for the functions /; (£, \) and A, (&, ) to those made for function g(&, \)
from (2.2.9).

So, we deduce that there exist the positive constants m; and m, depending only
on Q so that (&, \) < m; and hy(€, \) > m, and then the proof of the estimate
(2.2.5) is complete if we take M, = m/m;. In an analogous way, we can prove the
estimate (2.2.6). |

We obtain a particular form for the Levi function H (x, £) if we take the Laplace
operator L = A instead of the arbitrary elliptic operator L. As we have already seen,
in this case we have

aij = aji = 0;j = Ay = 0;; = [A©)| =1
and then H (x, &) becomes

1 1 1 1

n—2)w, . =2 (g — D), 12
( Do =&)?
i=1

H(x,é)Z(

With the help of the Levi function of second order H (x, £), we can define the Levi
function of first order, denoted by A (x, ).

Definition 2.2.3 We call a Levi function of first order, attached to the elliptic operator
L and the domain €2, the function A(x, §), A : Q x Q — R, with the properties

1° A(x,.) € C*(RQ), for any x fixed in , x # &;

2° AL, 6 € C%(Q), for any ¢ fixed in , £ # x;

3° Ja € (0, 1], so that

A, ) — H(x,§) = 0 (r°t>™)
3[A(X, é-) - H()C, 5)] _ a+l—n
e =0(r ).
PIA(x, ) —H(x,§)]
Oxj Oxg N

0 (r(yfn) ,

evaluations taking place for x — &, uniformly on compact sets from €2.
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Observation 2.2.1 [° In many specialized books, the authors call the Levi function
only the Levi function of first order, that is, A(x, £) from the Definition 2.2.3. We
adopt this point of view, in the following.

2° Using the significance of the symbol of Landau, O, we deduce that for any
compact set Q, arbitrarily fixed in 2, there exist the positive constants My, M, and
M3, depending only on Q (not on x or £), so that

A(x,é;)a;g(x,f)' M, (2.2.10)
8[A(x,£)8; H(x,©)] rMIH <M, Vk=1,2,...,n, (2.2.11)
k
2 —
a[z\(x;“)a A& OV | o vks=1.2.....n. 22.12)
X OXg re=n

The Levi function is useful to define fundamental solutions for elliptic operators.

Definition 2.2.4 A fundamental solution of the elliptic operator L on the domain
2, is a Levi function A (x, £) which makes zero the adjoint operator of the operator
L, that is,

M, A(x,&) =0.

We deduce that to find the fundamental solution of an elliptic operator it is required
to prove that there exists a Levi function for the respective operator.

Theorem 2.2.3 For any elliptic operator L, assuming that the standard conditions
on the coefficients a;;, b;, and c that define it are satisfied, there is at least a Levi
function (of first order).

Proof In fact, we will prove that the function H (¢, x), obtained from the Levi func-
tion of second order H (x, £), by changing the arguments (we recall that a Levi
function of second order is not symmetrical in its arguments), is a Levi function (of
first order), with the exponent o« = 1. Thus, we take

1 1
H(, x) = —

(n = 2)wu/1AX)] n n
\/21 _ZlAij(x)(ﬁi —x;) (& —Xj)>
i=lj=

Obviously, if we take A (x, §) = H (&, x), then A(x, £) satisfies the properties 1° and
2° from Definition 2.2.3 because the operator L is elliptic and then, by definition,
ajj € C? and the matrix {g; ;s positive definite. This involves the fact that the matrix
{A;;} is also positive definite and then H ({, x) is of class C? with respect to both
variables £ and x, for x # &. Let us prove now the estimate (2.2.10) in the particular
case o = 1. We have




2.2 Levi Functions 29

y3-n

'H(gv-x)_H(-xsg)‘ —

1 1
- r¥(n—2)w, n=2
VIA)] < ZIZA,,(x)(fz —x;) (& — X))
i=1j
1

n—21"

VIA©)| ( ZZAU(@(& xi)(ffj—xj))

i=1j=

so that if we make the change of variables x; — & = \;r, we get

‘H(f,x)—H(x f)' |h(&, x) — h(x, O],

p3-—n r(n — 2) Wy,
for which we used the notations
1
h(&, x) = n=2°
VIAX)| ( Z Z Aij (AN )
i=1j=1
1
h(x,§&) = —.-

JIAG (\/ Zl ilAij(mAj)
i=l j=

Because for x # &, the functions A and A;;, which appear in i (, x) and h(x, &),
are of class C', we can apply the theorem of finite increases (Theorem of Lagrange)
for the functions A (&, x) and h(x, &). Thus, we deduce the existence of the points
Ny, 15 € (€, x) as well as of the points 13, 9 € (x, £) so that

r3—n

‘H(§7x)_H(xa£)‘ —

Oh(n3, n3)

_ 1 - Oh(ny, m3)
T r(n = 2wy, Z H Oxy Oxy

k=1

|xk_fk|+‘

Ifk—Xkl}-

If we use r as majorant for |x; — & | and |£; — x|, we obtain
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‘H(f,x)_H(x,€)|<

p3-n
< r Sup “ 8}1 (771 ) ) Z 6]1 (77;’ 77?1() <
T r(n = 2)wn gca | Ox — Oxy -
<o

< T AN
N (l’l - z)wn

that is, the proof of the estimate (2.2.10) is complete. The other two estimates, (2.2.11)
and (2.2.12), are proven analogously. |

We want to outline again that the estimates (2.2.10), (2.2.11), and (2.2.12) are
made for values of x very close to £. For a point ¢ arbitrarily fixed in €2, we can take
a ball centered in £ as a compact set which contains £. Then the evaluations, deduced
above, are made on this ball. Outside it the estimates (2.2.10), (2.2.11), and (2.2.12)
are trivial.

We have seen that in the case that as elliptic operator L we take the Laplace
operator, A, the Levi function of second order becomes

Then, according to Theorem 2.2.3, as a Levi function (of first order) we can take

1
(n — 2w, ri=2’

Alx,§) = H(E x) =

Based on Theorem 2.2.1, we have

Because in the case L = A we have g;; = J;;, we deduce that the above equation
becomes

e OPH(X, N OPH(x, O
;;611 O0x;0x; _; 8xi2 =0

that is,

AH(x, €) = 0.
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This means that the function H(x, &) is a Levi function and is also a fundamental
solution for the Laplace operator.

Theorem 2.2.4 Let L be an elliptic operator which satisfies standard assumptions
(on its coefficients). Then, if A(x, £) is a Levi function of exponent o, attached to the
operator L and the domain 2, we have the estimates

L A(x, &) = O™, (2.2.13)
M A(x, &) = O(r*™), (2.2.14)

for x — &, uniformly on compact sets from Q.

Proof If we take into account that the elliptic operator L is linear, we have
LXA(xa 6) = LX [A(x5 f) - H(x7 5)] + LXH(xa 5)

In what follows, we use the effective expression of the operator L

n n aZA ’ _H ’
O o SO LG I L)

Ox;0x;
i=1 j=1 )

n Zbi(x)i?[A(x, §) — Hx, 9]

5 +c(x) [A(x, &) — H(x, )]
Xi

i=1

2H OH (x
+ZZ a;j(x) (x5)+2b() (§)+()H(x§)

i=1 j=1

For the first three terms on the right-hand side of this relation, we use the estimates
from Definition 2.2.3, and for the last three terms on the right-hand side of the last
relation, we use the evaluations from Theorem 2.2.2. Thus, we obtain

L, A(x,§& = o™ + O(ra+1—n) + O(r(H—Z—n)
+O00"™)+ 0> +roG™) = 0™ + 0 = 0™ ™),

because o < 1. Therefore, we proved the estimate (2.2.13). The estimate (2.2.14)
can be proven analogously. |
Recall, in the conclusion of this paragraph, a few considerations on the conver-
gence of improper integrals of volume.
Let 2 be a domain and the functions f, g : 2 — R, assumed continuous, so that
g(x, &) = 0 for x = &. Consider the improper integral

f(X,ﬁ)d
X
Q g(x9 5)

(2.2.15)
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If we fix £ in Q and eliminate a subset K from €2, to prevent x from taking the value

&, we obtain
[ 9
———dx
Q\K g(x, )

)

which is a volume integral, in the proper sense.
Consider now an ascending string {K,,} of subsets of €2 so that

KiDK)D...DK,-1 DK, DK,y1 D ...

so that
o0
(Kn=¢
n=1
Then foreachn = 1, 2, ..., the integrals
/ f(x, 9 de.
ok, 9(x,8)
are proper integrals of volume. If the following limit exists and is finite
lim / ACTIIN (2.2.16)
n—~o0 Jorg, 9(x, &)

then, by definition,

dx

f@O / f(x, 6
x = lim .
=0 Jo\K, g(x, )

Q g(xvf)

We say that the integral (2.2.15) is conditioning convergent with the help of the string
{K,}. If the limit (2.2.16) exists and is finite for any string of sets { K}, we say that
the improper integral (2.2.15) is unconditioned convergent (or, shorter, convergent).

It is easy to show that if there is a string of balls { B, }, B, = B(&, 9,), with g, — 0
so that the following limit exists and is finite

S(x,8)
im
n—o0 Jorp, g(x, &)

dx,

then the value of this limit is the same as the value of the limit (2.2.16), for any choice
of the string {K,,} of subsets from €2, with the above properties.

In other words, the convergence with the help of the string of balls guarantees the
(conditioning) convergence of the improper integral (2.2.15).
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2.3 Potentials

Let €2 be a bounded domain from IR" with boundary 02 which admits a tangent
plane continuously varying almost everywhere. On 2 we define the elliptic operator
L and its adjoint M, by

Lu(x)—ZZa,,(x)a or, (x>+2b(x>—<x>+c<x>u<x> 2.3.1)

i=1 j=I1

Mu(x) = ZZ ("””)()—Za(b”)(x>+c<x)v<x> (232)
i=1

0x; Ox;

i=1 j=I1
In the whole paragraph, we will use the following standard hypotheses:
ai; = aji(x) € CH(Q), b = bi(x) € CH(Q), ¢ = c(x) € C°(Q).

We defined above the Levi function A (x, &) which for x # ¢ is of class C2. We will
isolate the point ¢ with an ellipsoid (e) centered in the point £ and the radius o, of
the form

Z ZAij(f) (i — &) (xj — &) < 0, (2.3.3)

i=1 j=1

which has the boundary of the equation

DD AGO (i = &) (x; - &) = (2.3.4)

i=1 j=I

The coefficients A;; are determined with the help of the coefficients a;; of the operator
L, as in the previous paragraph. Since the operator L is assumed to be elliptic, we
have

n n
D0 ai)AN; = 0. Y € Q. V(AL Aa. . M) €R,

i=1 j=I

where the equality appears if and only if A\ = A\, = --- = )\, = 0. This means that
the matrix of the coefficients a;; is positive definite and, consequently, the matrix
of the coefficients A;; is also positive definite. This justifies the fact that in (2.3.3)
we have effectively an ellipsoid centered in the point £ and the radius p. We choose
the radius ¢ small enough so that the ellipsoid (e) is included fully in 2. Since
& ¢ Q\ (e), on the annulus 2\ (e), which remains by removing the ellipsoid, we
can apply Green’s formula for a pair of functions A (x, &) and u(x)

f (A, OLu(x) —u(x)M(A(x, £))]dx
Q\(@
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=/ {’Y[A(X» 5)@(x)Lu(X)—M(x)a—A(x, 5)]+bA(x, E)M(X)} doy (2.3.5)
0% oy Oy
+/ {V[A(x,E)a—u(X)Lu(x)—u(x)a—A(x,5)}+bA(x,€)u(x)}dax.
Oe f% 8’}/

The left-hand member of the relation (2.3.5) depends on the choice of the ellipsoid
(e). The statement is true for the last integral from the right-hand member. We will
show that if the ellipsoid (e) tends to the point £, that is, (e) is deformed homothetic to
& (a deformation is called homothetic if during deformation the ratio of axes remains
constant), then the integrals which depend on the choice of (e¢) are convergent. In
the same time, the surface integral from the right-hand member of the relation (3.5),
extended to the entire surface 02, remains constant. So,

< /|u<x>| IMA(x, €] dx

/[—u(x)MA(x, &]dx

< Co/|MA(x,€)|dx,

and this is because u is a continuous function and therefore it effectively takes its
maximum value.
We now use the fact that

IMA(Xx, )| =00, 0<a=<1

so that the above inequality becomes

/[—u(x)MA(x, &)]dx

< cocy /raf"dx < ¢pcq / ro"dx, (2.3.6)
e B(&,r1)

where the ball B(&, r;) includes the ellipsoid (e) and r; is the maximum radius for
which the inclusion of (e) holds true so that the ball B(&, r1) is entirely in 2. If we
pass to generalized polar coordinates, we obtain

«

a1
_ o r
/ r*"dx :w,,/ rO = w,—,
B(&n) 0 a

in which w, is the area of the unit sphere in the space IR”. Based on these evaluations,
the equality (2.3.6) becomes

«
= CoCrWwy

/[—u(x)MA(x, ]dx

_7
«
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which proves that the integral from the left-hand member becomes null if (e) is
deformed homothetic to the point .
On the other hand, the last integral from (2.3.5) can be written in the form

/{v[A(x 5)—u(x) e >8A(7 5)]+bA(x,£)u<x>}dax
de

/A(x g)[ —u(x)+bu(x):| do,— / U (x )aA(’; dor. @37

Here, we can bound the following quantities from above:

‘ / A, ©) [v@uu) + bu(x)} dax}
Oe 8’7

do, (2.3.8)

0
s/ A, ©)] 'va—”uu) + bu)
Oe Y
Sczf A, ©)]do,
de

in which we used the continuity on compact sets of the function u.
If we write

|A(-xs §)| = |A(-x» 6) - H()C, 5) + H(-xs g)'
<A — HE, O+ Hx, Ol = 0 ") + 0>,

in which the last evaluations are based on Definition 2.2.3 and, respectively, on
Theorem 2.2.2. With these estimates, the right-hand member from (2.3.8) can be
bounded from above by

, |A(x,£)—H(x,§)|dax+c2/ H(x. )] do,
Oe Oe

1 1
< oM, f dO’x + coM> n—dO'x
de T de T

C3 Cy4
= n—2—(x/ dffﬂLﬁ/ dor,
i e i Oe

min min

in which c¢3 and ¢4 are constants obtained by coupling the constant ¢, with the
constants M and M, respectively.
Also, in the last bounds, the integral

/ do,
Oe
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has the value equal to area of the ellipsoid which can be bounded from above by the
area of the sphere of maximum radius which includes the ellipsoid (e) and then the
above bounds may be continued as

r n—2—o r n—2
max a+1 max
C3Wp < ) T max + cqwp < ) Fmax
"'min "'min

and this expression tends to zero as the ellipsoid is deformed homothetic to the point
& (because the deformation takes place homothetic, the ratio ryux /rmin 1S constant).
Therefore, the integral from the left-hand member of relation (2.3.8) (and, conse-
quently, the first integral from the right-hand member of the relation (2.3.7)) tends
to zero.

We consider now the last integral from (2.3.7)

- f uCoyyu ey 2250 4
e 6’7

_/ u(x)ZZal,(x)cosa, (x 5)

i=1 j=I1

_[ u(x)—u(g)]zza,,(x)cosa, A0 4,
/

i=1 j=I1

—u© [ 3 Y () — iy cos o 228 S840

i=1 j=1

—u(é)ZZa,](f)f O dp,

i=1 j=1

=1+ L+ I,

in which

I = —/ u(x)—u(f)]ZZa,,(x)cosal ;xlff) Ox,
J

i=1 j=I

L

—u(f) /0 ZZ[a,J(x) a,,(g)cosa, Ag)d o, (2.3.9)

i=1 j=1

w© Y3 ay© / (x oA,

i=1 j=1

I3

We will prove that if (e) is deformed homothetic to the point &, then

I] e 0, 12 —> 0, 13 — —M(g).
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First, due to the fact that the functions a;; are continuous on compact set (Je), and
| cos ;| < 1, we have

in| <c1/ we) — @3

i= 1] 1
=nc1f ()
de

In what follows, in the above inequality we apply the theorem of finite increases and
then we use the bound |x; — &| <r

|1 <nc1/
(

OA(x, E)‘

OA(x,§) do
Ox; *

0 0
u(é‘)‘| k—f|Z‘ A, 5)\

¢ k=1

SCZ/ IN(x,©) do. <y OlA(x, ) —H(x, ) d
8X/ Oe 8x]
5H(x &)
+C2 86 ax] ‘

where £* € (x, &), and ¢, = ncy.
‘We will use now the evaluations from Definition 2.2.3 and Theorem 2.2.2

|| < ncz/ Fat2-ndo, +nC2/ r_pdoy
de Oe

C3 Cy
< doy + — doy,
n—2—aq n—2
T min de T'min /0
/ do,
e

is the area of the ellipsoid which can be bounded from above by the area of the sphere
of maximum radius which can include the ellipsoid and be entirely in €2

in which

n—1 n—1

wnrmax wnrmax
Ihl <50 ta—0
min Fmin

r n—2—a r n—2

_ max 1_;,_0, max

= C3Wy ( ) Tmax T+ C3Wn < ) Fmax
"'min "'min

now it is clear that if (e) is deformed homothetic to the point & (during the transfor-
mation the ration 7max /#min 1 constant), then I; — 0.
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With regard to the integral I, the bounds are obtained by analogy

|12|</ 33 Jay ) - a,z<f>|'8“x 5)‘

i=1 j=1

<[ Yy [P

¢ k=1 i=1 j=I

0a;j (&)

’| — &l

OA(x, f)’

in which we used the theorem of finite increases, with £* € (x, £).
We use then the bound |x; — &| < r and use the evaluations from Definition 2.2.3
and Theorem 2.2.2

r n—2—o r n—2
max 14+« max

|| < c3wn ( ) " max +< > Fiax | »
T'min Fmin

and, therefore, I, — 0, when (e) is deformed homothetic to the point .
For the last integral from (2.3.9), we have

A(x,§) — H(x,
B=—u® 3 Y a® [ cosa A O~ HEx O,
J

i=1 j=I1

OH
—u(é)ZZau(@/cos 0D 4o s,

X
i=1 j=1 8J

in which the meaning of I, and /s is clear. Then

OlA(x, &) — H(x, )] 1
4] = Cl/ £ £ do, =< Cz/ ———doy
de 3xj de T
cr pr-l 7 n-a-l
< doy < -2 = ¢ [ == Fmaxs
n—a—1 ) n—a—1 ro
" min Je T min min

and, therefore, I, — 0, when (e) is deformed homothetic to the point .
The integral Is can be written in the form

u(®) i=Z1COS «; (x[ - fj)

Is =
wa v/ [A©] Joe o"
We can here apply Gauss—Ostrogradsky’s formula, with change of the sign because

the outside normal to the ellipsoid (e) is inside with regard to the boundary of the
domain 2

do,.
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PR Ofx —¢&)
wnVTAON Jow 1 i
=__1ﬂ1_ dx = —u(e).

ann\/ |A(£)| d(e)

where we used the fact that the volume of the ellipsoid (e) is

M@=/ dx = 0" VIA©)].
d(e)

Thus, Is — —u(£), when (e) is deformed homothetic to the point &.
In conclusion, if in (2.3.7) we pass to the limit with (¢) — &, homothetic, and we
use the notation

/ [A(x, &) Lu(x) —u(x)MA(x, &)]dx
Q

= lim [ACx, & ) Lu(x) —u(x)MA(x, &)]dx
©=>¢Jaye)

then we proved the following theorem.

Theorem 2.3.1 If L is an elliptic operator, M is the adjoint operator of L, and
A(x, &) is a Levi function attached to the operator L and the domain 2, then the
following formula holds true:

u(§) = —/[A(x, E)Lu(x) —u(x)MA(x, §)]dx
+/ { |:A(x &— (x) u(x) (x g)}rbz\(x {)u(x)}dox, (2.3.10)
IR

called Riemann—Green’s formula.

Observation 2.3.1 [°. If the Levi function A (x, £) is a fundamental solution of the
elliptic operator L, then we can obtain a simplification of Riemann—Green’s formula.

2°. Let A(x, &) be a Levi function which in addition is a fundamental solution of
the elliptic operator L. Consider the problem

Lu(x) = f(x), Yx € Q,
u(y) = ¢(y), Yy € 09,

%(x) =(x), Vx € 09,
oy

inwhich the prescribed functions f, o, and satisfy suitable conditions of regularity.
Then Riemann—Green’s formula (2.3.10) becomes
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u(©) = — /Q A, ) f (r)dx + / AG O + bW (Mo,

17}
OA
- / W(x)a—(x, §)do,. (2.3.11)
o 7

Formula (2.3.11) is also called the formula of three potentials because the integrals

—/;ZA(x,g)f(x)dx,
fa AL O + b))l 23.12)
oA
—/ W(x)a—(x,{f)dax,
R Y

are called, respectively, the

e generalized potential of volume,
e generalized potential of surface of single layer,
e generalized potential of surface of double layer.

In the particular case when L = A, where A is the Laplace operator, as we have
already seen, the Levi function becomes

1
Ax,§) = (

n— 2w, "2’

and the formula of three potentials (2.3.11) receives the form

() = ! ff(x)der ! /w(x)da
Q

B (n —2)wy, rn—2 (n— 2wy Joo r=2 "

- 9 (; d
(- 2)w, fm“”(x)avx r"2> 7

Accordingly, generalized potentials from (2.3.12) receive the form

. AN
(1= 2n Jo 2
! v g (2.3.13)

(n — 2wy Joq "2

_;/ w2 ()4
1 = 2on Joo T oy \ 2 ) 97

and they are called classical potentials, of volume, of surface of single layer, and of
surface of double layer, respectively.
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2.4 Boundary Value Problems

In this paragraph, we consider the particular case when the elliptic operator L is the
Laplace operator, A, defined, as everybody knows, by

n

2
Au) =" ou(x)

Ox?

i=l

If Q is a domain from the space IR", we call Poisson’s equation the following linear
partial differential equation of second order:

Au(x) = f(x), Vx € Q, (2.4.1)

where f(x) is a given function, and u(x) is the unknown function. In the particular
case when f(x) = 0, Poisson’s equation becomes the Laplace equation

Au(x) =0, Vx € Q. (2.4.2)

Both in the case of Poisson’s equation (2.4.1) and in the case of the Laplace equation
(2.4.2), the solution # = u(x) has a high degree of indeterminacy.

To eliminate the arbitrary elements from the solution, Egs. (2.4.1) and (2.4.2),
respectively, are accompanied by boundary conditions with concrete physical mean-
ing. The most common types of boundary conditions are

e Dirichlet’s condition

u(y) = (y), Yy € 0%;
e Neumann’s condition

ou(y)
ov

=(y), Yy € 0;

e mixed condition

0
o) + 5752 = (), vy e 00,

with e and 3 being given constants.

The functions ¢, 1, and y are prescribed and are assumed to be continuous on
0. We want to outline that instead of the derivative in the normal direction v, we
can take the derivative in an arbitrary direction v = (1, Y2, -+ -, Yu)-

We have the following boundary value problems with regard to the above boundary
conditions.
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(i) The inside problem of Dirichlet, for Poisson’s equation

Au(x) = f(x), Yx € Q,
u(y) = p(y), Vy € 0Q. (2.4.3)

If the function f is given and continuous on €2 and the function ¢ is given and con-
tinuous on 02, then we call the classical solution of the inside Dirichlet’s problem,
a function u = u(x) € C(R) N C%(Q), which verifies Eq. (2.4.3); and satisfies the
condition (2.4.3),.

(i1) The outside problem of Dirichlet, for Poisson’s equation

Au(x) = f(x), Vx e R"\ Q,
u(y) = p(y), Vy € 0Q.

The classical solution can be defined analogously as in the case of the inside Dirich-
let’s problem and we must add a condition to characterize the behavior of the solution
to infinity.

(iii) The inside Neumann’s problem, for Poisson’s equation

Au(x) = f(x), Vx € @,
%(y) =1(y), Vy € 0.
(iv) The outside Neumann’s problem, for Poisson’s equation
Au(x) = f(x), Vx e R"\ Q,

0
8—“(y> = ¥(y). Yy € Q.
14

The classical solution for the inside Neumann’s problem can be defined analogously

as in the case of Dirichlet’s problem, and the classical solution for the outside

Neumann’s problem can be defined analogously as in the case of Dirichlet’s problem.
(v) The inside mixed problem, for Poisson’s equation

Au(x) = f(x), Vx € Q,
ou
au(y) +B$(y) =Xx(y), Yy € 0Q.
(vi) The outside mixed problem, for Poisson’s equation
Au(x) = f(x), Vx e R"\ Q,

0
au(y) + ﬁa—Z@) = (), ¥y € 0Q.
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The classical solution for the mixed problems, inside and outside, can be defined anal-
ogously for the case of inside Dirichlet’s problems and outside Dirichlet’s problems,
respectively.

In the case in which f(x) =0,Vx € Q and f(x) =0, Vx € R" \ Q, respec-
tively, the above boundary value problems become the boundary value problems for
the Laplace equation.

In the particular case when n = 2, we can proceed as in the case n > 3. So, we
obtain that the form of the fundamental solution is

1 1
A, & = —log—, r = Vo — €D + (- &)2.

™

After analogous reasoning to those from above, we obtain that Riemann—Green’s
formula becomes for n = 2

1 1 1 10
u(¢) = — —/ Aulog —dx + —f log ——udax
271 Jo r 21 Joq rOv

1 0 1
~ s /(mu(x)% (10g ;) do,,

and the classical potentials (2.3.13) from Sect. 2.3 become

and are called Newtonian logarithmic potential, logarithmic single-layer potential
and logarithmic potential of double layer, respectively.

Definition 2.4.1 The function u = u(x) = u(xy, x2, ..., x,) is called a harmonic
function on the domain © C IR" if it satisfies the Laplace equation

Au(x) =0, Vx € Q.

If all derivatives of second order of the function u are continuous functions on €2,
then u is called a regular harmonic function.

Proposition 2.4.1 Let u be a numerical function, u : Q — R, with the properties
u € CY(Q) and u harmonic on .
Then

Ou
/({m a(y)day =0. 2.4.4)
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Proof The result is obtained immediately if we write Green’s formula in the case
L=A,

ou ov
o (x) —u(x) o

/[v(x)Au(x) —u(x)Av(x)]dx = / |:v(x) (x)i| do,

Q oQ

and take v(x) = 1. |
The result which follows is known as the mean value theorem for harmonic

functions.

Theorem 2.4.1 (Gauss) Let Q be a bounded domain and the function u which is
harmonic on Q. Then for any ball B(&, o) so that

B(, 0) C 2, B(&,0) = B(&, 0 UOB(, o),

we have

u€) = / u(x)do,. 2.4.5)
OB(&,0)

0" 2wy

Proof We start by using Riemann—Green’s formula, written for L = A and Q =
B(&, p). We take into account that Au(x) = 0 and r = p and then we obtain

1 1 0
ue = oy / O (y)do,

n— 2)wn IB(,0) Qn72 8Vx
1
(——5>dap (2.4.6)
r-

The first integral from the right-hand member of the relation (2.4.6) is null, based on
result (2.4.4) from Proposition 2.4.1 and then

1
- u(x)
(n —2)wy /Z;B(f,g) vy

1 0
u) = — u(x) d do,
wn Jopeo  Ovx
1 or
=— u(x)=——do,. (2.4.7)
0" "Wn JoaB(¢,o) Ovy
But
or "\ Or x—Gx— &
_— = o ;= _— = 1’
vy P ox; cosa ; r r
because
M=, sir= (- =1
r




2.4 Boundary Value Problems 45

With the help of these calculations, the representation (2.4.5) is obtained immediately
from (2.4.7). [ |

The theorem which follows is known as the theorem of extreme values (or min-
max principle) for harmonic functions.

Theorem 2.4.2 Let Q2 be a bounded domain from R", with Q=QUOIQ. If the
function u : Q — R is a harmonic function on 2, then

(i) u(x) = C =constant, Vx € ,
or
(ii) the extreme values of the function u

supu(x), inf u(x),
xeQ xeQ

are reached on boundary 02.

Proof Let us first observe that the extreme values of the function u are effectively
reached, based on the classical Theorem of Weierstrass. Also, we will write the proof
only for the supremum, because the function —u satisfies the hypotheses which are
satisfied by u# and, in addition, —u takes the maximum value where u takes the
minimum value and conversely.

Assume by contradiction that

supu(x) =M (2.4.8)

xeQ

is reached in a point x° from inside of the domain Q. Then we will show that the
function u is constant for any x from the biggest ball with center in x°, contained in
Q.

Consider B(x?, rmax) the biggest ball with center in xY, contained fully in 2. We
have two possibilities

(@ u@) =u@x® =M, Vx € B(x", rmu);
(b) there is a point x' € B(x?, ripax), so that u(x') < u(x).

In the case (a), the proof is complete. Regarding the case (b), we consider the
ball B(x?, xOx!). Because u is a continuous function, we deduce that there is a
neighborhood U, € V,1, so that

u(x) <u(x), Vx € Uy.

Denote by o the set
oc=U,NOB (xo,x0x1> .

Obviously, the measure of the set o, meas(c) > 0. We denote by ¢ = xx! and
write the result from Theorem 2.4.1 in the point x© for the ball B(x°, o)
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1
u(xo) = — / u(x)do,
0" wn Jop9,9)

1
= — /M(x)de +— / u(x)do,
4 Wn Jo 1% Wn JOB(x0,0)\c
0 0
ux ux
- nEI) dUX+ nEI) dO’x
0" W Jos 0" " Wn JoB(x0, 0\

u(x%)

0
=— do, = u(x").
0" "Wn JOB(O,p)

This contradiction proves that the above case (b) cannot hold true and then we deduce
that the function u is constant in the ball B(x°, rmax).

We now arbitrarily fix a point x? in . Because € is a domain, we deduce that
is a convex set and then there is a continuous path (which is homomorph with the
segment that connects the points . x? and x?) contained fully in Q. Consider all balls
with centers on the segment x%x2, with maximum radius contained fully in €.

These balls constitute a covering of the path x9x2. The intersection of these balls
with the arch x%x2 constitutes a linear covering. But the arch x%x?2 is a compact set
and then from the respective covering we can extract a finite covering. In the area in
which the balls intersect each other in pairs, the value of the function is a constant,
the same constant for two balls which intersect. Therefore, the constant value, M,
obtained in the first part of the proof, for the first ball, starting, for instance, from
x% to x2, is transferred from ball to ball (for those from the finite covering) such as
we reach the last ball (therefore, which has center in the point x?) with the same
constant.

This reasoning is correct, since we have a finite number of balls in the covering,
we have a finite number of steps.

We proved that u(x") = u(x?) and x> was chosen arbitrarily in Q. So, we can
deduce that the function u is constant in the entire domain €2 and because u was
assumed to be continuous on 2, we deduce that u is constant on 2, and this ends the
proof of the theorem. |

As an immediate consequence of the min-max principle for harmonic functions,
we can prove the uniqueness of the solution in the case of inside Dirichlet’s problem,
attached to the equation of Poisson.

Theorem 2.4.3 Consider the inside Dirichlet’s problem attached to the Poisson’s
equation

Au(x) = f(x), Vx € @,
u(y) = o), Vy € 0Q.

If the functions f and ¢ are given and are continuous on Q2 and on 0, respectively,
then the problem admits at most a classical solution.
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Proof We mention that the result does not refer to the existence of the solution.
That is, if the inside Dirichlet’s problem admits solutions, then it can admit only one
solution.

Suppose, by absurd, that there are two solutions, denoted by u;(x) and u;(x).
Then, we define the function v by

v(x) = u;(x) — us(x), Vx € Q.

Since u1(x), usr(x) € C(Q) N C*(), we deduce that v € C() N C*(). Then,
based on the linearity, we have

Av(x) = Aui(x) — Aup(x) = f(x) — f(x) =0, Vx € @,
v(y) = ur(y) —u2(y) = p(y) —@(y) =0, Vy € 0%.

Because v is a harmonic function on the domain €2, we can apply the theorem of
extreme values for harmonic functions (Theorem 2.4.2), according to which we have
two possibilities

(i) v(x) = C = constant on $;
(i1) the extreme values of v,

sup v(x), inf v(x),
xeQ xeQ

are reached only on the boundary 0S2.

In the case (i), because v(y) =0, Vy € 02 and v(x) = C = constant on 2, we
deduce that this constant is null and therefore v(x) = 0, Vx € Q. In conclusion, we
have u; (x) = us(x), Vx € Q.

In the case (ii), because the extreme values of the function v are reached on the
boundary 0€2, and v(y) = 0, Vy € 02, we deduce that

supu(x) = inf u(x) =0,

xeQ xeQ

and then v(x) = 0 Vx € Q, that is, u;(x) = us(x), Vx € Q. [ ]
Using again the min-max principle for harmonic functions, we prove the result of
stability for the inside Dirichlet’s problem.

Theorem 2.4.4 Consider functions u;, u>: Q2 — R, uy, u» € C(Q) N C*(Q),
which are solutions for the following inside Dirichlet’s problems:

Aui(x) = f(x), Vx € Q, i=1,2,
ui(y) =¢i(y), Vy € 02, i =1,2.

IfVe > 0, 35 = 0(¢) so that
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lp1(y) —p2()] < 6, Vy € 092,

then
[ (x) — ua(x)| < &, Vx € Q.
Proof We define the function v by
v(x) = u; (x) —ur(x), Vx € Q.

Because uy, uy € C(Q) N C3() we deduce that v € C(2) N C2(R). Also, v satis-
fies the following inside Dirichlet’s problem, attached to the Laplace equation:

Av(x) = Auy(x) — Aus(x) = f(x) — f(x) =0, Vx € Q, i = 1,2,
v(y) = ui(y) —ua(y) = 01(y) — p2(y), Vy € 0%.

Because the function v is harmonic on  and v € C(Q), we deduce that we can
apply the min-max principle for harmonic functions. Then, the extreme values of the
function v,

sup v(x), inf v(x),
xeQ xeR

are reached only on the boundary 02. But on 0€2, we have

v(y) = ui(y) —us(y) = o1(y) — 2(y) =
= v = le1(y) — w2 ()] < 9.

if we take § = £, we deduce that

supv(x) < g, inf v(x) > — = |v(x)| < d(e) = e.
xeQ xeQ
In conclusion, if v is not identically equal to a constant, then the proof is complete.

If v is a constant function, then this constant is the value of v also on the boundary.
But on the boundary 02, we have

v = le1(y) — 2] < d(e) =&,

and this ends the proof of the theorem. |

Because for the inside Dirichlet’s problem, we have a theorem of uniqueness
and a theorem of stability in the class of functions f and ¢ which are continuous
functions, we say that this problem is a correctly formulated problem and the class
of continuous functions is the class of correctness for the inside Dirichlet’s problem.

If there is a solution of the inside Dirichlet’s problem, which corresponds to a
member in the right-hand side f, which is given and continuous, and to a function
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to the limit, ¢, which is given and continuous, then this solution is unique and is a
particular solution of the problem. For all possibilities of choosing the continuous
functions f and ¢, all the corresponding (unique) solutions form a family which
is called the general integral of the Poisson’s equation for Dirichlet’s boundary
conditions.

‘We want to now make some considerations on the concept of correctly formulated
problem.

Following the idea of Hadamard, a problem is correctly formulated if the following
conditions are satisfied.

(1) The solution of the problem must exist in a certain class of functions;

(ii) the solution must be unique in a certain class of functions;

(iii) the solution must continuous depending on the data of the problem (that is,
the right member of the equation, boundary conditions, initial conditions, etc.), in a
certain class of functions.

The considerations on the correctness of a mixed problem started from a famous
theorem, due to Sofia Kovalevskaia, which addresses the correctness of a Cauchy
problem in the context of analytic functions.

But Hadamard proved by a concrete example that the problem of correctness was
not completely solved by S. Kovalevskaia, because her results were related to a local
solution.

In addition, in a Cauchy problem in general the initial conditions and the right
member of the equation are not analytic functions. Moreover, in his example of a
Cauchy problem, Hadamard shows that the solution is not continuously depending
on the initial conditions. Hadamard considers the following Cauchy’s problem:

O*u . 0%u

a7~ o

0,x) = En 0,x) = _1l i
0 =0 0 = —sin
u(0, x " o , X kx,

which admits the solution

sinh kt

u(t,x) = 2 sinkx.

It is clear that
I
x sinkx — 0, for k — +o0.

However, for x # nm, n =0, £1, ..., we have

sinh k¢t .
u(t,x) = k—zsmkx # 0, for k - +o0,

that is, the problem Cauchy is not correctly formulated.
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We approach now the outside problem of Dirichlet. For this, consider the bounded
domain 2 C R”, with boundary 02 that admits tangent plane, continuously varying
almost everywhere and @ = Q U 0Q.

On the set R” \ ©, we define the problem

Au(x) = f(x), Vx e R"\ Q,
u(y) = ¢(y), Vy € 0Q. (2.4.9)

We call the classical solution for the outside Dirichlet’s problem, a function u : IR" \
Q—->RueC@R'\Q2)N C*(R" \ 2) which satisfies Eq. (2.4.9), and verifies the
boundary condition (2.4.9),. In addition, we consider the condition of behavior to
infinity

(c) Ve > 0, ARy = Ry(¢), such thatif |ox| > Ry = |u(x)| < €.

In the formulation of the outside Dirichlet’s problem and in the definition of its
classical solution, it is assumed that the functions f : R” \ € — Rand¢ : 92 — R
are continuous.

‘We prove now that for the outside Dirichlet’s problem we have a result of unique-
ness for the classical solution.

Theorem 2.4.5 The outside Dirichlet’s problem admits at most a classical solution.

Proof We emphasize that this theorem does not consider the effective existence of
the solution. The statement can be reformulated more completely in this way: if the
problem admits solutions, then it cannot admit more than one solution.

Suppose, by absurd, that the problem admits two solutions u; (x) and u,(x). Then,
we define the function v by

v:R"\ Q= R, v(x) =u;(x) —ur(x), Vx e R"\ Q.
Itisclearthatv € C(R"\ Q)N C 2(R" \5) and satisfies the problem

Av(x) = Auy(x) — Aur(x) =0, Vx € R"\ Q,
v(y) = u1(y) —uz2(y) = p1(y) — p2(y) =0, Vy € 0Q. (2.4.10)

Taking into account the behavior to infinity of a classical solution, from the condition
(c), we deduce

Ve > 0, ARy = Ry(¢), such thatif |ox| > Ry =
€
2

)] = 1 () — ()] < Jug ()] + 2 (x)] < §+ =
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We arbitrarily fix a point x° in IR” \ Q and we take a ball B(0, R), with its center
at the origin and the radius R big enough so that the ball includes the point x* and
the domain 2. Also, the radius R is taken so that R > Ry(¢/2). Consider the corona
determined by 02 and 9B(0, R) = S(0, R). From (2.4.10);, we deduce that v is a
harmonic function in the corona, and from (2.4.10), we have that v becomes null on
boundary 2. We can apply now the min-max principle for harmonic functions, and
then the extreme values of the function v are reached, either on 92 or on S(0, R).
In the first case, the minimum value and also the maximum value are null and then
v = 0 in the corona. In the second case, we have

sup v(x) <g, inf v(x)>—-c=vx)| <e¢
xeR"M\Q xelR"\Q

for any x from the closed corona.
In particular, we have [v(x")| < e = v(x%) = 0. From the arbitrariness of x°, we
deduce that v(x) =0, ¥x €R"\, that is, u; (x) =u»(x), ¥x €IR"\ Q. [ |
By analogy with the case of the inside Dirichlet’s problem, a result of stability can
be proved, with respect to boundary data, also for the outside Dirichlet’s problem.
We approach now the inside Neumann’s problem. First, in next the proposition
we prove an auxiliary result.

Proposition 2.4.2 Let Q be a bounded domain from R", having boundary 92 which
admits a tangent plane continuously varying almost everywhere and consider the
functions g € C1 () and h € C'(Q) N C*(RQ).

Then, we have the equality

Oh

f (grad g grad h + gAh)dx = / g—doy, (2.4.11)
Q oq  Ov

where v is unit normal to 02, oriented to outside of Q.

Proof The following equality is obvious:

8)(,’
= (grad g(x))(grad h(x)) + g(x) Ah(x).

0 Oh 99, Oh ~ 0%h
Z — (g(x)a—xioc)) =2 B, ® gy @ +9() ; a_x,.z(x)

i=l

Integrating this equality on €2 and, using Gauss—Ostrogradsky’s formula, we obtain

/Q [(grad () (grad h(x) + g(x) Ah(x)]dx

~ 0 Oh " oh
:/Qi_zla—xi<g(x)8—)q(x)) dx:/oﬂgg(x)a—m(x)cosa,-dax
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" Oh " h
[ s> P () cosado, = / 02 (x)do,
/89 g ; 0x; o ; g ov

and this ends the proof. |

Corollary 2.4.1 In the same conditions as in Proposition 2.4.2, the following equal-
ity holds true:

oh
/ (grad®h + hAh) dx = / h—do,. (2.4.12)
Q oo Ov
Proof The result is obtained immediately from (2.4.11), by taking g = h. |

On the domain €2, which satisfies the conditions from Proposition 2.4.2, we define
the inside Neumann’s problem by

Au(x) = f(x), Yx € @,

o)
a—u(y) =Y(y), Vy € 09, (2.4.13)
14

where f : Q > R, fe C(Q)andy : 0Q — R, 1) € C(OQ).

A classical solution for the inside Neumann’s problem (2.4.13) is a function f :
Q — R, u € C(Q) N C*(R) which verifies Eq. (2.4.13); and satisfies the boundary
condition (2.4.13),. We have the following result about the uniqueness of a classic
solution of the inside Neumann’s problem.

Theorem 2.4.6 The classical solution of the inside Neumann’s problem is deter-
mined until an additive constant.

Proof The statement of the theorem can be reformulated in this form: any two clas-
sical solutions of the inside Neumann’s problem differ by a constant, that is, if u,
and u, are two classical solutions, then their difference is a constant on 2. We define
the function v by

v:Q = R, v(x) =u;(x) — us(x),

where u;(x) Eld uy(x) are two classical solutions of the inside Neumann’s problem.
Then v € C() N C*() and

Av(x) =0, Vx € @,
@(y) =0, Vy € 02Q. (2.4.14)
v

If we write formula (2.4.12) in which 4 (x) = v(x) and we take into account (2.4.13),
and (2.4.13),, we obtain

f gradzv(x)dx =0,
Q
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and therefore

ov(x)

i

grad’v(x) =0 = =0,VxeQ, Vi=1,2,...,n,

which proves that v is constant on 2 and because v is continuous on  we deduce
that v is constant on 2. |

Observation 2.4.1 (i) Ifin the formulation of the inside Neumann's problem we add
the condition u(x®) = u®, where x° is an arbitrarily fixed point in  and u® is given,
then we have assured the uniqueness of a classic solution. Indeed, in the proof of
the Theorem 4.6 we have v(x°) = u; (x°) — ur (x°) = u® — u® = 0 and because v is
constant (as we already proved) on Q, we deduce that the value of the constant is
zero.

(ii) Taking into account the previous comments and Theorem 2.4.6, we can observe
that the inside Neumann’s problem is incorrectly formulated and therefore we will
not have a theorem of stability.

In the standard conditions imposed to the domain €2, we now formulate the outside
Neumann’s problem

Au(x) = f(x), Vx e R"\ Q,

0
a—”(y) — ¥(y), Yy € I. (2.4.15)
1%

A classical solution for the outside Neumann’s problem (2.4.15) is a function u :
R"\Q2—-> R, ue CAR"\ Q)N C*(R" \5) which satisfies Eq. (2.4.15),, verifies
the boundary condition (2.4.15),, and satisfies the conditions of behavior to infinity
that follow

lu(x)| < W’

‘8u(x) B

1
8)(,‘ - |ﬁ|(n+a)/2—l ’

=1,2,...,n, (2.4.16)

in which «, A, and B are constants and the distance |ox]| is sufficient big.
Due to the conditions (2.4.16), we will be able to prove the uniqueness of classical
solution for the problem (2.4.15).

Theorem 2.4.7 The outside Neumann’s problem admits at most a classical solution.

Proof We fix an arbitrary point x° outside of Q and consider the ball B(0, R) with
R big enough so that the ball contains the point x°, and the domain  is wholly
contained in the ball. Also, R is taken big enough so that the conditions (2.4.16) are
satisfied.

Let u#; and u, be two classical solutions of the problem (2.4.15) and we define the
function v by
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v:R"\ Q> R, v(x) =u;(x) —uy(x), Vx € R" \ Q.
Then, v € CAR" \ ) N C*(R" \ Q) and v satisfies the homogeneous problem
Av(x) =0, Vx e R"\ Q,
%(y) =0, Yy € 0Q. (2.4.17)

As far as the conditions (2.4.16) are concerned, we have

()| < lur ()] + lua(x)| < W,

Ouy(x)
8x,~

2B .
= \ox |21 !

- Ouy(x)

=1,2,...,n. 2.4.18
_‘ ox, n. ( )

v (x)
8x,-

We denote by K the corona IR” \ Q and we apply formula (2.4.12) for the corona K
andh =v

0 0
f (gradzv + vAv) dx = / v—vdax +/ v—vdax.
K o Ov oBO.R) OV

Taking into account (2.4.1); and (2.4.1),, the above equality becomes

0
/gradzvdx:/ v—vdax.
K OB(0,R) v

Considering the evaluations (2.4.18), we obtain the bounds

0
/gradzvdx 5/ V| | —
K 9B(0,R) 0

1 cwy,
<c —mador = ——,
OB(O,R) OX R

and therefore
/ gradzvdx — 0, R — oc.
K

It is clear then that gradv = 0 = % =0,i=1,2,...,n,thatis, v is constant in
the corona. But from (2.4.18); we obtainthatv — 0, x — oo and thenitis necessary
that v = 0 is in the corona. [ |

At the end of this chapter, we will make some considerations on the boundary
value problems in the case in which the Laplace operator is replaced with an arbitrary
elliptic operator.
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On the bounded domain 2 C IR", we define the elliptic operator L by

Lu(x) = ZZaU(x)au(x) Zh(x)

i=1 j=I1

+ c(x)u(x), (2.4.19)

where a;; = a;; € C2(Q), b; € CY(Q), and c € CU(Q).
If the function f : 2 — IR is continuous, then we call the regular solution of the
equation
Lu(x) = f(x), Vx € Q (2.4.20)

afunction u : Q@ — IR, u € C*(2) which replaced in (2.4.20), transforms it into an
identity.

In the following theorem, we prove the non-existence of a positive relative max-
imum (of a negative relative minimum respectively) for a regular solution of Eq.
(2.4.20).

Theorem 2.4.8 Suppose that the domain 2 and the elliptic operator L satisfy the
standard hypotheses and consider a regular solution u(x) of Eq. (2.4.20). Then, we
have two alternatives

(i) If

(@) c(x) <0, and f(x) <0, Vx e Q

or

() c(x) <0, and f(x) <0, Vx € Q

then u cannot have a negative relative minimum in .

(i) If

(c) c(x) <0, and f(x) >0, Vx € Q

or

d) c(x) <0, si f(x) >0, Vx eQ

then u cannot have a positive relative maximum in 2.

Proof (i) Taking into account (2.4.19), we can write
Lu(x) —c(xu(x) = f(x) — c(x)u(x)
= Z Za,, () ”(x) Zb (x)a”(x) (2.4.21)

i=1 j=1

Suppose, by contradiction, that although the conditions from (a) or (b) are satisfied,
the function u, which is a solution of Eq. (2.4.20), has a negative relative minimum,
which is reached in the point x° € Q.

Then, according to the conditions of the minimum, we have

u(xo) <0,

g—xk(xo) =0, k=1,2,. (2.4.22)
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"~ Pu

5D @EONA >0, VN eR, k=1,2,...,n.
XrOXg

k=1 s=1
Using conditions from (a) or (b) and the relations (2.4.21) and (2.4.22);, we obtain

(Lu(x) — c()u(x)) 0 = fF(x%) — c(xHu(x® < 0. (2.4.23)
We define the matrices A = [a;;] and P = [p;;], where

O*u

0
x,-(‘?x_,— (x )

Dij = b
Taking into account (2.4.22),, we deduce that the matrix P is positive definite. We

can now write

n n

(Lux) = c(u(x)) o = Y aij(x”)

i=1 j=1

= ZZa,-j(xO)pij =tr(AP).

i=1 j=1

2u

0
ax,-(“)xj

(x°)

Denote by H the orthogonal matrix, H -1 — HT for which H~'AH = I.

Itis well known that the trace of a matrix is the sum of eigenvalues of the respective
matrix.

Also, it is known that the self-values of a matrix are preserved if we multiply the
respective matrix, on the left side by H~' and on the right side by H, where H is a
non-degenerate matrix. Therefore, we can write

tr(AP) =tr(H 'APH) =tr(H 'AHH 'PH).
Because H'AH = I and H~! = H”, we have
tr(AP) =tr(H'PH) =tw(H" PH)
and if we denote by g;; the elements of the matrix H~', we deduce

tr(AP) = Z Z Z Pijqikg jk

k=1 i=1 j=I

n n n n n n
= Z ZPijCInC]jl + Z Z Pijgi2qj2 + -+ Z ZPijCIinq]’n~
i=1 j=I

i=1 j=1 i=1 j=1
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Each term of the sum on the right-hand side is positive, based on the fact that the
matrix P is positive definite. Finally, we obtain

(Lu(x) — c()u(x)),—po = tr(AP) = 0,

and this is in contradiction with relation (2.4.23). The contradiction has appeared
because we assumed the existence of a negative relative minimum.

(i1) Suppose now, by contradiction, that although the conditions (c) or (d) hold
true, u admits a positive relative maximum and this maximum is reached in the point
x! € Q. Then, based on the definition of a point of relative maximum, we have

ux" >0,

B
a—;(x1)=0, k=1.2.....n. (2.4.24)

n n azu |
ZZ@ S A <0, VM eR, k=1,2,...,n.
=1 s=1 OFkOXs

Taking into account (2.4.19), we deduce
(Lu(x) — c)u(x)) e = fFx°) — c(xMu(x% > 0, (2.4.25)

the last inequality is due to the conditions (c) or (d) and to condition (2.4.24);. On
the other hand, with the help of condition (2.4.24),, we obtain

(Lu(x) = cu@) o = Y Y a;(x")gy =w(AQ),  (2.4.26)

k=1 s=1

where we used the matrix notations A = [a;;], Q = [g;;], with

qgij =

From (2.4.24)3, it is deduced that the matrix Q is positive definite. Because the matrix
A is positive definite in any point from €2, we deduce that there is a orthogonal matrix
H, H'=H",sothat H'AH = 1I.

Then, based on the considerations made at the point (i) on trace of a matrix, we
can write

tr(AQ) = te(H 'AQH) =tr(H"'AHH 'QH)

=t(H 'QH) = ZZ Z%‘jhikhjk’

k=1 i=1 j=1
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where h;; are the components of the matrix H~' = H”. Therefore,
n n n n n n
tr(AQ) = Z Z Pijging 1 + Z Z Pijqi2qj2 + -+ Z Z Pij4ing jn»
i=1 j=I i=1 j=I i=1 j=I

where each term of the sum on the right-hand side is positive, based on the fact that
the matrix P is positive definite. Finally, we get that

(Lu(x) — c(xX)u(x)) =y =tr(AQ) =0,

and this is in contradiction with relation (2.4.25).

The contradiction has appeared because we assumed the existence of a positive
relative maximum. |

It is clear that any absolute maximum is also a relative maximum and then a
condition of non-existence of a relative maximum is surely a condition of non-
existence of an absolute maximum. We have an analogous comment in the case of a
minimum.

As animmediate application of Theorem 2.4.8, we will prove a theorem of unique-
ness of the solution for the inside Dirichlet’s problem, in the general case of an elliptic
arbitrary operator.

Lu(x) = f(x), Vx € Q,
u(y) = ¢y, Yy € 09, (2.4.27)

in which €2 is a bounded domain from IR"” and the elliptic operator L is defined
in (2.4.19). The functions f and ¢ are definite and are continuous on €2 and on
0%, respectively. As usual, the classical solution for the inside Dirichlet’s problem
(2.4.27) is a function

u:Q—->R, ueC(QnNCi)

which verifies Eq. (2.4.27); and satisfies the boundary condition (2.4.27),. In the case
of an outside Dirichlet’s problem, we must add in addition a condition of behavior
to infinity.

Theorem 2.4.9 Ifc(x) <0, Vx € , then the inside Dirichlet’s problem admits at
most a classical solution.

Proof Suppose by absurd that the problem (2.4.27) would admit two classical solu-
tions u; and u,. We define the function v by

v:Q = R, v(x) =u;(x) —us(x), Vx € Q.

Based on the properties of the solutions u#; and u,, we deduce that v € c'@©@n
C?(R) and v satisfies the homogeneous Dirichlet’s problem
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Lv(x) = Luy(x) — Lup(x) = f(x) — f(x) =0, Vx € Q,
v(y) = ur(y) —u2(y) = p(y) —@(y) =0, Vy € 0R2.

Taking into account the hypothesis c(x) < 0, we deduce that we have the same
conditions as in the cases (a) and (¢) from Theorem 2.4.8, and therefore v does not
admits neither a negative relative minimum nor a positive relative maximum. Thus,

supv(x) <0, inf v(x) >0

xeQ xeQ

and because v(y) = 0, Vy € 992, we deduce that v = 0 on Q. |



Chapter 3 ®)
The Theory of Potential e

3.1 The Newtonian Potential

The Newtonian potential, or the potential of volume, associated to the Laplace equa-
tion Au = 0 is, by definition, the following improper integral:

Ly

X
(n—2w, Jg rm=2 "

U@ =— (3.1.1)

where r = r¢, = ‘g_x‘ = [Y (x— £)?, and w, is the area of the unit sphere from
\i=i

the n-dimensional space IR".
For simplicity of writing, we use the notation

Sx)
= 3.1.2
o(x) =2, ( )
Then, the Newtonian potential can be written in the form
U :/ 209 41 (3.1.3)
Q"

The function p(x) defined in (3.1.2) will be called in the following, the density of
the potential of volume.

In the particular case when n = 2, we have the so-called logarithmic Newtonian
potential

1 1
U, &) = 2—/ S (x1, x2) log —dxidx,
T™JQ r
or
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1
d
V&1 =€)+ (0 — £)?

xld)Cz,

U &) = /Q ox1. x2) log

where

1
0(&1, &) = 7 S (x1, x2)
T

is the density of the logarithmic Newtonian potential.
In the proposition which follows, we prove a first property of the Newtonian
potential.

Proposition 3.1.1 For V¢ € R" \ Q, we have that U (§) € C* and
AU =0,

that is, the Newtonian potential is a harmonic function outside of the domain 2.

Proof If we can derive under the integral sign, then we apply the Laplacian in (3.1.3),
and we obtain

1
AU = / o(x)A¢ (W) dx =0,
Q r

1
Al o) =00

Since the set IR” \ Qis open, we deduce that any point £ is inside, and therefore, we
can consider a compact set K which contains § and which is located at a distance d
from . Obviously, we have d(&, x) > d, and then

because, as is well known

1 1 1 1
pn—2 = dn—2 i/;ZQ()C),-H—ZdX = Lg(x)dn—2dx'

We can now derive an infinity of times under the integral sign. Each time we obtain
convergent integrals. Obviously, U (§) is continuous and therefore integrable in the
Riemann sense. This is the justification for the fact that we can derive under the
integral sign in (3.1.3) and then, taking into account the above considerations, the
proof is complete. |

In the following, we will have the following goals:

e we will find sufficient conditions for a better definition of the potential of volume;

e we will identify the conditions in which the derivatives of the Newtonian potential
are continuous functions;

e we will determine the conditions in which the second derivatives of the Newtonian
potential are continuous functions;
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e we will establish the partial differential equation satisfied by the potential of vol-
ume and under what conditions it is.
We should note that all these conditions will be imposed to the density o.

Theorem 3.1.1 Assume that 2 is a bounded domain and the density o is a bounded
Sfunction on Q. Then, the Newtonian potential U () and the derivatives of first order
are continuous functions in the whole space R",

oU o
a—gk(g)eam ), k=1,2,....n.

In addition, we have

ou 0 1
5_&(5)2/99()6)0_&( (r”—2>dx, k=1,2,...,n.

Proof Clearly, the potential of volume U (£) becomes infinite if ¢ = x. Together with
the function U (&), we consider another function, defined everywhere on €2, which
will be called the regularization of the function 1/7"~2. Thus, for V6 > 0 we define
the regularization g5 by

1 [rtp2 2]
gs = { 52 [ r » 6"] ’ "f’" =0 (3.1.4)
— Jifr > 4.

As we can see from the definition, the regularization gs is a function of class C'
for r < ¢ and also for r > §. We intend to prove the continuity and continuous
differentiation of the regularization g; for r = 9.

Obvious for the limit on the right-hand side, we have

1

Then, the limit on the left-hand side is

1 [n+p—-2 n-—=26" 1
0—0) = — — ,
gs( ) 6"—2[ » » 6P} 52

and these two lateral limits ensure the continuity of the function g5 for r = 4.
We now compute the lateral derivatives

99;(6+0) 9 (L) s = @) — &
o o \rm2)T T

rn |r:(57

and, respectively,
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9g5(6 — 0) (n—2r’~" x — & xi — &
= - ) |r:6 = (2—1/1) |r:(57
O& ontp r o
which proves that the function g5 is differentiable for r = §.
Using the procedure by which we associate a Newtonian potential U () for the
function 1/7"~2, we will associate to the regularization g; “the potential” Uy, by

Us(&) =/QQ(X)9<5(r)dx.

We will prove that U;(&) is uniformly convergent, with respect to & and x, to U (&)
for § — 0. Because the function g5 is continuous, as a function of £, and p is, by the
hypothesis, a bounded function, we deduce that Us(€) is a continuous function, as a
function of £. If we prove that Us(€) is uniformly convergent to U (£), we obtain a
sequence of continuous functions {Us}, indexed on values of d, which is uniformly
convergent, and therefore, its limit is also a continuous function. In this way, we
deduce that the function U (£) is continuous.

So, we need to prove the uniform convergence of the sequence {Us}. To this end,

we have
1
1056 - U@ = | [ o0 | asr) ~ 5 ]

1
/ o(x) [ga(r) - “} dx
B(&.0) r
1 n+p—-2 n-—-2 rP 1
— — d
/B(f,é) o(x) |:§n—2 p D=2 rn—2:| X

= =Y DU ==t
= — X r— X C2 — dx
0" Jpe.s 0" Jpe.s BE.s "7

co 0"w, ¢ 0"w, 0 pn—1 d
- 6n—2 n 5n—2 + wn 0 n—2 r
Cown ClWn CoWy
= 8+ 52 5%,
n n n

Here, we pass to the generalized polar coordinates and we use the fact that the area
of the unit sphere from the space IR” is denoted by w,,.

It is clear that the last three terms do not depend on ¢ and, also, do not depend on
x. Then, the above evaluations lead to the conclusion that

|Us(§) — U] — 0, ford — 0,

and this ensures the uniform convergence of Us(§) — U ().
‘We now want to prove that



3.1 The Newtonian Potential 65

U5 (&) 9 1 :

where the convergence to x; is uniform with respect to €. We can see immediately that
X 1s in fact the derivative of the function U (&) with respect to ;. For the moment, we
suppose that this uniform convergence is proven. Because the functions dg;/0¢; are
continuous on IR”, we deduce that the functions QU /9¢; are continuous on IR”. Thus,
we deduce that the functions yx; are continuous, as a uniform limit of a sequence of
continuous functions. Moreover, using a classical theorem of mathematical analysis
(namely, the closing property of the operator of differentiation), we know that if
the sequence {1)5(x)}; is uniformly convergent with respect to x to ¥ (x), for § —
0 and the sequence {Ov;s(x)/0xi}i is uniformly convergent with respect to x to
the function ¢y (x), then the sequence {v5(x)}; is differentiable term by term and
@ (x) = OP(x)/0xy.

In our case, if we prove that the sequence {OU;(&)/0¢;}s is uniformly convergent
toy;,foreachi = 1,2, ..., n,we will deduce, according to the above considerations,
that the functions ; are continuous and x; = AU (§)/9¢;.

The uniform convergence is deduced from the evaluations

G B 096 9 (1
PO | =| [ o[ E - L (5 |ex

aga(f)_i< 1 )}d
/B(f.&) Q(x)[ 0&; & \ rn2 X

0 0 1
cof |EOlarf |2 (L)
B | 9& By |0& \r
—2 P 2wl — &
SR P KT
o B.s) OF B(,0) r
2
Sc(n—l) dx+(n—2)c/ 1d)c
N T B T

— 2w,
< M(S +c(n — 2)w,0,

where c is a constant which bounds the following quantity from above:

sup o(x).
x€B(E,0)

The other bounds from above are obvious. Based on the last inequality, it is deduced
immediately that if § — 0, we have

oU5(&)
9¢;

— xi(§),
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the convergence being uniform with respect to &, because the last terms from the
above evaluations do not depend on choice of £. With this, the theorem is proven. H

According to the outline from the beginning of the paragraph, it only remains to
determine the sufficient conditions for which the second derivatives of the Newto-
nian potential exist, under what conditions these second derivatives are continuous
functions and which is the equation with partial derivatives of second order which is
satisfied by the potential of volume. All these results are obtained in the following
theorem.

Theorem 3.1.2 Suppose that Q2 is a bounded domain from R", with the boundary
02 having a tangent plane continuously varying almost everywhere. If the density
0 is a function of class C°(Q) N C(Q), and the derivatives Dp/dx; are bounded
functions on 2, for all indicesi = 1,2, ..., n, then

(i) all derivatives 82U(§)/8§i2, i=1,2,...,n exist and are continuous;
(ii) U (&) verifies the equation

AU = f(©) = —(n — Dw,0(§), V€ € Q.

Proof (i) We are in the hypotheses of Theorem 3.1.1 and thus have

ouE) o (1
9 /Q e 5 (_2> -

Taking into account that

we take into account the symmetry in x and £ of r and therefore write

8wa__/‘(%g<
0& n Q o 8x,~ r

Because the density o is of class C', we can write

1 1
oU©) = _/ 92 |:Q(X)rn—2:| dx + Oo(x) —d

—_— X
8&‘ ani Q Ox; e

)dx. (3.1.5)

1
n—2

and after application of the Gauss—Ostrogradsky formula (which is allowed by the
hypothesis on the boundary 0<2)

U© _ I dox) 1
8—& = /asz o(x) = cos a;doy +/Q Ox, 7 dx. (3.1.6)
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The first term from the right-hand member of the formula (3.1.6) is a function of class
C because it only depends on ¢ only by means of 1/7"~2, and r"~2 # 0, because
x € 02 and ¢ € IntS2. The second term from the right-hand member of the formula
(3.1.6) is an improper integral, of the same type as the Newtonian potential, but
instead of the density o, 0o/0x; appears. Based on the hypotheses of the theorem,
we deduce that Jo/0x; can play the role of the density o, that is, we are in the
hypotheses of Theorem 3.1.1. Therefore is allowed to differentiate with respect to
& in the second integral from the right-hand side of the formula (3.1.6). Thus, we
deduce that 9*U (€)/ 8{1-2 exists, and these derivatives are continuous functions.
(ii) By differentiating in (3.1.6), we obtain

PUE) 1 do(x) O 1
o8 ‘_/ ()_f <_>C°So‘id”"+/g o a_fi(r"-Z)dx

We now take into account the considerations on which the formula (3.1.5) is based,
and then the above relation becomes

PUE) 0 1 do(x) 0 1
o0& ‘/mg(x)a_m (r"_2>c°said”"_ o Ox axl< )dx GLD

We sum up the derivatives from (3.1.7), by all values of i = 1, 2, ..., n and we take
into account the definition of the derivative in the normal direction and the definition

of the gradient
1
v, \rn2 4o

/grad o(x) grad, ( ! )dx (3.1.8)

AU(E) = /a )

The second integral from (3.1.8) is an improper integral, having a singular point for
x = £. We will isolate the point £ with a ball B(£, §) and we work on the corona
Q\ B(&, ). So, we have

/grad o(x) grad, ( : >dx

1
= lim grad, o(x) grad, <—2> dx
0—0 Q\B(£,0) r—

1 0 1
= lim / o(x)A, ( )dx —i—/ o(x)— <—) do, +
5—’0{ Q\B(.6) 09 Ovy \rn=2
e 50; () )
Q x a 5 UX b
DB(E,6) O, \r2

in which we take into account the formula (2.4.11), from Chap. 2.
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But in the corona Q \ B(&, J), we have

and then the above formula becomes

1
/Qgradx o(x) grad, (rn—_z) dx

[ e (s ) do+1 0 (=) d
= —— im ,
09 o v, \r"2 7T 9B(.5) e Ov, \r"2 o

so that if we replace in (3.1.8), we obtain

AUE) = 0 (L )a 7 (-L)a
¢ (f)—/mg(x)a—yx <r"_2) Ux_/(?QQ(X)an (r”2> Oy

0 1
=-—1i — | — | doy,
520 OB(E,D) o) Ovy (”"_2> 7

that is 5 |
AU =—11 —_— do,. 3.1.9
WO =—tim | 0w (,,nz) 2 (3.19)
But
0 1
li —— ) do,
520 OB(£,0) o) Ovy <”"_2> 7
(n — Do T w2 (—L 1
= - , lim _— .
" “ d—0 63(5,6) ol 8I/x (n — 2)0.)” r”72 g

= (n — 2wy 0(8),
the last part is obtained from the fact that

1 1

(n —2)w, r"—2

is a fundamental solution for the Laplace operator.

Also, we take into account the fact that the normal v is outside to the corona
Q\ B(&, 0), therefore inside with respect to the boundary 0%2.

Then from (3.1.9), we deduce that

AU(§) = —(n = 2w, 0(§) = f(8), V€ € Q,
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and the proof of the theorem is complete. |

We now intend to prove that the results from Theorem 3.1.2 remain valid if we
replace the condition that the density o is continuous differentiable with the weaker
condition that the density o is a local H6lder function on €.

We recall that if €2 is an open set from IR”, a function / : Q2 — IR is local Hélder
on  if the constants K > 0 and « € (0, 1] exist so that

|h(x) —h(X)] < K [xX]*, (3.1.10)

for any two points x, X € 2. We denote by |xx| the distance between the points x
and x. The constant « is called the Hélder exponent of the function %, and K is the
Holder constant of the function 7. We must outline that in the particular case when
a = 11in (3.1.10) we have the Lipschitz condition.

The function 4 is local uniformly Hélder on Q2 if it satisfies the condition of H6lder
on any compact set from €2. Therefore, a from (3.1.10) is the same for any compact
set from €2, and the constant K is the same irrespective of compact set from €2.

Observation 3.1.1 [°. If a function h is locally Holder on a compact set, then h is
continuous on the respective compact set.

2°. The condition of Holder is of interest for points x and X close enough, and in
this case, it can be seen that the restriction that a function h be Hélder is weaker
than the restriction that h be a Lipschitz function.

A classical result from mathematical analysis proves that any function 4 which is
locally uniform Hélder can be approximated, uniform on compact sets, with H6lder
functions /1, having the same Holder exponent as i, with functions %, continuously
differentiable. Usually, the approximate functions, % ,, are polynomial functions. For
instance, if /4 is a local H6lder function on €2 and in addition /4 is continuous on €2,
then & can be approximated by a sequence of polynomials {%,}, of the form

1 1 1 1 n
hp(x):c—n/I/l.../lh(x)l_[[1—(x,»—§,»)2]pdx1dx2...dxn, (3.1.11)
Y - i=1

where p is an integer number, p € IN, £ = (£1, &, ..., &), x = (X1, X2, ..., X;)
and the constant ¢ is given by
1
c=/ (1—1%)dr.

1

We can verify, without difficulty, that the polynomials 4, from (3.1.11) have the
properties:

(i) hp are locally HSlder functions on €2 with the same Holder exponent as the
function #;
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(ii) if p — oo, then the sequence {h,}, converges to &, uniformly on compact sets
from Q;

(iii) the functions &, are of classC™.
In the following theorem, we prove that the results from Theorems 3.1.1
and 3.1.2 remain valid even if we give up the very restrictive hypothesis that the
density o is a function of class C' and we introduce the hypothesis that g is a
locally Hélder function.

Theorem 3.1.3 Assume that 2 is a bounded domain from R" with the boundary
OS2 having a tangent plane continuously varying almost everywhere.

If the density o is a continuous function on 2 and o is locally uniform Hélder on
Q, then

(i) the derivatives agg(f) exist and Od’égf) fori=1,2,...,n and these derivatives

are continuous on 2;
(ii) the Newtonian potential U (§) satisfies the following Poisson equation:

AU(©) = f(©) = —(n—w,0(8), V€ € Q.

Proof Letus observe, first, that if the density ¢ would be a continuously differentiable
function, then the relation (3.1.7) could be written in the form

U 0 1
(%gf) =/ ‘Q(_x)a <W) cos oy doy

1
/—[@(x)—g(f)] _ (rnz)dx, (3.1.12)

in which we take into account that o(&) is constant with respect to x.
The last integral from the right-hand side of the relation (3.1.12) can be trans-
formed, by applying Gauss—Ostrogradsky’s formula, as follows:

/ = [o(x) — 0(9)] o ( 2) dx

0 1
- / [[Q(x)—g(é)] ( 2>]dx

Q
- f [006) = 0©) 5 ( )
Q

0
_ f lo(x) — 0(©)] a—( )cosa do,
oQ Xi

82
- / [006) — 01 5 )
Q

We introduce this evaluation in (3.1.12) and we obtain
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Q?U (&) 0 1

(x) )62<1)d (3.1.13)
+/Q[Qx _Q(“a_x,? 2 ) dx -1

We want to outline that (3.1.13) is, in fact, just an equivalent formulation of the
formula (3.1.7), obtained using the hypothesis that the density o is a function of
class C', because at a given moment, in the deduction of the formula (3.1.7), it is
essential that the density o is of class C'. On the other hand, at least formally, in
(3.1.13), which is equivalent to (3.1.7), the condition that o is of class C' is not
needed. From here comes the idea to approximate the density g, which was assumed
to be locally uniform Hélder on €2, with polynomial functions g,, as in the preamble
of the statement of Theorem 3.1.3.

In this sense, we define some Newtonian potentials, which are analogs of the
potential U (§), having as density the functions o,

1
Uy(€) = / 0p(¥) —— dx. (3.1.14)
Q r

If we take into account that g, are polynomial functions, therefore at least of class C',
it means that we are in the hypotheses of Theorem 3.1.2 and then for the Newtonian
potentials U,,, we have a formula analogous to (3.1.13)

PU,E) 0 1
8—552 = 0p(&) /asz o <r”_2> cos a;do
P [ 1 ,
+/Q[gp(x) —gp(g)]a—xj2 (r_z) dv, i=1,2,...,n.  (3.1.15)

By analogy with the result from Theorem 3.1.1, we have

oU,©) o (1
3 ‘ﬁ”@%(wﬂm'

Now, we introduce the notation

0 1
vi(§) = 0,(&) /69 o <r"_—2) cos a;do,
o ! dx, i=1,2 3.1.16
+/Q[Qp(x)—9p(f)]a—xi2(rn2> x,i=1,2,....n. (3.1.16)

If we prove that

BUL©
plingoa—g} = (), (3.1.17)
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the limit taking place uniformly with respect to &, on compact sets, we get that on
any compact set from €2, there is

PUE)
o8}

and this derivative coincides with v; (§), for each i in part,i = 1,2, ..., n, because
in agreement with a theorem of classical analysis, the operator of differentiation is
a closed operator. Thus, we prove that the uniform convergence from the relation
(3.1.17) holds true.

From (3.1.15) and (3.1.16), we have

0?U,(€) 0 1
‘6—52—%’(5)‘ = |Qp(f)—9(f)|/m o, <r"_2) cos o | doy
o 1 d 3.1.18
+/Q|gp<x)—gp<s)—@<x>+g(x)} W(ﬁ) x. (3.1.18)

It is clear that the surface integral from this formula is convergent because the inte-
grand is a function of class C*°, and therefore, we can write Ve > 0, Ipy = po(e)
so that for any p > po(e) we have

0 1
|Qp(§) - Q(f)| /(‘;Q ‘8_161 <I"”__2> COS «;

uniformly with respect to &, on compact sets from 2.
For the volume integral from (3.1.18), we consider a ball B(¢, 9), with ¢ small
enough, and write the integral in the form

do, < % (3.1.19)

dx =1+ L, (3.1.20)

o (1
/Q |0p(x) = 0,(&) — 0(x) + 0(x)| ox2 (rn_z)

where

? 1
I = /Q\B(w) |0p(x) — 0,(&) — 0(x) + o(x)| ‘8_1612 <r”_—2> dx,

> (1
n=| oy 2700~ 2O = o) + 00| ‘W(ﬁ) o

‘We have the estimate

>’ (1
1 - — -
= [ Tl = @]+l - o) 57 ()

1

because p is big enough and ¢, — o, for p — o0.



3.1 The Newtonian Potential 73

o* (1
ox} \rn=2
is bounded, because on the corona Q2 \ B(&, §) we cannot have x = &.

Taking into account that the functions ¢, and g are local H6lder, for I, we have
the evaluations

Also, the quantity

)

X

O? 1
L < /B(w [|op(x) = 0,(©)] + lo(x) — 0(©)] ‘6_x,2 (r,,—_2> d

1
< KO/ re dx < Kl/ r‘”de
B(&.9) Bes O

5
= Klwn/ o ldr = K w,6°.
0

2—n)n

rn

This inequality leads to the conclusion that I, — 0, as § — 0, because « € (0, 1].
We can thus, write that I < ¢/4 and, because we also have I} < /4, we deduce that
the volume integral from (3.1.20) is not greater than /2. With this observation and
taking into account (3.1.19), from (3.1.18) we deduce that the uniform convergence
(3.1.17) holds true. |

3.2 The Solid Angle

Consider a surface S with two faces which, conventionally, are called the outside face
and the inside face, respectively. If the surface S is closed, then the part contained
inside of the surface will be called the inside face and the other one, the outside face.

If S is a closed Jordan surface, that is, S is the homeomorphic image of a sphere,
then we can apply Jordan’s theorem, according to which the open set R" \ S is a
reunion of open disjoint components.

If S is the sphere which corresponds to the closed Jordan surface S, then the open
sets R” \ § and R” \ §; have the same number of connected components.

In general, if K; and K, are two compact sets and homeomorphic sets, then
the sets R” \ K| and R" \ K, can be decomposed in the same number of connected
components. In the case of the sphere S}, the set R” \ S is a reunion of two connected
components: the inside and the outside of the sphere, respectively. Therefore, using
Theorem of Jordan, if S is a closed Jordan surface, then R” \ § are two connected
components which will be the two faces of the surface.

We can therefore reformulate Jordan’s theorem: any closed Jordan surface has
the property that after its elimination from the space IR”, we obtain two connected
components. The inside face will be the homeomorphic correspondent of the inside
of the sphere, and the outside face is the component which “looks” to the unbounded
component of the set R" \ Sj.
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When the surface S is not closed, the two faces are established conventionally
and will also be called the inside face and the outside face, respectively.

In the following, consider those surfaces S which have the following properties
which we will call standard properties:

1°. § has two faces;
2. S admits continuously varying tangent plane, in any of its points;
32, S is a union of the form
m
s=Js
k=1

having the property that for & ¢ S, the vector {x cuts the surface S in a single
point, or S; belongs fully to a cone with the top in €. Also, the surface S admits
a continuously varying tangent plane in any its points.

Observation 3.2.1 (i) If £ “looks” at the inside face of the surface S, supposed be
closed, then

/ ({x,ﬁx) < % (3.2.1)

Now, we can make the convention that for a given surface, its inside face is the face
for which (3.2.1) holds true. Consequently,

cos ({X, 7736> > 0 = signcos ({x, ﬁx) = +1.

In these considerations, nx represents the outside normal to the surface S, in the
point x.
(ii) If € “looks” at the outside face of the surface S, supposed to be closed, then

V4 (fx, fo> > g = cos (f} Tﬁc) < 0 = signcos ({x, n?c) = -1

Definition 3.2.1 Let S be a surface with the above standard properties and, in addi-

tion,
s=[Js.
=1

Consider apoint¢ ¢ S. We will call a solid angle under which a surface S; can be seen
from the point &, the area of the portion from the unit sphere 9B(¢, 1) intercepted
by the vector radius £x, when x travels through the surface S;.

The solid angle is denoted by w(&, S;) and the area from its definition is taken with
the sign “+” in the case in which £ looks at the inside face of the surface S; and with
the sign “—” when £ looks at the outside face.



3.2 The Solid Angle 75

Observation 3.2.2 Because & ¢ S, we deduce that & can see the portion S; of the
surface S only either from the inside of the portion S, or from its outside.

Denote by %; the projection on the sphere dB(&, 1) of the portion S;, obtained with
the help of the vector radius &x,

E[ = Prag(g’l)sl, [ = 1, 2, Y /4

Then, the solid angle can be written in the form
W, S) = / sign cos ({x, 7]3() do,. (3.2.2)
%

Because the portions S; only have surrounding curves in common, which are sets of
null measure, we deduce that the solid angle receives the form

w(&, ) = Z/ sign cos fx nx) do, _/ sign cos (fx,ﬁx> do,, (3.2.3)
5

where ¥ is the projection on the sphere 9B(¢, 1) of the whole surface S and the
projection is carried out with the vector radius £x.

Theorem 3.2.1 [f the surface S has the above standard properties and & is a point
so that & ¢ S, then

w(E, S) = —L 0 <L)dax. (3.2.4)

8y pn—2

Proof We connect the point { with an arbitrary point x of the surface S. Denote
by K the lateral surface of the cone determined by the vector radius {x. Also, we
denote by X the portion intercept by this cone on the sphere OB (£, R), with the
center in the point £ and having the radius R. We obtain a body delimited by the
surfaces S, Xz and K. We denote this body by 2 and we have ¢ ¢ Q. According to
one consequence of the formula of Green, if the function « is a harmonic function
on the closed domain €2, then

Ou

—do =0,

oq Ov

where v is the outside unit normal to the surface 0<2.

Because ¢ ¢ Q, we deduce that £ # x, Vx € €, and then the function 1/r"2 is
harmonic on the domain €2 and according to the above reminded consequence of the
formula of Green, we have

0 1
/ma—yx(rn 2)‘1“‘ =0
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that is

0 1 0 1 0 1
/;:R o (r”2>dax+/58_ux <I’"_2) de+£{ o (,mZ)da’X =0.

(3.2.5)

Taking into account the definition of the surface K, we have

0 1
/Ka_yx<r" z)dox—O

because

0 1 1 - x,-—f,- 1 N
8_1/x<m>:(2_n)r”1 2.~ Cosa,'=(2—n)rn—71 (fx,ux):o.

Indeed, on the surface K we have {x L v/, and then the scalar product (5} 17X> is

null.
The relation (3.2.5) holds true for any R and then we can take R = 1 and with
the above considerations, (3.2.5) becomes

0 1 0 1
—_— do, —_— do, =0. 3.2.6
/21 v, <r" 2) 7 /;81/,( (r” 2) o ( )
On the other hand,
0 1
do, =2 —
-/21 vy (rn 2) 7= n)/
xi—&xi—§ 1
—@2=m fz ) ; ————doy=-Q2-n) fz prELCY

because the normal is a unit vector and therefore

glxl €l_
Z - — =1

i=I

Xi — fl
E cos o;do,
i=1

r

Using a convenient change of variables, we deduce that

0 1 1
/;1 vy ( n=2 )dax—(n—Z) 5, "7

=(n-2) dop=m—2)w, X)) = —-2)w,DS). 3.2.7)
P
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If we replace (3.2.7) in (3.2.6), we obtain
0 1
(n —2)w(¢, S)—i—/— —— )do, =0,
K 81/)( V"72

from where the formula (3.2.4) is derived and the proof of the theorem is complete. l

3.3 The Double Layer Potential

Definition 3.3.1 We call the following integral the double layer potential of the

surface:
o () e
(1 =2wa Joa Ov, \r"—2 x -9-

where w,, is the area of the unit sphere from the space R".
We use the notation

1
—u(x) = o(x)

n

and the function p(x) will be called the density of the double layer potential. We can
therefore rewrite the double layer potential in the form

W) = ! 0 ! d 332
(5)——m/m Q(x)a_vx <r"_—2> Ox- (3.3.2)

If we avoid the conditions imposed on the surface 02 and we differentiate formally
under the integral sign in (3.3.2), we obtain

1 0 1
AW (&) = Ta_2 . Q(X)Afa—yx <r"_—2) doy

S / -2 (8 (L) ) do, =0
T on=2 m”aux S\ 2 v =5

and this relation holds true for V¢ € © and for V¢ € R” \ Q.

Therefore, the double layer potential satisfies the Laplace equation, and therefore,
it is a harmonic function, on the inside and also on the outside of .

Let us analyze what conditions must be imposed on the boundary 0<2 so that the
differentiation under the previous integral is rigorous.

Definition 3.3.2 The surface S is called a Lyapunov surface if it satisfies the fol-
lowing conditions:

(i) S admits the tangent plane for any of its points;
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(i1) dap > 0 so that for Vx € S, the ball B(x, ap) has the property that the parallel
in any of its point to the normal v intersects the portion B(x, ap) N S in a single
point;

(iii) The versor of the normal in any point of the ball B(x, a) is a uniformly H6lder
function, that is

Vxi, x2€B(x,a0) IA>0, € (0, 1) so that |vy, — vy, | < Alxixa|*;

(iv) The solid angle under which any portion from the surface S is seen, in an
arbitrary point, is a bounded function.

Proposition 3.3.1 The double layer potential can be written in the form

COs

W®=/9m do,, (3.3.3)
IR

rn—l

where we denote by o the angle between the vector radius Ex and the outside normal
Uy, in the point x, to the surface OSQ.

Proof We take into account the definition of the derivative in the direction of the
normal and we obtain

1 9 1 1 im—g 1
— —_— = COS (oy; = —— COS
n—20v, \r2 rn=2 r USRS

i=1

because
n

xi — &
E oS
p

i=1

is the scalar product between the unit vectors £x and 77, |

Theorem 3.3.1 Ler Q be a bounded domain from the space R" whose boundary
0R is a closed Lyapunov surface. If the density o(x) is a bounded function on 0%2,
then the double layer potential from (3.3.1) is well defined.

Proof We must show that the integral from the definition of the double layer potential
is convergent.

We arbitrarily fix the point £ € 92 which will be considered the origin O of a
system of coordinates. We then take the tangent plane to the boundary OS2 in the
point{ = O.

The following considerations are related to the ball B(0, a;) = B(¢, a;), where

1 l/a
a) = min aop, <ﬂ> s (334)
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where A and « are the constants occurring in the property (iii) of a Lyapunov surface,
and 7 is the dimension of the space, n > 3.
Based on property (ii) of a Lyapunov surface, we can represent our surface in a
neighborhood of the point £ in the form
Xp = Xu (X1, X2, .oy Xpp). (3.3.5)
Given the fact that the inside normal is O;c,,, we have

n X f n X
i —&i .o i - -
cos p = E cos (Z/X,Ox,-) = E — CoS (z/x,Ox,),
r r
i=1

i=l1

because ¢ = O andthen & =0, i =1,2,...,n.
But

[cos (17 03 )| = 107 )| = | (7 — 7. &) + (7%. &)

«

£x| = Ar®, (3.3.6)

= (e = Ve, &@)| < | — Vel leil = [ — | < A

in which we used the inequality of Cauchy—Schwartz and the fact that the normal is
a Holder function. We denoted by ¢; the versors of the axes Ox;.
On the other hand, we have

‘cos (ﬁx, Ox,,)

= | 6l = | (7 — T, &) + (7, &)

-

= |y — Ve, &) — 1| = 1 = |(Vc — 1, &) (3.3.7)

in which we used, again, the inequality of Cauchy—Schwartz and the fact that the

normal is a H6lder function. Also, é;, is versor and therefore |é,| = 1.
‘We should note the fact that

1 1/«
r=a < <—) s
nA

o 1
r- < —
~ nA

and this involves
= Ar® <

S|
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From (3.3.6), we deduce

‘cos (z7x,0x,-> <A i=1.2... . .n

and from (3.3.7)

1
>1—-Ar*>1——.
n

‘cos (V_;C Ox,,)

(3.3.8)

Taking into account that the surface has a Cartesian representation, we have

axn(xlaxZa -~-’xn—l) cos (VX’Oxl) Ar®

ax,-

in which we used the equality (3.3.8).
‘We now introduce the notation

n—1
ry = Z(xi—fi)2= inz,
i—1 i

where we take into account the fact that ¢ = 0.
Considering that

n n
2 /
r= Y (=)= |Y x=\/ri+x
i=l il

we deduce that ry < r.

- <nAr (3.3.9)
COS(@(’O}”) “1—Arc " n-—1 T

We intend to prove that in the ball B(&, 1) = B(0, 1), we have r < 2r;. With the

help of the formula of finite increases, we obtain the evaluations

n—1
Ox, (xF, x3 x¥ )
10X s Xy
W (X1, X2, oy Xpo1)l = [%,(0,0,...,0)+ E Xi
; 8xl~
i=1
n—1 * * *
Oxn (X7, X5, ..., X))
< B
Bxi

i=1

because x,(0,0,...,0) =0.
Furthermore, based on inequality (3.3.9), we have
n—1
n
n—1

% (X1, X2, oo, Xy )] <

i=1

Ar¢® Z x| < nAr®r <ry.

(3.3.10)
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With the help of equality (3.3.10), we can strengthen the inequalities (3.3.6) and
(3.3.8). Thus, from (3.3.6) and (3.3.10), we deduce

‘cos (Jx, Oxn)

<24r}, i=1,2,...,n, (3.3.11)
and from (3.3.8) and (3.3.10)

‘cos (z/},o},,) > 1 - 2Ar0. (3.3.12)

We take o a portion of the surface around of the point £, comprised in the ball B(&, a;)
and write the double layer potential as follows:

COoS
W) = / 00 2 dg,
oQ r
_ / 0() Lo, + / 0(0) Lo, (3.3.13)
0Q\o r o r

in which we take into account formula (3.3.3) from Proposition 3.3.1. Denote by 7 (§)
the last integral from (3.3.13). We intend to show that 7 (§) — 0. Because we used
the Cartesian representation, we can transform the surface integral into a (n — 1)-
multiple integral. Above, we considered the tangent plane in the origin to the surface
022. Now, we consider the geometric projection of the surface o on this plane, denote
by D this projection and we will obtain the multiple integral on D

cos i dxidx; ... dx,—

cos
1(&) =/Q(X)Td0x =/ 0(x) —— =
o rn-l D 1 os (V},Oxn)

k]

so that we have the evaluations

|cos | dxy...dx,_; _ o | cos |

=t cos(y, Ox,)| —n—1Jp 1

[1(§)]=<co dx;...dx,_;, (3.3.14)
D

in which we take into account the equality (3.3.8).
Because

" x
i - -
cosp = E —cos(yx,Ox,->=
r
i=1

n—1

"L

i=1

1

=

- - Xn - -
cos (I/x, Oxi> + — cos (I/x, Ox,l) ,
r

>
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we can use the inequalities (3.3.10) and (3.3.11) so that we get

n—1
[cos | < E ‘cos <z7x,0xi)
i=1

« 2n « « n a+1 «
<2(n—DAr + —Ar® <2(n — DAr{" + —Ar®"" <c3r{'. (3.3.15)
r r

|xﬂ |

+

r

If we substitute (3.3.15) into (3.3.14) and keep in mind that »; < r, we are led to the
inequality

ri rit
11O <cqy rn_ldxldxz...dx,,_l <c n_ldxldxz...dxn_l
D D rl

ay on—2 aj @

rér _ a

< C4w,,/ 1 111 dr; = C4wn,1/ ry Ydr) = ¢4,
0 r 0 «

1

and then, clearly if a; — 0, we have I (§) — 0.

In conclusion, if in (3.3.13) we take 0 = 0B(&, a;) and we pass to the limit with
a; — 0 (that is, the surface B(&, a;) is deformed homothetic to 0), taking into
account that 7/ (§) — 0, we obtain that the improper integral, which is defined as the
double layer potential, is convergent. |

In the sequel, we will address the problem of the values of the double layer potential
in points from outside the domain 2 and in points from the inside of €2, in the sense
of boundary values.

Consider, as usual, the bounded domain 2 whose boundary 02 is supposed to be
a closed Lyapunov surface.

We have seen that if the density g is a bounded function, then the values of the
double layer potential are defined in any point £ € 92. Consider now a sequence
{&.) of points from IR” \ € and a sequence {&;} of points from inside the domain Q.

If the limit below exists and is finite

lim W(,),
&e—>&o

for any sequence {£,} C IR” \ @, then we denote the value of this limit by W, (&),
that is
We(§0) = lim W(ge)
&e—&o

Analogously, if the limit below exists and is finite

lim W(&).

&i—>&
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for any sequence {&;} C €2, then we denote the value of this limit with W; (&), that
is

Wil&) = Jim W(&).

We now approach the problem of finding the conditions in which the two limits exist
and which is their relation to the value of the double layer potential in the point
fo € 0.

Theorem 3.3.2 If Q is a bounded domain from R" whose boundary 02 is a closed
Lyapunov surface and the density o is a continuous function on 02, then the boundary
values W,(&y) and W; (&) exists, for any point &) € OS2.

Moreover, the following jump formulas hold true:

Wi (&) = W (&) + %g(g()),

W, (&) = W (&) — %g(&». (33.16)

Proof We arbitrarily fix £ € 02 and write the double layer potential in the form
3.3.2)

1 0 1
w© =t [ 1o - 0015 (55 )
_ 9) 9 ( ! )dox. (3.3.17)

n—2 Joq Ov, \rn2

For & ¢ 0, taking into account Theorem 3.2.1 from the solid angle, we can write

1 0 1
_ L (— ) do, = w(¢, 02
n—2 /5;9 Ov, (r”_2>d0 w(§, 09)

and then we can write (3.3.17) in the form

W) = (&, &) + o(&o)w (&, 092), (3.3.18)

in which we used the notation

1 0 1
1€&) = ——— fa o) — o@ 5 - (r—2> dor,.

We intend to show that 7 (£, &) is a continuous function, as a function of &, both for
points from outside of 2 and also for points inside of €2. When ¢ takes values from
the outside of €2, the statement is obvious.

Consider the ball B(, a;), where the radius a, is given by
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1 l/a
= min A — ,
ay ap (nA)

where the constants ap, A and «a are those from the definition of the Lyapunov
surface, and n is the dimension of the space (2 C R"”, n > 3).
Then for the surface o, given by

oc=02nN B(f, al)
we will benefit from the Cartesian representation of the surface and, also, from the

evaluations of Theorem 3.3.1.
We write 1 (€, &) in the form

1 0 1
1o == [t — a5 () oo

1 0 1
" / lo(0) = 0(é0)] 5, - (r”—2> do. (3.3.19)

For ¢ close enough to &, ¢ is situated in o, and therefore, the first integral from
the right-hand side of the formula is of class C*°. Then, to prove the continuity of
the function I (&, &), it is sufficient to prove that the last integral from (3.3.19) is
uniformly convergent to zero, when a; — O.
! d
(7)o

To this end, we use the evaluations
= [ 1ot - o) L)
— x f— ¥
“n=2/, ¢ etso 2 )| 97
€ 1o} 1
< do,
- n—2,/g Ov, (r”—2>‘ 7
1 0 1 1 0 1
= - A d x — |\ d x|
€|: n—Z/UN v, (r"z) 7 ( n—2> /(,P OV, (r”2> 7 :|

in which we use the notations

1 0
‘—m/U[Q(X) — 0(80)] a0

0
vy
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.0 1
aNz{y60:51gna—yv(’m)=+1},
.0 1
op = {yea: mgna—yy (r”2> =—1}.

The last evaluations together with the last condition from the definition of a Lyapunov
surface ensures the conclusion

1 0 1
—— /U [o(x) — 0(£0)] e (r"_2> do

and this leads to the conclusion that the last integral from (3.3.19) is uniformly
convergent to zero, and therefore, 1 (¢, &) is a continuous function, as a function of
variable &.

We will come back to (3.3.18) and write the value of the double layer potential
for the sequences of points {&;} and {£,}, respectively,

< 2Ke,

W (&) = 1, &) + 0§o)w(&, 0) = 1§, &) + 0(&o)wn,
W(&) = 1(&. &) + o(§o)w (e, 9R) = 1(&;, &), (3.3.20)

in which we take into account that the solid angle under which the surface OS2 is
seen from the outside is null.
Considering the continuity of the function 7 (§;, &), we deduce that there exist
the limits
lim 7(&;, &), lim (&, &)
&i—&o &e—>o

and then we can pass to the limit in (3.3.20);:
Wi(&o) = lim W(&) = lim (&, &) + o(€o)wn- (3.3.21)
&i—>&o &i—&o
Analogously, by passing to the limit in (3.3.20),:
We(&o) = lim W(&) = lim I (&, &o)- (3.3.22)
&e—>&o &e—>o
We intend to prove the formula

W (&) = I (%0, &) + g(éo)%. (3.3.23)

Essentially, the proof of the formula (3.3.23) is reduced to proving that

w(. %) = T, & € 0%,
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Denote by I' the curve given by the intersection of the surfaces 02 and 9B (&, a;)
' =0QNJIB(&, ay).

We denote by o the spherical calotte from 0B (&, a;) delimited by I" and located in
the inside of 2 and also we denote by o, the spherical calotte of the sphere 9 B (&, a;)
delimited by I and located outside of 2.

Now, we denote by X; the portion from the surface 0S2 located outside of the ball
OB(&o, ar).

Then, it is obvious that

w(&o, 1) = w(o, 01). (3.3.24)

Moreover, it is normal to consider by definition

w(.09) = lim w(&. T1) = lim w(. 01). (3.3.25)

The altitude of the curve I' in relation to the equator of the ball B(&, a;) is exactly
x,, from the surface x, = x,,(x1, X2, ..., X,_1).

As we have already seen in the evaluations from the proof of Theorem 3.3.1, we
have

x| < cori ™. (3.3.26)

It is known that the ratio between the area of a sphere and the area of a spherical
area is equal to the ratio between the diameter of the sphere and the height of the
respective spherical area. In our case, we have the ratio x,/(2r).
In Theorem 3.3.1, we proved that » < 2r; and taking into account (3.3.26), we
get
|, |

< Clru-H

= 1 ’

and because a € (0, 1), we deduce that the ratio tends to zero, for r; — 0, and this
ensures the convergence B(&y, a;) — &o.

Also, the curve I" tends to the equator, the last term from (3.3.25) tends to the area
of a hemisphere, because o tends to a half sphere. Thus, the last term from (3.3.25)
tends to w, /2, and therefore, we get

. Wn
w(&o, 0RQ) = allinow(fo, %) = >

This formula together with (3.3.17) leads to formula (3.3.23). If we subtract term
by term the formulas (3.3.23) and (3.3.21), we obtain formula (3.3.16);, and if we
subtract term by term the formulas (3.3.23) and (3.3.22), we obtain formula (3.3.16),
and the proof of the theorem is complete. |
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From the evaluations made in the proofs of Theorems 3.3.1 and 3.3.1, it is certified
that we cannot define independently the notion of the solid angle under which a closed
surface is seen from a point located on the respective surface. This impossibility can
be explained by the fact that all the considerations are based on evaluations which
are only valid for Lyapunov surfaces.

We finish this paragraph with some considerations on the behavior to infinity of
the double layer potential.

Consider again that the boundary 02 of the domain €2 is a closed Lyapunov
surface. Clearly, Q is a compact set. For x arbitrarily fixed in € and for any ¢ ¢ Q,
based on the triangle inequality we have

-

- - - . Ox
rz‘ﬁx‘ > Hog‘-‘mH: el 1 - 1= (3.3.27)
€
We can choose ¢ so that
’02‘ > Zsup’O} ,
xeQ
so that from (3.3.27) we deduce
€
r= —.
-2

Then, based on the definition of the double layer potential, we have

1 o (1
IW(©I = ‘—— o(x) ~— (r"2> doy

n—2 oQ 81/)(

| -l c
< o = do, < =1 ¢o do, = T
mr ‘02 oQ ‘O_’E

In conclusion, as far as the behavior to infinity of the potential of double layer is
concerned we have the evaluation

Cl

n—1"

IW(©I =

-

£
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3.4 The Single Layer Potential

‘We want to outline, in the beginning of this section, that in the approach of the single
layer potential of surface, we will use analogous techniques to those used in the study
of the double layer potential.

Definition 3.4.1 By definition, the following integral is called the potential of the
surface of a single layer:

V=1 ! / L ou) (3.4.1)

n— 2w, Joq r""% v,

‘We introduce the notation
1 Ou(x)
olx) = —
w, Ov,

’

where the function p(x) will be called the density of the single layer potential.
Then, the single layer potential can be written in the form

V) = — / Q(xzdax. (3.4.2)

n—2Joqr""

Proposition 3.4.1 Suppose that the density o(x) is an integrable function on 0S2.
Then, the single layer potential satisfies the Laplace equation (therefore, o(x) is a
harmonic function), both outside and also inside the domain <2

AV(€) =0, VEeQ, VéEe R"\ Q.

Proof The result is obtained immediately if we take into account that for points
¢ € Q and also for points £ € IR" \ €, the function 1/7"~2 is of class C*®. We can
work on an arbitrary compact set containing & and derive formally under the integral
sign and take into account that the function 1/7"~2 is harmonic and the singularity
for x = £ is avoided because x € 02 and £ ¢ 0%2. |

In the following theorem, we prove the well definiteness of the potential of single
layer, in the sense that the improper integral which defines this potential is convergent.

Theorem 3.4.1 Let Q2 be a bounded domain from R" whose boundary OS2 is a closed
Lyapunov surface. If the density o is a bounded function on 02, then the single layer
potential is well defined and is a continuous function on the whole space R".

Proof We arbitrarily fix £ € 02 and we take a system of coordinates having the
origin in the point £. Consider the ball B(&, a;) with radius a; given by

1 l/a
a) = min y do, (J) s
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in which the constants ag, A and « appear in the definition of the Lyapunov surface,
and 7 is the dimension of the space, n > 3.

From the properties of a Lyapunov surface, inside the ball B(, a;) we can repre-
sent our surface in a Cartesian way, in the form

Xp = Xp (X1, X2, .0y Xpp).
We also take the tangent plane to the surface JS2 in the point £ = O and O;c,,, the
normal inside 92 in £ = O.
Denote by o the portion from the surface 92 intercepted by the ball B(¢, ay)

o =0QNBE, ay),

and write the single layer potential in the form

1 / o(x) d 1 o(x)
19}

Oy + ——
n—2 Jog\, r" 2 n—2J,rm2

V§) =

do. (3.4.3)

Then, the proof that the improper integral which defines the single layer potential
is convergent is reduced to proving that the last integral from (3.4.3) is convergent,
uniform with respect to &, to zero, when a; — 0.

To this end, we have the evaluations which follow. Due to Cartesian representation,
we can transform the surface integral in a (2 — 1)- multiple integral on the domain D
which is the projection of the surface ¢ of the tangent plane in £ = O to the surface
092. We have

1
/@dgx _
n—2J),rm?

1 / o(x) dxidx; . ..dx,
n—2Jpr"2 cos(v,, 0x,)

g —T f ! . d
S =2 —1) Jp 2R

where we used the bounds from above |o(x)| < ¢y and ‘COS (17x 03&,,)

> (n—1)/n.
Taking into account that

we deduce that

dxidx,...dx,
<c _
D rn72
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ap rn72
= C1Wp—1 = Clwyp—141
0 =2 ’

in which we passed to generalized polar coordinates.
It is clear then that

1
lim / e (x)d =0,

a—0n—2 J,r"

and then the function V (£) is well defined, taking into account (3.4.2).
The first integral from (3.4.3) is a continuous function and its limit is just V (£),
and therefore, V (£) is a continuous function. [ |

In the sequel, we are interested in the values of the single layer potential in points from
inside the domain 2 and in points from outside €2, as well as the relation between
these values and the values of the single layer potential in points of the boundary
012.

We fix an arbitrary point £ € 92 and consider the sequence {&;} of points from
inside of €2, so that this sequence is convergent to &;. We denote by

(3V(§0)> — Lim oV (&)
ov l_&ﬁfo ov

(3.44)

and this notation is valid if the limit exists and is unique, for any sequence {¢;} of
points from the inside of €2, convergent to &.
Analogously, if the sequence {£,} of points from outside of €2 is convergent to &,

we use the notation
W&\ _ . IVE)
o ), s Oov

(3.4.5)

if the limit exists and is unique, for any sequence {&,.} of points from outside of €2,
convergent to &.

Theorem 3.4.2 Suppose that the domain Q2 satisfies the hypotheses of Theorem 3.4. 1.
If the density o is a continuous function on 02, then for &y arbitrarily fixed in 02,
the following jump formulas hold true:

<8V(§0)> oV (&)
ov ; ov

+ —0(&), (3.4.6)

v ov n
< (50)) _ V&) w_g(go)_ (3.4.7)

ov ov 2

Proof As in the case of the double layer potential, we take the point & as origin
of a system of coordinates and the ball with center in &, and radius a;, B(&, a;),
where a, is defined above, for instance, before formula (3.3.19). We can thus make
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considerations only in this ball in which the surface can be represented with Cartesian
coordinates and we can benefit from the evaluations already made in the study of the
double layer potential. In (3.4.4), we take the sequence of inside points {£;} on the
normal inside of the surface and in (3.4.5) we take the sequence of outside points
{&.} on the outside normal to the surface. We define the function F(§) by

4]

X

F(§) = + W(©), (3.4.8)

- 1 0 1
W) = P /09 Q(X)a—yx (,ﬂ) doy, (3.4.9)

that is, W({) is the double layer potential attached to the density o(x) which is the
density of the single layer potential V (¢) from (3.4.2).

We can show without any difficulty that the function F () is continuous in the
point &,. Then, we write the jump formulas for the double layer potential W(g),
namely, analogs of formulas (3.3.16), from Sect. 3.3.

If we take into account the continuity of the function F (&) in formula (3.4.8),
the two jump formulas will appear for OV /Ov which are only formulas (3.4.6) and
(3.4.7). |

We will make some considerations at the end of this paragraph, with regard to the
behavior at infinity of the single layer potential, which are analogous to those made
in the case of the double layer potential.

For x arbitrarily fixed in Q and any ¢ ¢ Q, we have

R ) R Ox
- e e - |

r= ’5}‘

We choose & so that
‘0‘5‘ > 2sup ‘0}(

xeQ

and then we obtain

st

|

Then

|1 o(x)
V()| = ‘m/m o) do,
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Thus, the relation which characterizes the behavior at infinity of the single layer
potential is

V) < =2
0¢

3.5 Reduction of Boundary Value Problems to Fredholm
Integral Equations

At the beginning of the paragraph, we will make some considerations on integral
equations of the Fredholm type.

Let a(x) and Ko (x, y, z) be two real functions which depend on the points x and
y from the domain D C IR" and of real variable z. Suppose that z is a function of
y € D, z = ¢(y) and that the integral

f Ko(x,y, o(y))daoy
D

exists in the whole domain D. Then, an equality of the form

a(x)p(x) +f Ko(x,y, p(y))do, =0, x € D,
D

is called an integral equation with respect to the unknown function ¢(x) and is
defined for x € D.
This integral equation will be called linear, if the function Ky(x, y, z) depends
linear on z, that is, Ko(x, y, z) has the form
Ko(x,y,2) = K(x, »)z + K°(x, y).

A linear integral equation can be written in the form

auwuwﬁ/K@wwom%=fuxxea
D
where the function

fx) = —/ K°(x, y)doy, x € D,
D
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is a given function.

A linear integral equation is called homogeneous if f(x) =0, Vx € D and non-
homogeneous otherwise.

The function K (x, y) is called kernel of the integral equation, and the integral

/ K(x,y)p(y)doy,, x € D,
D

which appears in the left-hand member of the above linear integral equation, is called
integral operator, defined on the set of functions to which the unknown function ¢(x)
belongs.

If the domain D is bounded, with boundary S = 9D, and the functions «(x) and
K (x, y) are continuous on D U § (the function K (x, y) can be only bounded and
integrable on D U §), then we say that the above integral equation is an integral
equation of Fredholm type.

The integral equations of Fredholm type are of first, second or third order if the
function a(x) is identical equal to zero, identical equal to 1 or is not identical equal
to zero or to 1, respectively.

In the case that a(x) # 0 on D U S, the integral equation of Fredholm of third
order can be reduced to an integral equation of second order, by dividing both mem-
bers of the equation by a(x).

In this paragraph, we will use in the following, in particular, integral equations
of second order. Let us mention that many mathematicians accept that the concept
of equations of mathematical physics includes both partial differential equations of
second order, and also the integral equations. Let €2 be a bounded domain from
R", n > 3, having boundary 02 which is supposed be closed Lyapunov surface
and consider the inside Dirichlet’s problem

Acu(§) =0, V€ € Q,
u(y) = ¢1(y), Vy € 0%, (3.5.1)

in which the function ¢ is given and continuous on 02.

A function u : Q — R is a classical solution for the inside Dirichlet problem
(3.5.1)ifu € C(R) N C?*(RQ), u verifies the equation of Laplace (3.5.1); and satisfies
the Dirichlet boundary condition (3.5.1),.

We try to solve the problem (3.5.1) with the help of a potential of double layer,
that is, we are searching for the solution of the problem in the form

0 1
u) = — ~/69 o(x) Eo (m) doy,, (3.5.2)

Fey

in which r¢, is the distance between the points x € 92 and £ ¢ 0%2.
For the density p, we do impose for the moment only the condition to be continuous
on 0N2. We should determine what additional conditions must be satisfied by g so
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that u defined in (3.5.2) is effectively a classical solution of the inside Dirichlet’s
problem (3.5.1).

As we already know from the study of the double layer potential, for V¢ € €,
the function u from (3.5.2) verifies the Laplace equation (3.5.1);. From the form of
the potential, it is certified that the derivatives 0%u / 852 are continuous on 2. So,
we deduce that the restrictions on the density o appear if we impose on u to be a
continuous function on Q. Also restrictions on the density o will appear if we impose
on the function u to satisfy the boundary condition (3.5.1),.

For y arbitrarily fixed on the surface 02, we will satisfy the condition (3.5.1), by
passing to the limit with points from the inside

p1(y) = }_i_)mvu()’i) =u;i (y).

Then, the jump formula from the double layer potential leads to

. n—2
pr(y) = lim u(yi) = uly) + ——waoy)

——/ 02 () o + =200, (353
= mgxayx r;‘x_z Oy 7 wro(y). 5.

We introduce the notations

K(y,x) = 2 i( 1) (3.5.4)
VX = N A o) 5.
- 35.5

gi(y) = (n_z)%s&n(y)- (3.5.5)

If we multiply the first term and the last term from (3.5.3) by ﬁ and take into
account the notations (3.5.4) and (3.5.5), we obtain the integral equation

o(y) +/a K(y, x)o(x)do, = gi1(y), Yy € 0RQ. (3.5.6)
Q

The proven result is summarized in the following proposition.

Proposition 3.5.1 The necessary and sufficient condition that the function u, defined
in (3.5.2), be a classical solution of the inside Dirichlet’s problem (3.5.1) is that the
density o be a solution of the integral equation of Fredholm type (3.5.6).

In the approach of Dirichlet’s outside problem, we will use the same procedure as
for the inside Neumann’s problem and for the outside Neumann problem.
The outside Dirichlet’s problem, for the Laplace equation, consists of
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Aau(§) =0, YE e R"\ Q,
u(y) = p2(y), ¥y € 022, (3.5.7)
[u(§)] < V¢ so that [0€| > Ry,

A
og|n=t

in which the function ¢, is given and continuous on 9%2, and A and R are given
positive constants.
The classical solution for the outside Dirichlet’s problem (3.5.7) is a function

w:R'\Q—> R, ueCR"\QNCHR"\Q),

which verifies the Laplace equation (3.5.7);, the boundary condition (3.5.7),, and
the condition of behavior to infinity (3.5.7)s.

We are searching for a classical solution of the problem (3.5.7) in the form of a
potential of double layer

9 1
u) = — /m Q(x)ayx (ré’;2> do,. (3.5.8)

The function 1/ rg‘;z is of class C* because it is impossible to achieve the singularity

& =xsincex € 9Qand £ e R"\ Q.

As we already know, the density o is assumed to be continuous. Let us analyze
what additional conditions must be imposed on p so that the function u, defined in
(3.5.8), is effectively a classical solution of the problem (3.5.7).

Itis clear that the derivatives 9%u/ 6@2 are continuous functions on IR” \ © and the
condition (3.5.7); is obviously satisfied, taking into account the behavior to infinity
of the double layer potential, which is detailed at the end of Sect.3.3.

Also, from the study of the double layer potential we know that u defined in
(3.5.8) satisfies the Laplace equation. It only remains only to impose on u to satisfy
the boundary condition (3.5.7),. We compute the boundary values of the function u
by using a sequence {y,.} of outside points so that we can use the jump formula for
the double layer potential (for outside values)

-2
©2(3) = Tim u(y,) = u(y) + ——w,0(y)
Ye—>y 2

9 1 n—2
=_ /C;Q Q(x)ay (r”2> do, — Twng(y). (3.5.9)

yx

‘We now introduce the notation

2
) = —mwz(y). (3.5.10)
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If we multiply the first and the last term from (3.5.9) by ﬁ and we take into
account the notations (3.5.4) and (3.5.10), we obtain the integral equation

o(y) - /8 K (. x)o)doy = ga(y), Vy € 09. (3.5.11)
Q

The proved result can be summarized as in the following Proposition.

Proposition 3.5.2 The necessary and sufficient condition that the function u, defined
in (3.5.8), be a classical solution of the inside Dirichlet’s problem (3.5.7) is that the
density p be a solution of the integral equation of Fredholm type (3.5.11).

Observation 3.5.1 Let us remark the very small difference between Fredholm’s inte-
gral equation (3.5.6), which is the equivalent to the inside Dirichlet’s problem, and
Fredholm’s integral equation (3.5.11), which is equivalent to the outside Dirichlet’s
problem. Only the sign of the kernel K (y, x) is different.

We now approach the inside Neumann’s problem which consists of
Acu() =0, Y€ € Q,

0
a—”(y) = 1(y). Yy € 0, (3.5.12)
14

in which the function v; is given and continuous on 02, and v is the unit normal to
the surface 0€2, oriented to the outside.
We call the classical solution of the inside Neumann’s problem (3.5.12), a function

u:Q— R, ueC)NC*Q),

which satisfies Laplace equation (3.5.12); and verifies the condition to the limit of
Neumann type (3.5.12),.

We are searching for a classical solution of the problem (3.5.12) in the form of a
potential of single layer

1
M(§)=/ o(x) ——doy, (3.5.13)
09

e

in which the density p is a continuous function on 2. We must find the conditions
that must be additionally imposed on the density g so that the function u defined in
(3.5.13) be an effective solution of the problem (3.5.12). Obviously, the conditions
do not refer to the function 1/ rg’x_z which is of class C*°, because its singularity at
x = £ cannot be reached, taking into account that x € 92 and £ ¢ 092.

From the theory of the single layer potential, we know that u from (3.5.13) is a
harmonic function inside the domain 2.

To satisfy the boundary condition (3.5.12),, we will compute the values to the
limit for a sequence {y;} of inside points, so that we can use the jump formula from
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the single layer potential, for inside values

_(Ou(y)\ _Ou(y) n-—-2
Pi(y) = ( i) = ( ey )i— oy T g wne®)

—/ -2 (N doy + 20000, (35.14)
= Qxa—yyr;l? Oy Twngy .

‘We use the notation

2
hi(y) = m¢1()’)~ (3.5.15)

If we multiply the first and the last term from (3.5.14) by ﬁ and we take into
account the notations (3.5.4) and (3.5.15), we obtain the following integral equation
of Fredholm type:

o(y) —/d K(x, y)o(x)do, = hi(y), Yy € 092. (3.5.16)
92

Thus, we proved the following result.

Proposition 3.5.3 The necessary and sufficient condition for the function u, defined
in (3.5.13), to be a classical solution of the inside Neumann’s problem (3.5.12) is
that the density o be a solution of the integral equation of Fredholm type (3.5.16).

We now approach the outside Neumann’s problem which consists of
Acu(€) =0, YE e R"\ Q,
Ju
5, ) =120y, ¥y €09,
1%

[u(§)] < V¢ so that |0€] > Ry, (3.5.17)

A
|0§I"‘2’

(5)' , V& sothat [0¢] > Ry,
‘ I0€ !
in which the function 1), is given and continuous on 9€2, and A and R, are given
positive constants.

A classical solution of the outside Neumann problem (3.5.17) is a function

u:R'\Q— R, ueCR"\QNC*(R"\ Q),
which satisfies Laplace equation (3.5.17),, verifies the boundary condition of Neu-

mann type (3.5.17), and verifies the conditions of behavior to infinity of the form
(3.5.17)3 and (3.5.17)3.
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We are searching for a classical solution of the problem (3.5.17) in the form of a
single layer potential

u(§) =/ o(x) - zdax, (3.5.18)
o2 Tex

in which the density o is a continuous function on 92. We want to find the conditions
that must be imposed in addition on the density p so that the function u defined in
(3.5.18) is an effective solution of the problem (3.5.17). Obviously, the conditions
do not refer to the function 1/ rgx_z which is of class C*, because its singularity at
x = & cannot be reached, taking into account that x € 02 and £ ¢ 0X2.

From the theory of the single layer potential, we know that u from (3.5.18) is
a harmonic function inside the domain 2. Also, taking into account the behavior
at infinity of the single layer potential, we deduce that # automatically satisfies the
conditions (3.5.17)3 and (3.5.17)4. In the following, we will impose on the function
u to satisfy the boundary condition (3.5.17),.

For this, we will compute the values to the limit for a sequence {y,} of outside
points, so that we can use jump formula from the single layer potential, for outside
values

. Ou u(y) ou(y) n-—2
= 1 _— ) = = —_ n
a(y) = lim == (ye) < o ).~ o 57— wno(y)
0 1 n—2
= ox)5— ( o )dax — —5—wno(y). (3.5.19)
/(;Q 81/}, Tyx 2 2
We use the notation
2
ha(y) = ————12(y). (3.5.20)
(n —2)w,
If we multiply the first and the last term from (3.5.19) by — # and we take into

account the notations (3.5.4) and (3.5.20), we obtain the following integral equation
of Fredholm type:

o(y) +/d K(x, y)o(x)do, = ha(y), Vy € 0Q. (3.5.21)
02

Thus, we proved the following result.

Proposition 3.5.4 The necessary and sufficient condition for the function u, defined
in (3.5.18), to be a classical solution of the outside Neumann problem (3.5.17) is that
the density o must be a solution of the integral equation of Fredholm type (3.5.21).
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Let us remark the very small difference between the equation of Fredholm (3.5.16)
attached to the inside Neumann problem and the equation of Fredholm (3.5.21)
attached to the outside Neumann problem. It is just the sign of the kernel K (x, y).

Observation 3.5.2 We can summarize all the considerations made in this para-
graph, in this way: the study of the boundary value problems (3.5.1), (3.5.7), (3.5.12),
and (3.5.17) is reduced to the study of the integral equations of Fredholm type (3.5.6),
(3.5.11), (3.5.16), and (3.5.21), respectively.

We intend to study the Fredholm equations, mentioned above, with the help of the
so-called of Theorems of alternative of Fredholm.

We should note, first, the fact that Eqgs. (3.5.6) and (3.5.12) are coupled together
and, likewise, Eqs. (3.5.11) and (3.5.16).

Consider therefore the pair of equations

o0y + /d K(y. x)o)doy = g1(y), Vy € 02,
0

T(y) +f K (x, y)1(x)do, = ha(y), Vy € 0. (3.5.22)
o

The kernel of Eq. (3.5.22), is obtained from the kernel of Eq. (3.5.22),, by changing
the arguments. For this reason, we will say that the two kernels are conjugated kernels.
We attach to the pair of Eq. (3.5.22) the pair of associated homogeneous equations

() + f K(y. x)z()do, =0, Vy € 09,
oQ

z2"(y) +[ K (x,y)z*(x)do, =0, Vy € 02. (3.5.23)
o

The relation between the pair of Fredholm equations (3.5.22) and the corresponding
pair of homogeneous equations (3.5.23) is established by means of the theorems of
alternative due to Fredholm.

Theorem 3.5.1 If Eq.(3.5.23), has only the trivial solution, then also Eq.(3.5.23),
has only the trivial solution and conversely.

In Theorem 3.5.1, we have the case I of the Fredholm alternative, and in this case,
the nonhomogeneous equation (3.5.22); has only one solution, which is a continuous
function, for any function g, supposed to be continuous.

Likewise, the nonhomogeneous equation (3.5.22), has only one solution, which is
continuous, for any arbitrarily fixed function /,, which is assumed to be continuous.

Theorem 3.5.2 [f Eq.(3.5.23) (or Eq.(3.5.23),) also admits solutions which are
different from the trivial solution, then the space of solutions of the equation (3.5.23),
((3.5.23)1, respectively) has the same dimension as the space of solutions of the
equation (3.5.23)1 ((3.5.23),, respectively).
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This is case Il of the Fredholm alternative and can be reformulated as follows:
the maximum number of linear independent solutions of a homogeneous equation
coincides with the maximum number of linear independent solutions of the homoge-
neous adjoint equation. In this second case of the alternative, the nonhomogeneous
equations (3.5.22); and (3.5.22), in general have no solutions.

The necessary and sufficient condition for a nonhomogeneous equation has solu-
tions; in case II of the alternative is that its right-hand member is orthogonal on the
space of solutions of the homogeneous adjoint equation.

We will show that a pair of homogeneous equations (3.5.23) is situated in the case
IT of the Fredholm alternative.

Proposition 3.5.5 Equation (3.5.23), (Eq.(3.5.23),, respectively) admits only the
trivial solution.

Proof Considering Theorem 3.5.1 we deduce that it is sufficient to prove that
Eq. (3.5.23), admits only the trivial solution.

Suppose, by absurd, that Eq. (3.5.23), also admits a solution z* # 0 on 2. Then
Z* is continuous on 92 and by replacing it in relation (3.5.23),, this is transformed
into an identity. We attach a single layer potential which has as the density just the
function z*

1
V(©) = / 7 (x) 5= do,. (3.5.24)
o0 Tey
In order to prove that
VDN _o, (YD) o, vy e 00 (3.5.25)
o J, v ),

we will rely on the jump formula from the single layer potential, for outside values,
so that we deduce

oV (y) . . i 1 3 (n—2)w, ,
( ay )E - /89Z (X)al/y <r;lx2>d0-x 2 < (}’)

(”_2)“’”[*@ 2 / ") 2 ( : )d ]
= - - — oy
2 ST 2w Jo S o, 2

(n —2)w,

=" [z*(y) +/ K(x, y)z*(x)dox} =0,
2 oQ

in which we use the fact that z* is a solution of the equation (3.5.23),. Thus, the
relation (3.5.25); is proven. We will prove now, in another manner, the relation
(3.5.25),.

Obviously, we have that A¢V (€) = 0, V€ € R" \ Q. Also,
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Ay
|0g =2

ov(§) _ Ay

V©l < S | = e

the upper bounds holding true V¢ so that [0£| > Ry. The proof'is based on the relations
which give the behavior of infinity of the single layer potential.

Based on the uniqueness of the solution of the outside Neumann problem, we
immediately obtain that V(£) = 0, V¢ € R” \ Q. As we already know, the single
layer potential is a harmonic function also inside the domain 2. We now consider
the problem

AcV(E) =0, V¢ € Q,
V(y) =0, Yy € 09,

that is, the inside Dirichlet’s problem with null data on the boundary.
Based on the uniqueness of the solution of the inside Dirichlet’s problem, we
deduce that V() = 0, V¢ € Q. Then, obviously

(8””) _0, Vy € 09,
ov /.

L

that is, the relation (3.5.25), is proven.
We subtract now member by member the relations (3.5.25); and (3.5.25), and
with the help of the jump formula from the single layer potential, we obtain

0= (8V(y)> - (8\/@)) = (n— Qw,2* (), Yy € 9%,
ov ; ov .

and therefore z*(y) = 0, Vy € 02, which s in contradiction with the initial assump-
tion that z* = 0 on 0L2. |

From Proposition 3.5.5 and case I of the Fredholm alternative, we deduce that the
inside Dirichlet’s problem admits only one solution, irrespective of how the function
g1 is fixed, and therefore, irrespective of how the function ¢, is fixed. Likewise,
the outside Neumann’s problem admits only one solution, irrespective of how the
function 4, is fixed, and therefore, irrespective of how the function v, is fixed.

We will now address the pair of Fredholm integral equations attached to the
Dirichlet outside problem and to the inside Neumann’s problem, respectively, that
is, we approach the equations

o(y) — /d K(y. x)o)doy = g(y), Vy € 02,
0

T(y) — / K (x, y)T(x)doy = hi(y), Yy € 092. (3.5.26)
oQ
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To these two integral equations, we can attach adjoint equations due to the connection
between their kernels, which are conjugated kernels. As in the case of the pair of

Eq.(3.5.22) we will attach to Eq.(3.5.26), the pair of the associated homogeneous
equations

) — f K(y, x)z(0)doy = 0, Vy € 92,
o

7" (y) — / K (x,y)z*(x)do, =0, Vy € 022. (3.5.27)
o

We recall that the kernel K (y, x) has the expression

0 1
K(y’-x) = _87 (rn2> .
X yx

We anticipate that the pair of Eq. (3.5.27) stands in case II of the Fredholm alternative,
and then we will put the problem of the dimension of the space of solutions, in the
case in which Eq. (3.5.27), (or (3.5.27),) admits nontrivial solutions.

Proposition 3.5.6 Equation (3.5.27), admits the solution z(x) = 1.

Proof We replace in Eq. (3.5.27); z(x) with 1 and we must obtain an equality

2 0 1
1= [ K@y, x).1do, =1+—/ —(—)dax
/BQ y (n —2)w, Jog Ovy r)r'lxz

s Lo ()]
2 (),
wo L n =2 Jog vy \ri?

2 2w,
— - Sy, =1 =,
Wy Wy 2

in which we used the definition of the solid angle and the fact that OS2 is a closed
Lyapunov surface. Since y € 02 we obtain that the solid angle under which 0% is
seen is half of the area of the sphere. |

Since Eq.(3.5.27); admits a nontrivial solution (namely, z(x) = 1, according to
Proposition 3.5.6), we deduce that the pair of Eq.(3.5.27) stands in case II of the
Fredholm alternative. Then, the space of solutions of Eq.(3.5.27); has the same
dimension as the space of solutions of the equation (3.5.27),.

We will prove that the dimension of the two spaces of solutions is 1, that is, both
Eq.(3.5.27); and also Eq. (3.5.27), cannot have two linear independent solutions.
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Theorem 3.5.3 The dimension of the space of solutions of the Fredholm integral
equation (3.5.27), is 1.

Proof Suppose, by absurd, that Eq.(3.5.27), admits two solutions which are not
identical null z} # z] # 0, but are linearly independent. Accordingly, to these two
solutions, we attach two single layer potentials
Vi) = | Zi(x)5doy, j=1,2.
o r x

We write the jump formula for the single layer potential by points from inside the

domain
aV;(y) _ . 0 1 n—2w, ,
( v,y ),- - /c)sz &) vy (rfv'xz) dox + 2 Y o)

U NS
-T2 [Zf(y) (11— 2w, f,mzf(x)avy (r,ﬁ#)d”*]

n—2w, , X
= Tz,-(y) - /m K(y, x)zj(x)dox =0,

the last statement is based on the fact that z} and z; are solutions of the homogeneous
equation (3.5.27),.

Therefore, the derivative in the direction of the normal of the potentials V;, com-
puted at the limit by inside points, is null. We already know that a single layer potential
satisfies the Laplace equation inside the domain 2. We can therefore consider the
following boundary value problem:

AcVi(€) =0, VE e Q,

(3"1' ()
v,

) =0, Vy € 092,
which is the inside Neumann’s problem. As we already proved, the solution of an

inside Neumann problem is determined up to an additive constant. In our case, we
have

Vi) =c;, VEeQ, j=1,2.

Only the following two situations are possible:
— 19. one of the two constants is null;
— 2°. both constants are nonzero.
In the second case, we will build the function z by

SGRETG)
1

(&}

2 =
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and we attach to this function a single layer potential

- 1
V) = / & (1) 5y do.
o

Fyx

It is clear then that

Vi) Va©)

C1 €2

V() = =0, V¢ e Q.

As is well known, the single layer potential is a continuous function in the whole
space and satisfies the Laplace equation inside the domain 2. For the potential V,
we can consider the boundary value problem

AV(§) =0, Ve e R"\ Q,

s <8V(y)) =0, Vy € 092,

vy

which is an outside Neumann’s problem with null boundary data. From the above
definition of the potential V', we have

OV () _i<av1(y>> _i<av2<y)> o
v, i_ 1 ovy ), e\ oy, ),

If we write the formulas of jump for the single layer potential V, both by points from
the inside and also by points from the outside and we subtract term by term the two
relations, then we obtain

0= (8‘/(”) _ (av(”) = (n—2)w,3(y), Vy € 99,

v, Ovy

and this leads to the conclusion that

oz
Z(y) =0, Vye 9Q = L =22,
C1 (&)

that is, the two solutions are linearly dependent, and this is in contradiction with the
initial assumption.

Suppose now that the first case occurs, that is, at least one of the constants c;
and ¢, is null. If, for instance, ¢; = 0, then we can do the same reasonings on the
potential V; that we have done on V so that we reach the conclusion that 71 =0,
which is in contradiction with the initial assumption.
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In conclusion, the dimension of the space of solutions of equation (3.5.27), is
exactly 1. According to alternative II of Fredholm, we deduce that also the dimension
of the space of solutions of the equation (3.5.27), is exactly 1. |

Observation 3.5.3 (i) Since, as we have already seen, Eq.(3.5.27), admits the
particular solution z(x) = 1 and since the dimension of the space of solutions of
this equation is 1, we deduce that the general integral of Eq. (3.5.27)1 i$ Zgen = ¢,
where c is an arbitrary constant.

(ii) We can deduce, based on the alternative Il of Fredholm, that the homogeneous
equation (3.5.27),, has a space of solutions of dimension 1. But we do not know
a particular solution of this equation, and therefore, we do not know its general
integral. If we would know a particular solution, say z1, then its general integral
would be z4., = cz1, where c is an arbitrary constant

The conclusion of the alternative II of Fredholm is that the outside Dirichlet and the
inside Neumann boundary value problems have no unique solutions, for any given
boundary data. Moreover, the two boundary value problems admit solutions only
under given conditions, called conditions of compatibility.

Proposition 3.5.7 The necessary and sufficient condition of compatibility of the
integral equation attached to the inside Neumann’s problem is

Y(y)do, = 0.
oQ

Proof We have

/ hi(y)edo, =0,
oQ

and this involves

0= [ modo, = B(y)day =0,
o Q

(n = 2w, Jo
from where we obtain the conclusion of the proposition. |

The above condition of compatibility is obviously satisfied because, for a harmonic
function, the surface integral is null, according to a consequence of the Riemann—
Green formula.

In the case of the outside Dirichlet’s problem and, in fact, in the case of the integral
equation attached to this problem, because we are in the case II of the Fredholm
alternative, the necessary and sufficient condition of compatibility is that g, be a
function orthogonal to the space of solutions of the homogeneous adjoint equation,
thatis g, L zj,,. Because zj,, = c1z1, where z; is a particular solution, the condition
of orthogonality can be written in the form
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2C1

0=c /;m G(Yz1(y)doy = =2,

/ e(z1(y)doy,
oQ

and therefore

oQ

This restriction cannot have any justification. It comes from the method used in the
proof. We escape this restriction if we consider again the Dirichlet outside problem
and, instead of looking for a solution in the form of the single layer potential, we
will look for a solution in the form of a double layer potential, to which we will add
a “correction”. Therefore, we are searching for the solution of the problem

Aau(€) =0, VE e R"\ Q,
u(y) = p(y), Vy € 09,

in the form

0 1 «
u(€) = _[39 Q(X)a_l/x (ﬁ) do, + 3 (3.5.28)

Tex o€

where ¢ is arbitrarily chosen in IR" \ 2 and xy is fixed inside 2. According to the
general formulation of an outside Dirichlet’s problem, we must add a condition of
behavior at infinity, which will be taken of the form

Ve > 0,AN = N(¢), sothat [u(§)| < ¢, for [0] > N (e).

Let us observe that the function u from (3.5.28) satisfies this last condition. Indeed,
the term that “corrects” from (3.5.28) is convergent to zero, for £ enough big, because
Xo is fixed inside €2. Also, the first term from (3.5.28) tends to zero, as we can deduce
from the behavior at infinity of the double layer potential.

Because the distance from the point £ to any point, in particular also to the point
Xo, determine the function 1/ r;)zz to be a harmonic function both inside and also
outside the domain 2, we deduce that the function u from (3.5.28) satisfies the
Laplace equation outside the domain.

It remains only to satisfy the boundary condition u(y) = ¢(y). To this end, we
can write

0 1
) =uy =— /m Q(x)ayx (r??> doy

(n —2w, «
———00) + 5,
2 rxuy

from where we obtain the equation
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o(y) / K (v, 0)o(x)do,
o

5 = 200,

2
- +
Wy o) (n — Dwyriyy

(n—2)

or

o(y) —/ K(y,x)o(x)do, = g2(y),
o

where we used the notation

0 = - () § —22
P 0 = w, Y T = et

We obtained an integral equation as in the previous case of the Dirichlet outside
problem, but here we have another “free term” (the function on the right-hand side
of the equation). If we impose in this case the condition of compatibility g, L 7}

gen?
where zzen = 121, 21 being a particular solution, we obtain the equation

2
O = AQQZ(y)Zl(y)de = —m‘/;ﬁ SD(y)Zl(y)da'y

n 2c / ) 1 d
_— —Faog,.
(11— 2wy Joo 2

Xoy

This can be considered as an equation of first degree with the unknown «. Therefore,
we can determine uniquely «, which until now was arbitrary. Thus, u defined in
(3.5.28) is a solution for the outside Dirichlet’s problem.

If we know a particular solution oy of the nonhomogeneous integral equation
attached to the outside Dirichlet’s problem, then the general solution of the nonho-
mogeneous equation will be

Zgen () = O (¥) + 2o (V).

0
where z,,

already seen, z

is the general solution of the homogeneous equation. But, as we have

0

gen = ¢.1 and then we have

den(y) = QN(y) +c,

so that from (3.5.28) we deduce the general solution of the outside Dirichlet’s prob-
lem

0 1 «a
u(f):—/ [on(x) +c] — =2 de‘f‘ﬁ,
oQ al/x rfx rx0£
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with o determined as above.

We will now undertake analogous considerations for the integral equation attached
to the inside Neumann’s problem. If 7 is a particular solution of the nonhomoge-
neous integral equation and Tgen is the general solution of the homogeneous equation,
then the general solution of the nonhomogeneous equation is

0
Tgen = TN + Tgen-

If z; is a particular solution of the homogeneous equation, we know that the general
solution of the homogeneous equation is den = cz1, and then we get

Tgen = TN + €21,

so that the general solution of the inside Neumann’s problem is

1
u@ = [ [v() +czi(x)] 5 =doy.
oQ rﬁx

A brief conclusion of Sect.3.4 and, in general, of this chapter is that the boundary
value problems of Dirichlet and Neumann type, attached to the Laplace equation,
are solved with the help of the potentials of the surface of double and single layers.

Naturally, the question occurs if perhaps the above considerations also remain
valid for boundary value problems attached to other equations with partial derivatives.
In the following, we will study the validity of some analogous considerations in the
case of Poisson’s equation.

Let us consider, for exemplification, the inside Dirichlet’s problem attached to
Poisson’s equation

Acu(€) = f(§), V§ € Q,
u(y) = p(y), Vy € 09, (3.5.29)

in which € is, as usual, a bounded domain from IR” whose boundary 02 is a closed
Lyapunov surface.

Theorem 3.5.4 [f the function f is locally Hblder on 2, then the Dirichlet inside
problem, attached to the Poisson’s equation, is reduced to the Dirichlet inside prob-
lem attached to the Laplace equation.

Proof We attach to function f the Newtonian potential

1 ACOM

n—2w, Jo rgx_z '

U =
© (

From the study of the potential of volume, we know that if the density (in our case,
the density is the function f) is a locally H6lder function on €2, then the respective
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potential satisfies the Poisson’s equation, in which the right-hand side is just the
density. Therefore, we get

AU©) = f(©).

If u is the solution of the problem (3.5.29), then we define the function v by

V() =u@) —U©), VEeQ.

Then, v satisfies the following problem:

Acv(§) = Acu(§) — AU©) = f(§) — f(§) =0, V§ € 2,

1
V() = u(y) = UG = o(y) - T 4x, vy e 0.
n—=2)w, Jo Fyx

Thus, we reduced the problem (3.5.29) to the inside Dirichlet’s problem, for the
Laplace equation

Acv(€) =0, YE € Q,
u(y) = p1(y), Yy € 09,

where

(x)
e1(y) = ¢(y) — fH dx,
(I’l - 2)(4)” Q T'yx
and the proof of the theorem is complete. |

We can proceed analogously also in the case of other boundary value problem
attached to the Poisson’s equation.



Chapter 4 ®)
Boundary Value Problems for Elliptic i
Operators

4.1 The Method of Green’s Function

Consider the bounded domain 2 C IR”, n > 3 with boundary 92 and the linear
operator of second order

Lu = Z Za,,(x) + Zb (x) + c(x)u. 4.1.1)

i=1 j=I

Now, we attach the operator M, which is the adjoint operator of L, defined by

"\ e 0% (aj(x)v) 0 (bi (x)v)
My = ZZ “omdr, ; 5 Te@w. (4.12)

in whicha;; = aj; € C3(Q), b; € CY(Q) and ¢ € CY(RQ).
We say that the operator L is positive definite if the matrix of the coefficients
A = [a;;] is positive definite, that is:

n n

DO ai)AA; =0, Yx € Q, VA1, Mg, .., \) €R,

i=1 j=1

the equality taking place if and only if \; = Ay =--- =)\, =0.
We will consider the equation with partial derivatives of second order

Lu(x) = f(x), Vx € @,
which will be accompanied by a boundary condition. As we have already seen, three
types of boundary conditions are usually used:

e Dirichlet’s condition
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M. Marin and A. Ochsner, Essentials of Partial Differential Equations,
https://doi.org/10.1007/978-3-319-90647-8_4


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-90647-8_4&domain=pdf

112 4 Boundary Value Problems for Elliptic Operators

u(y) = p1(y), Vy € 09, (4.1.3)

where the function ¢ is given and continuous on 0€2;

e Neumann’s condition
u
a—(y) = 2(y), Yy € 09, 4.1.4)
Y

where ~ is a direction from the space IR” and the function ¢, is given and continuous
on 092;

e mixed condition 9
u
aa(y) + Bu(y) = p3(y), Yy € 09, 4.1.5)

where « and /3 are given constants and the function (3 is given and continuous on
o9Q.

If we take into account expressions (4.1.1) and (4.1.2) of the operators L and M,
we obtain the equality

/(vLu —uMv)dx = / |:7 (v@ — u@) + buv] doy, 4.1.6)
Q oQ I oy

where

b:i b; —i% CoS o,
j=1

i=1

n n 2
vy = Z(Zaucosa,) ,

j=1 \i=l

with cos «;, being the cosine directors of the outside unit normal to 0. If the
integrand from the right-hand side of equality (4.1.6) becomes null, we obtain

/v(x)Lu(x)dx:/u(x)Mv(x)dx,
Q Q

that is,
(Lu, v) = (u, Mv),

and therefore, the operators L and M are adjoint to each other.

Thus, the idea appears to consider the boundary conditions (4.1.3), (4.1.4), or
(4.1.5) in homogeneous form, which will ensure that the right-hand side from (4.1.6)
becomes null. Moreover, considering the homogeneous conditions for u, we will



4.1 The Method of Green’s Function 113

obtain homogeneous conditions for v. Thus, we will attach the following conditions:
u(y) =0, Vy € 0Q,

Ou
— () =0, Vy € 0Q, 4.1.7)
vy
0
Oé—u(y) + Bu(y) =0, Vy € 09.
oy

Let us analyze the boundary conditions obtained for the function v. We will call the
boundary conditions for v adjoint conditions. Denote by I (u, v) the integrand from
the right-hand side of the relation (4.1.6), that is

I(u,v) =7~ (vg—:/ — ug—f;) + buv.

If the boundary condition (4.1.7); holds true, that is, u(y) = 0, Yy € 0%, then

T v) Ou
u,v) =yv—,
Wy

and then I (u,v) =0 < v(y) =0, Vy € 0Q.
Suppose that the boundary condition (4.1.7), is satisfied,

0
Ty =0, Vy € 09.
Oy
Then, we have
ov
I(u,v) = —yu— + buv,
vy
and therefore, I (u, v) = 0 if and only if
ov
—va—v(y) +bv(y) =0, Vy € 9Q.

Finally, suppose that the mixed boundary condition (4.1.7)3 holds true. The integrand
I (u, v) becomes

I(u,v) = %v [ag—: + ﬁu] — g [ayg—z + (8 — ab)v:|

=-Z [om@ + (6 - ab)v] .
! oy

Therefore, I (u, v) = 0 if and only if
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0
O"Va_;(y) + (78 — ab)u(y) = 0, Vy € 9.

The results proven above are summarized in the proposition below.
Proposition 4.1.1 If the homogeneous boundary conditions (4.1.7) are satisfied,
then the adjoint boundary conditions are

v(y) =0, Vy € 0Q,

- fyg—f;(y) +bv(y) =0, Vy € 9%, (4.1.8)
ov
ava(y) + (v8 — ab)v(y) =0, Vy € 0Q.

It is natural to call the condition (4.1.8); as being the adjoint Dirichlet’s condition,
the condition (4.1.8); as the adjoint Neumann’s condition and the condition (4.1.8);3
as the mixed adjoint boundary condition.

Observation 4.1.1 [f the operator L is self-adjoint (L = M), as we have already
proven, we have b = 0 and the conditions (4.1.8) become

v(y) =0, Vy € 022,

Py =0, vy eog,

Oy
ov

a—(y)+ pv(y) =0, Vy € 0Q,
vy

which are just the homogeneous boundary conditions (4.1.7). In this situation, we
say that the boundary conditions (4.1.7) are self-adjoint conditions.

The method of Green’s function, that we will further present, consists in determining
the function of Green for a domain €2, an operator L defined on €2 and a condition
on the boundary 92 which must be satisfied by the operator L. Then, the solution of
the equation Lu(x) = f(x), which satisfies the mentioned boundary condition, will
be expressed with the help of the Green’s function.

A part of the notions which will be seen further (for instance, Levi’s function) was
defined in Chap. 2. In the following, when we say the condition (c), we refer to one
of the following conditions: the Dirichlet’s boundary condition, or the Neumann’s
boundary condition or the mixed boundary condition.

Definition 4.1.1 The function G (x, &) given by

G(x,8) =AW, & +9(x,98),

is called the function of Green attached to the domain €2, to the operator L and to
the condition (c), if it satisfies the properties:
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(i) the function A (x, £) is a fundamental solution for the operator M, that is, it is
Levi’s function;

(ii) for V¢ € Q, ¢ =fixed, the function G (x, £) satisfies, with respect to x, the
adjoint condition of condition (c), denoted by (c*);

(iii) for V¢ € @, & =fixed in 2, the function g(x, &) satisfies the equation

M,g(x,&) =0, Vx € Q;

(iv) for V¢ € Q, ¢ =fixed in Q, g(x, £) is of class C*>(R) with respect to x and
for Vx € Q, x =fixed in 2, g(x, &) is of class C?(Q2) with respect to .

Observation 4.1.2 [f the operator L is self-adjoint, then the properties of the func-
tion of Green become
(i) the function A(x, &) is a fundamental solution for the operator L;
(ii ) the function G (x, £) satisfies, with respect to x, the condition (c), for any ;
(iii‘) the function g(x, £) satisfies the equation

L,g(x,&) =0, Vx € Q;

(iv)=(iv).

An important property of the function of Green is proven in the following theorem.
Denote by (co*) the adjoint homogeneous condition of the boundary condition above
denoted by (c).

Theorem 4.1.1 Let G(x, &) be the function of Green which corresponds to the triplet
(2, L, (c)) and G*(x, n) the function of Green which corresponds to the triplet (<2,
L, (co*)). Then, the following equality holds true:

G(W’ g) = G*(gv 77)’ Vg’ ne Q, f # UB

Proof We will isolate the points ¢ and 7 with ellipsoids

DD AGO G — &) — &) < (e1)
i=1 j=1
DDAy —m)(x; =) < 0 (e2)

i=1 j=1

We choose o sufficiently small so that the two ellipsoids be fully in €2 and, in addition,
have no point in common. We will write Green’s formula for the corona which
remains if we eliminate the two ellipsoids and for the pair of functions v = G(x, 1)
and v = G*(x, &):
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/ G(x,n)LxG*(x,f) —G*(x,f)MxG(x,n)] dx
Q\((e1)U(e2))

- / vG(m)%—G( f)aG(x n)]+bG(x,n)G*(x,£)}dax
oQ L i 7

f ¥ G(x,n)w f)aG(x ”)]+bG<x,n>G*<x,§>}dax
Oe Y 7

+

+/ e 26 58 gy 26x M n)]+bG(x,n)G*(x,f)}dox.
Des oy oy

The conditions (c¢) and (co*) have been imposed so that the integrand of the first
integral from the right-hand side of this relation be null. If in addition, we take into

account
L,G*(x,8) =0, M;G(x,n) =0,

we obtain
0G*(x, 5’G
ey Yy ,7
:_/ {’Y[G(x, 77)aGa(x, 3) _ G x 5)aG(x 77):|+bG(x, mG*(x, 5)}(10%
dey Y ’Y

(4.1.9)

Denote by I, the integral

L =[ G*(x, ) [—*yM +bG(x,n)} do,.
dey 8’7

If we take into account that G*(x, £) = A*(x, &) + g*(x, &), I, becomes

oy

+f 7 (x, &) [—WM +bG(x,n)} do,.
ey 87

Il :/ A*(-xv 5) |:_’Ym+bG(x, 77):| dO'x
061

Both of the integrands above are continuous functions. Therefore, if the ellipsoid
(ey) is deformed homothetically to its center £, we obtain that | — 0 if (e;) — &
(homothetically).

Consider now the integral I, given by

b =/ vG(x,n)Wdax.
Bel ,y

If we take into account that G*(x, §) = A*(x, &) + g*(x, &), I, becomes
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ON*(x, 9g* (x,
J4) =/ VG(xJ?)Lg)dax—i-/ vG(x,n)Mdax. (4.1.10)
Oe) 8'7 dey 0
From the properties of the Levi function, we know that
. OA*(x, &)
lim u(x) ————>do, = u(§),
Jim J )= ©
and then
. OA*(x, )
lim [ 7Gx, ) ——F— Vio, = G(&.n). (4.1.11)
(eN=€ Jge, ’)/

The integrand of the last integral from (4.1.10) is a continuous function, and therefore
if (e;) is deformed homothetic to &, this integral tends to zero. Taking into account
this observation and the relation (4.1.11), we deduce that if we pass to the limit in
(4.1.10) with (e;) — & (homothetically), we obtain

(ll)m L =G n).

In conclusion, taking into account that /; — 0, the left-hand side from (4.1.9) tends
to G(&,m), when (e;) — &, homothetically.
Consider now the integral /3 given by

I = —/ G(x,n) [7M + bG*(x, g)} do,.
dey 87

Because G(x,n) = A(x,n) + g(x, n), we deduce that the integral I3 becomes

I = —/ A(x,m) [7% +bG™(x, 5)} doy
ey Y

—/ g(x,n) [vw +bG*(x, 5)} do,.
(362 7

Both integrands of /3 are continuous functions, and then when the ellipsoid (e;) is
deformed homothetically to its center 7, we obtain

lim 13 =0.

(e2)—>n
The last integral from (4.1.9) is

oG
14=/ 26 (e, 280 g
062 ’y
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If we take into account that G (x, n) = A(x, n) + g(x, n), we deduce that I, becomes

dg(x,mn)

OA(x,n)
b P | AN
Oy

do,. 4.1.12
9 o ( )

142/ vG*(x, €) o-x+/ vG*(x,§)
dey Oey

From the properties of the Levi function, we know that

A
lim ’}/M(X)Mdox = u(n),
2l

=1 J e,
and then

OA(x,
im [ 26 020 a0~ 6o,
(€2)=1 J e, 28]

The integrand of the last integral from (4.1.12) is a continuous function and then
when (e,) is deformed homothetically to its center 7, this integral tends to zero.
Therefore, 14 — G*(n, £). As we have already shown that /3 — 0, we deduce that
the right-hand side of equality (4.1.9) tends to G*(n, £).

Finally, if we pass to the limit in the equality (4.1.9), (e;) being deformed homo-
thetically to the center or & and (e;) being deformed homothetically to the center or
7, then we obtain G (£, n) = G*(n, &). |

Corollary 4.1.1 Ifthe operator L is self-adjoint, then the attached function of Green
is symmetrical with respect to its two arguments.

Proof Because L is self-adjoint we have L = M and because from Theorem 4.1.1
we have G (&, n) = G*(n, £), we obtain immediately G (£, ) = G (1, &), that is, we
demonstrated the symmetry of the function G. |

We will clarify further why the function of Green is used for the representation
of the solution of a boundary value problem.
Let us consider the problem

Lu(x) = f(x), Vx € @,

P
aa—:(y) + Bu(y) = o(y), ¥y € 0. (4.1.13)

Theorem 4.1.2 [f the problem (4.1.13) has a solution, then it is represented in the
form

u(©) = — /Q G(x. ) f (r)dx + / L6(x, ©1px)dan,

o

where G(x, £) is the function of Green which corresponds to the domain , to the
operator L and to the mixed boundary condition (4.1.13),.
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Proof We will write Green’s formula for the pair of functions v = g(x, £) and u,
where u is the solution of the problem (4.1.13)

0=— /Q [g(x, O Lu(x) — u(x)M,g(x, )] dx

0 0
+/ { [g(x 6 ”(X) () 29 Q}Mu(x)g(x,s)}dax.
oQ ’7

Taking into account that Lu(x) = f(x) and M,g(x, &) = 0, the equality above
becomes

0= —/Qg(x,é)f(X)dx

+/ { [g(x g)a ux) u(x)agg;’ S)i|+bu(x)g(x,§)}dax. (4.1.14)
oQ

We now write the Riemann—Green’s formula for the pair of functions v = A(x, &)
and u, where u is the solution of the problem (4.1.13)

u(€) = —/ [ACe, OLxulx) —u(x)MA(x, §)]dx
Q

+/ { [A( 5)8”(x) ()m(x 6)}+bu<x>z\<x,§)}do—x.
oQ ’Y

Because Lu(x) = f(x) and M, A(x, &) = 0, the equality above becomes

u(©) = — fﬂ AGx, € f (x)dx

+f { [A(x g)aw) u(x)aA(x’@}rbu(x)A(x,g)}dax. (4.1.15)
a2 Oy

By summing member by member the relations (4.1.14) and (4.1.15), we deduce

u<£>=—/QG<x,§>f<x>dx+/ 16« 5)[ Jw (x)}dax

— / lu(x) [vaw + (78 — ba)G(x, 5)} doy
0 @ 0y

so that if we take into account the boundary condition (4.1.13); and the properties
of the function of Green, we obtain

u€) = —/ G(x,f)f(x)dx—i—/ ZG(x,g)gp(x)de, (4.1.16)
Q 0«
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that is, it is just the formula from the statement of the theorem. |

After determining the function of Green, we approach the problem of determining
the conditions that must be imposed on the functions f and ¢ so that the function
u defined in (4.1.16) is effectively a solution of the mixed boundary value problem
(4.1.13).

Observation 4.1.3 [°. If in problem (4.1.13), in fact on the right-hand side of
the equation (4.1.13), instead of the function f we take the nonlinear function
F(x,u(x)), then the considerations from Theorem 4.1.2 and those that follow can
be transposed, correspondingly, for the problem

Lu(x) = F(x,u(x)), Vx € @,

0
a%(y) + Buly) = p(y), Vy € 0. 4.1.17)

We will proceed analogously as in Theorem4.1.2 so that we deduce that if the problem
(4.1.17) has a solution, then it is represented in the form

u€) = —f G(x,f)F(x,u(x))dx+/ %G(x,&)go(x)dax. (4.1.18)
Q 0!

Q

2°. Through particularization of the boundary condition in (4.1.13) or (4.1.17),
the boundary value problem of Dirichlet type and of Neumann type are obtained.
Then, in the linear case, the form of the solution will be analogous to formula (4.1.16),
and in the nonlinear case, the solution will have a similar representation to formula
(4.1.18).

4.2 The Dirichlet’s Problem

Consider the operator L and its adjoint M, defined in Sect.4.1, with the standard
assumptions established therein. Recall the inside Dirichlet’s problem

Lu(x) = f(x), Vx € @,
u(y) = o(y), Vy € 02, 4.2.1)

and we attach the homogeneous problem

Lv(x) =0, Vx € Q,
v(y) =0, Vy € 922. 4.2.2)
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We will assume, in the following, that the operator L is self-adjoint, and therefore L =
M .In Sect. 4.1, we have seen that in this situation the function of Green is symmetrical
in its arguments, that is, we have the equality G(7, §) = G(£, 1), Vn, € € Q.

We are searching for a function of Green of the form

G(x, 0 = Ax, & +9(x, 0,

in which the Levi function A (x, &) is the fundamental solution for the operator L,
and g(x, &) is a solution of the equation Lv(x) = 0. We will impose on the function
of Green G (x, ) to satisfy the homogeneous condition (4.2.2),. To this end, we write
Green’s formula for the pair of functions v = g(x, &) and u, where u is a solution of
the problem (4.2.1):

O:—/ Q(X,§)Lu(x)dx—/ [ (x, O@u(x) u(x )69? O]dax,
2 9% y

in which we take into account that b = 0, from the hypothesis that the operator L is
self-adjoint.

If we take into account that Lu(x) = f(x), Vx € Qandu(y) = ¢(y), Vy € 0%,
the above formula becomes

dg(x,
f 90, ©)f ()dx — / [g( 6) o(x) gé’;@}dax. 423)

We now write Riemann—Green’s formula for the pair of functions v = A(x, &) and
u, where u is a solution of the problem (4.2.1)

u(E):—/A(x,QLu(x)dx—i—/ |:A(x g)au(x) u(x)aAg;’ ’5)] do,.
Q

in which we take into account that b = 0, from the hypothesis that the operator L is
self-adjoint.

If we take into account that Lu(x) = f(x), Vx € Qandu(y) = ¢(y), Vy € 0%,
the above formula becomes

0 (x)_ OA(x, &)

<p(x)—av ]dax. (4.2.4)

u(§>=—/A(x,£>f(x>dx+/ 7[

We add, member by member, the relations (4.2.3) and (4.2.4) and we deduce

p(x) do, (4.2.5)

9 oG
u(§)=—/QG(x,§)f(x)dx+/ [G( 5 u(x) (); 5)]

because A(x, &) + g(x, &) = G(x, &).
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According to the properties of the function of Green, we have G (x, £) = 0 on 9Q
and then (4.2.5) becomes

9G(x, &)
S

p(x)do,. 4.2.6)
Oy

m©=—/Gmaﬂmm—/
Q o

Thus, we proved the following result.

Proposition 4.2.1 If G(x, &) is the function of Green attached to the domain 2, to
the operator L and to the (nonhomogeneous) Dirichlet boundary condition, then if
a solution of the Dirichlet inside problem (4.2.1) exists then this is given by formula
(4.2.6).

In the particular case when L is the Laplace operator, L = A, we have v = 1 and
the derivative in the direction v becomes the derivative in the normal direction. The
inside Dirichlet’s problem for the equation of Poisson has the form

Au(x) = f(x), Vx € @,
u(y) = ¢(y), Yy € 09, 4.2.7)

where f is given and continuous on €2 and ¢ is given and continuous on 92. Suppose
that we know the function of Green attached to the domain €2, to the Laplace operator
and to the nonhomogeneous Dirichlet boundary condition. Then, if the problem
(4.2.7) admits a classical solution, then this has the representation

G (x,8)

o p(x)do,.

waz—/Gmaﬂmm—/
Q o

Proposition 4.2.2 If G(x, ) is the function of Green attached to the domain <2,
to the operator L and to the nonhomogeneous Dirichlet boundary condition, then
G (x, &) is nonnegative, G(x,£) >0, Vx, £ € Q.

Proof 1f we take into account the expression of the Levi function attached to the

operator A,
1 1

Ax,§) = mrg?,

and the fact that, by definition, G(x, §) = A(x, &) 4+ g(x, &), we can write

1 1
G(x,8 = m@ +9(x,8).

Because g(x, §) is a continuous function, we deduce that g (x, £) is abounded function
on 2. Then
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lirré G(x, &) = oo.

ForV§ > 0, we take the ball B(&, §) which is fully included in €2, on which G (x, §) >
0. Consider the corona K = Q\ B(, §). In K, by definition, we have that G (x, &)
is of class C? and satisfies the equation

AG(x, & =0, Vx € K,

that is, G is a harmonic function in the open corona.
On the other hand, we have

Gy, >0, Vy € 9B(,9)

and
G(y,&) =0, Vy € 09,

because, from the definition of the function of Green, we have that G verifies the
adjoint homogeneous boundary condition. Being harmonic on the open corona, the
function G lends itself to the min-max principle for harmonic functions. Then, G
reaches its infimum on the boundary of the corona, that is,

inf G(x,§) >0,

xek
and therefore G (x, £) >0, Vx € K. This ends the proof of the proposition. |

Consider the following problem of eigenvalues and eigenfunctions:

Au(x) — u(x) =0, Vx € ,
u(y) = @(y), Vy € 0. (4.2.8)

We notice that if we pass Au(x) to the right-hand side and consider it as a function
f(x), then we can do analogous considerations to those from above. If the problem
(4.2.8) admits a solution, then its form is

u(€) = —)\/ G(x, ©)u(x)dx —/ 96,9
Q

£y p(x)do,. 4.2.9)
IR x

Thus, the solution u of the problem (4.2.8) satisfies an integral equation of Fredholm
type. Equation (4.2.9) is self-adjoint because its kernel is symmetric, taking into
account that the function G (x, £) is symmetric.

Consider now a more general problem



124 4 Boundary Value Problems for Elliptic Operators

Ou Ou ou
A =F —_— ., — . VxeQ
u(x) (x,u, Ox1’ Oy’ ’ax,,)’ x € Q,
u(y) = ¢(y), Vy € 0%. (4.2.10)

We will build the function of Green attached to the domain €2, to the operator L
and to boundary condition (4.2.10),. Using the previous procedure, if the problem
(4.2.10) admits a solution, then this is represented by

u(€) = —A/G(x,g)F <x, y, 2 ou Ou ) dx
Q

Ox;’ Oxy” 7 Ox,

- / 96,9 vydo,, 4.2.11)
o an

that is, u satisfies an integral equation of Fredholm type. Therefore, we reduce the
problem of finding a solution of the problem (4.2.10) to the problem of finding a
solution for the integral equation (4.2.11).

Without going into details, we suggest a method for determining a solution of the
nonlinear integral equation (4.2.11).

Consider the operator T defined by

ou Ou ou
Tu = — F _ — ..., — |d
' AfQG(x,@ (x,u, e ,axn) x

— / Mw(x)d(jx’
o al/x

We can show that the operator 7" has a fixed point in the space of the solutions, having
an appropriate topology and this fixed point will be the solution of the equation
(4.2.11).

From the above considerations, we deduce clearly that in determining the solution
of a boundary value problem, the construction of the function of Green, associated to
a domain, to an operator, defined on this domain and to some boundary conditions,
is essential.

In general, it is difficult to build a function of Green. The problem becomes easier
in the case of some particular operators and, especially, in the case of some particular
domains.

We illustrate, in the following, the construction of the function of Green in the
case when the domain is a sphere from the n-dimensional space and the operator is
the Laplacian.

Consider the ball B(0, R) C R". Let the points x, x*, £, £* so that

0£.0¢° = 0x.0x* = R?

or, otherwise written
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0_£_Ox

0x° 0¢

)

from where we deduce the similarity of the triangles AOfx ~ AQ&‘x .
The complete quotients of similarity are

€ _0x_ &
o 0 £x
from where we deduce o
1 _ 1 _ Ox‘
re &x Ex'.08
If x € 9B(0, R), then x* = x and
1 R
re €x.0¢
We define the Green function G (x, &) by
G(x, ) ! ! R (4.2.12)
x, &) = - |, 2.
(n _ z)wn rg;Z §‘xn 20£n 2
so that
1 1 1 R"2
A(.X,g):—n__, g('xvg):_ i —n—2-
(n —2)w, r{x 2 (n = 2)wy, é“x 20£ 2
It is clear that
1 . 1
§‘xn—2 - r§—2

isaregular function. Indeed, itis impossible to achieve the singularity £ * = x, because
x is on the sphere and &° is outside the sphere. Also, inside the sphere we have

and on the boundary
G(y,8&) =0, Vy € 9B(0, R),

that is, the function G (x, &) defined in (4.2.12) satisfies the conditions of a Green
function. From the formula of representation of the solution of a boundary value
problem with the help of the function of Green, it is certified that we need a derivative
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of the function G(x, &) in the normal direction v, the derivative computed on the
boundary. If we denote by (3 the angle between 0¢‘ and Ox * and write the generalized
Theorem of Pythagoras, we obtain

1

G(x,8) = —— ——
(n —2)w, |:[0x2 +0E — 20x.0¢ cos f]@-2/2

Rn—z
T2 —2 —2 [ —— :
0" [0x +0& — 20x.0¢" cos 31212

Because the direction of the outside normal is just the direction Ox, we have

G, &) 1 [ —0x + 0¢cos 3
vy wa [0x + @2 — 20x0¢ cos 31/2
B R”‘2[0_§2G — R20€ cos f3] :|
[R* + @2.0_52 — 2R?0x.0¢ cos 5]"/2 .

But we only need the derivative of the function of Green in the normal direction,
only on the boundary, so we deduce that

G (x,8) R -7

al/x x€dB(0,R) an [R2 + 92 _ ZRQCOS ﬁ]n/Z ’

where

If we replace these calculations in the formula of representation of the solution of
the Dirichlet problem with the help of the function of Green, we obtain

u(©) = —/ Gx, &) f (x)dx
B(0,R)

R2 _ 2
+—2 / #x) —do, (4.2.13)
Rw, Joso.r) [R? + 02 — 2Rocos 3]

where G (x, £) has the form (4.2.12).
In conclusion, for the particular problem

Au(x) = f(x), Yx € B(0, R),
u(y) = (y), Yy € 9B(0, R), (4.2.14)
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the solution, if it exists, has the form (4.2.13).
It remains to be found in what conditions the function u# from (4.2.13) is an
effective solution for the problem (4.2.14).

Theorem 4.2.1 [f the function f is Hélder on compact sets from the ball B(0, R)
and has a null value outside it, and the function ¢ is continuous on 0B(0, R), then
the function u from (4.2.13) is an effective solution for the problem (4.2.14).

Proof Write the right-hand side from (4.2.13) in the form

1 1
[ s [ o swa
B B(O,R)

n —2)w, O.R) T¢,

_ 9 (1 dg(x., ©)
_ Kl o .
n —2)w, /é)B(O,R) v <rgx_2) px)do /{;B(O’R) 5 px)do

=L+L+5L+1

The significance of the notations for the integrals I, I, I3 and I, in the above equality
is clear.
Then

Agu(g) = A§11 + Aglz + A5]3 + A£I4.

But A¢l, = A¢lz = A¢ly = 0 due to the fact that the functions which appear under
the three integrals are harmonic functions. Then, we have A¢I; = f, because the
potential of volume satisfies the equation of Poisson in which the right-hand side is
just the density, if this is a H6lder function (in our case, the density is f, and this
is a Hélder function, according to the assumptions). From the above relations, we
deduce

Acu(€) = f(&), Y§ € OB(0, R),

that is, the function u from (4.2.13) verifies Poisson’s equation (4.2.14);. We want
now to verify the boundary condition (4.2.14),. As we defined the function of Green
in (4.2.12), it is easy to see that it is null outside the inner ball and therefore G (y, £) =
0, Vy € 9B(0, R). Then for y € B(0, R), the first integral from (4.2.13) is null.
Denote by u the value of the second integral from (4.2.13) computed on 9B(0, R),
that is,

. R o(x) q
TR 24 2 nj2 G0
Wn JaBo,R) [R + 0> —2Rpcos ﬁ]

We will prove that if ¢ tends by inside points from the ball B(0, R) to the point
y € 0B(0, R), then u tends to ¢(y).
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We arbitrarily fix y € dB(0, R) and we take a ball B(y, n) with center in y and
the radius 7 sufficient small. Because ¢ was supposed to be continuous on 9 B(0, R),
we deduce that ¢ is uniform continuous in the ball B(y, 7).

We use the notations

0 =0B(0, R) N B(y,n),
¥ =0B(0, R)\ 0.

A classical result of mathematical analysis states that

R*—¢* 1 -
I . . 7 do, = 1.
Wn  Jopo.R) [R? + 0> — 2Rpcos 3]
We have the evaluations

R*—¢? / lo(x) — ()
0

B —pl= —doy
Rw, B(0,R) [R2+92—2Rgcos ﬂ] /2
R2 _ 2 _
_ 4 / lp(x) — oI —do, 4.2.15)
Rw, J, [R? + 0> — 2Rpcos 3]

R?— ¢’ lo(x) — ()]
* R 2 ) n/2
wn  Jx [R24 0* —2Rocos 3]

do,.

On o the difference [((x) — ¢(y)] can be made no matter how small, due to uniform
continuity. Then, the first integral from the right-hand side of the relation (4.2.15)
can be made no matter how small. If we take ¢ inside the ball B(y, n/2), then the
difference R — p can be made less than 7/2. On the other hand, the denominator
of the last integral from (4.2.15) is continuous on ¥ and strictly positive. Then if
& — y, the last integral from (4.2.15) is no matter how small. In conclusion, if we
pass to the limit in (4.2.15) with £ — y, then () — @ (y) and this ends the proof
of Theorem 4.2.1. |

4.3 Properties of Harmonic Functions

In Sect. 4.2, we represented the solution of Dirichlet’s problem for the sphere B(0, R)
in the form

u(©) = —/ Gx, &) f (x)dx
B(0,R)

R2 _ 2
+ 1 / P00 o, @3.1)
Rwy Joso.r) [R? + 02 — 2Rocos 3]
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The last term from this formula leads to

R2_ 2
e / 2CY —do,=p(). Yye OB, R).  (432)
Rwn Joo.r) [R?+0*—2Rpcos 3]

Usually, the formula (4.3.1) is called the generalized Poisson formula. In the present
section, many considerations will be based on the formula of Poisson, or the kernel
of Poisson, defined by

Ha o= K€ : K- 433
(‘x7€)_ R N ) nj2 — R o ( )
W [R?+ * — 2Rocos 3] Wn o Tey

where [ is the angle between Ox and 0¢.
In the following theorem, we prove that if a function u is a harmonic function in
the domain €2, then u is an analytic function in 2.

Theorem 4.3.1 Let Q be a domain and the function u € C*(Q). If u is harmonic on
the domain 2, then u is an analytic function on Q.

Proof Let 0 € Q be the origin of a system of coordinates, so that for arbitrary points
x and &, we have

Because €2 is a domain and, therefore, is an open set, and 0 is considered to be inside
of Q, we deduce_that there is a closed ball B(0, R) C 2.
Denote ¢ = 0¢ and define the function w(x, &) by

0® — 200x cos 3

w(x,§) = 7 (4.3.4)

We now use the known function k, defined by

1

K= T

which is an elementary function and, also, an analytic function on the open disk
lw| < 1.
With the help of the function k, we will establish a relation with the kernel of

Poisson
2
R (1- %)
= - (4.3.5)
xeoBO.R)  (R?+ 0> —2Rpcos 3)

92
(1 - ﬁ> k(w(x, &)
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Obviously, we can write

2_Q2 1

Rwy, (R? 4+ 0* — 2Rpcos ﬁ)n/z

2
(1 - %) k(w(x. £) = R" 3w,

R2 ’ ’ ’

where H (x, &) is the kernel of Poisson defined in (4.3.3).
If we take into account that

i x;&i

0= |0_§|a 0_§G: xl.fi’ COS/@: i=l_ ’
; 0.10x]|

we deduce that w from (4.3.4) is a polynomial, and, namely, a homogeneous poly-
nomial with regard to the variables xi, x2, ..., x,, &1, &, - . ., &, indifferently if
x € OB(0, R) or x ¢ OB(0, R).

Let us consider € > 0, arbitrarily small and according to ¢ we make the choice

x € B0, R(1 +¢)),

§GB<O

3T 26) : (4.3.6)

We want to show that for x and ¢ having the form as in (4.3.6), w(x, §) from (4.3.4)
satisfies the condition |w(x, §)| < 1, if € is chosen sufficiently small, in a sense to
be specified later.

Indeed, with the help of (4.3.6) and taking into account that

_ R
Ox < R(1+¢), 0< 1720 cosf3 <1,

from (4.3.4) we obtain

o) < R2 2R(1+e)R T+ 10e + 4&2
T R2B3+42)2  R23+2)% 94 12e + 42’

[w(x,
that is,

7
lw(x, O] < 5 T, (4.3.7)

where
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74 10e + 4% 7 6e + 8¢2

MO = S e raz 9 9(9 + 12¢ + 42y

It is clear that if ¢ — 0, then n(¢) — 0.

Thus, if € is sufficiently small so that n(¢) is sufficiently small, then for x and £
chosen as in (4.3.6), we have w(x, &) < 1.

Because in choosing (4.3.6) there is also the possibility that 0x = R, we deduce
that the kernel of Poisson, up to a constant factor, is equal to the left-hand member
from (4.3.5), which is an analytic function in w, because |w| < 1.

Because k(w) is an analytic function, as a function of w, and w is a homogeneous
polynomial with regard to the variables x|, x2, ..., x,, &1, &, - . ., &, In agreement
with the theorem of Weierstrass, we deduce that the whole expression from (4.3.5)
is an analytic function.

Then, the kernel of Poisson is an analytic function of variables xi, xs, ...,
Xn, &1, &, ..., &, with the condition that x and & must be chosen as in (4.3.6),
for ¢ sufficiently small, in the sense stated above.

On the other hand, taking into account that the function u is harmonic on €2, the
expression of u from (4.3.1) is reduced to

R? — ¢? u(x)
u(€) = / o do,.
Rwy Joo.r) [R2 + 02 — 2Rocos 3]

Considering that the integrand is an analytic function with regard to the variables x
and &, we deduce that it can be integrated and the result is an analytic function and
then u is an analytic function. |

Corollary 4.3.1 The following formula holds true:

1
u() = —— [ u(x)do,. 438)
R"™'w, Jogo,r)

Proof The result is obtained immediately if in the formula of Poisson, we consider
the particular case £ = 0 and therefore 0 = 0. |

We want to mention that formula (4.3.8) is known as the formula of Gauss.
Another important property of harmonic functions is proven in the following
Theorem, which is due to Weierstrass.

Theorem 4.3.2 Let Q2 be a bounded domain with boundary 02 and {u, },>1. Also,
we consider a sequence of the functions defined on 2, having the properties

1°u, e C(QNCXRN), Vn=1,2,...;

2% Axu,(x) =0, Vx € 2, Vn=1,2,...;

3 Ifu,(y) = 0, (y), Yy € 0, Vn =1, 2, .., then

nlirglo wn(y) = ©(y), uniformly with respect to y € 0SQ.

Then, we have
(i). There is
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lim u,(x) = u(x), Vx € Q,

the limit taking place uniformly with respect to x € Q;
(ii). The limit function u(x) is harmonic on 2.

Proof (i). Consider two arbitrary terms of the sequences u, and u,. Then, we have,
obviously

u, —u, € C(Q)NCHR),

A, [up(x) — uq(x)] =0, Vx € Q.
Then for the difference u, — u,, we can use the min-max principle for harmonic
functions. According to this principle, the difference function u, — u, reaches its

supremum and infimum on the boundary
}up(x) — uq(x)| < sup |up(y) — uq(y)’ .
yeoQ

If we take into account the property 3°, we deduce that

sup [u,(y) = ug | = sup [0, () =, )]

yeOQ yeOR
Thus, Ve > 0, INy(¢) so that Vp, g > Ny(e), we have

| (x) = ug ()] < sup |o,(0) — (0| <&, Vx e,
yEOR

in which we take into account the properties 1° and 3° of the functions u,,.

According to the criterion of Cauchy, we deduce that the sequence u,, is uniformly
convergent on €2, that is, there is the uniform limit

u(x) = lim u,(x).

(i1). We write the formula of Poisson for the function u,, which is a harmonic function

R2 2 "
u, (&) = e [ n () do. (4.3.9)
Rw, Joso.r) [R2 4 0> — 2Rpcos 3]

The right-hand side from (4.3.9) is the general term of a uniform convergent sequence,
because u, is uniformly convergent. We can then pass to the limit in (4.3.9) and
interchanging on the right-hand side, the limit with the integral, we obtain
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. R?> — ¢? u(x)
u(@) = lim u,(§) = 7340
n—00 Rwy Joo.r) [R2 + 02 — 2Rocos 3]

Therefore, the function u satisfies the formula of Poisson and, consequently, u is a
harmonic function. |

The inequalities which will be proven in the following proposition and which
are called the inequalities of Harnack are very helpful in the study the harmonic
functions.

Proposition 4.3.1 Let Q2 be a bounded domain and u be a function defined on 2
which satisfies the properties

1°u e CH(Q);

2°. Acu(x) =0, Vx € ;

3% ulx) >0, Vx € Q.
Then, if B(0, R) C , the following inequalities are satisfied:

R \"*R-o R+o/ R \"7
<R n Q) R+ Qu(n) <u(§ < M(77)R—_Q <R——Q> ) (4.3.10)

for V¢ € B(n., R), where o = [né|.

Proof We choose ) = 0, that is, the origin of a system of coordinates and we use the
kernel of Poisson

R*—0* 1

PR

HE 0= Rw, r
n éx

Based on the triangle inequality, we have

1 1 1
n = “n = e (4311)
R+ 7t = (R—0)

so that if we multiply in both members by

RZ 2

Ro, u(x),

which, based on the assumption, is a positive quantity, we obtain

RZ_QZ 1 RZ_QZ 1 RZ_QZ 1
u(x) < —u(x) < u(x). (4.3.12)
Rw, (R+p0)" Rw, rg, Rw, (R—po)

In (4.3.12), we had the right to write u(x) because n = 0.
We integrate in (4.3.12), term by term, on the surface B (0, R) so that we are led
to the estimates
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R — 1

¢ — / u(x)do,
Rwy (R+0) 9B(O.R)

R*— ¢ u(x)
< T / — —do, (4.3.13)
n JoBo.R) [R? + 0> — 2Rocos 3]
R+o 1
<

”_1/ u(x)do,.
Rw, (R - p) 9B(0,R)

But using the formula (4.3.8) of Gauss, for the last integral from (4.3.13), we have
/ u(x)do, = R" 'w,u(0)
9B(0,R)

and then (4.3.13) becomes

R \"?*R-yp R+o( R \"7
<R+Q> R+Qu(0)5u(§>5u<0)R—_g(R—_g) ,

which are just the inequalities (4.3.10) of Harnack, taking into account the fact that
we have chosen n = 0. |

With the help of the inequalities of Harnack, we will prove in the following
theorem, which is due to Harnack, another important property of harmonic functions.

Theorem 4.3.3 Let 2 be a bounded domain with boundary 02 and {u,},>1 be a
sequence of the functions defined on <2, having the properties

1°u, e CX(Q), V\n=1,2,...;

20 Acu,(x) =0, Vx e Q, Vn=1,2,...;

3°. The sequence {u,(x)},>1 is ascending, Vx € Q.

If the sequence {u,(x)},>1 is convergent in a point xy € 2, then {u,(x)},>; is
convergent in any point x € Q2 and, namely, it is uniformly convergent on compact
sets from 2 to a harmonic function.

Proof Consider two arbitrary terms of the sequence, u, and u,, with p > gq. Then,
the difference function u,(x) — u, (x) has the properties

-Up, — Uy € C*(Q);

- Ay [up(x) — uq(x)] =0, Vx € 2;

-up(x) —ug(x) > 0.
Thus, the difference u, (x) — u,(x) satisfies the conditions of Proposition 4.3.1, and
therefore, we can use the inequalities of Harnack so that we have the estimate

R—I— R n—2
|1 p(©) — ug (O] < |up(xo) — ug(xo)| R g (R——g) , (4.3.14)

for V¢ € B(xp, R).
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On the other hand, due to convergence of the sequence {u,},>; in the arbitrarily
fixed point xo € €2, we deduce that for Ve > 0, IN(¢) so thatif p > g > N(¢), we
have

|up(x0) — ug(xo)| < e (4.3.15)

If we use (4.3.15) in (4.3.14), we deduce that the sequence {u, (£)},>; is a Cauchy
sequence (or fundamental sequence), so we can deduce its uniform convergence with
respect to V¢ € B(0, R).

The fact that the uniform limit of the sequence {u,},>1 is a harmonic function
can be obtained from Theorem 4.3.1, because the assumptions of this theorem are,
obviously, satisfied. |

As a direct consequence of inequalities of Harnack, in the form

( R )HR_Q 0) < u(©) < u@ 2+ (LY—Z (4.3.16)
R+ o0 R+Qu = = R—p\R—-p ’ e

which have been proved in Proposition 4.3.1, we will obtain the famous results due
to Liouville.

Theorem 4.3.4 (Liouville). If u(x) is a harmonic function on the whole space R"
and u(x) is a nonnegative (or nonpositive) function everywhere on R", then u(x) is
identically equal to a constant.

Proof Without loss of generality, we can suppose that #(x) > 0, Vx € R". For the
case in which u(x) < 0, Vx € R", the proof is analogous.
Then, because o = |0x| < R and |0n| = R, we have

R —10x] < [0 — Ox| < R + |0x],

and then we obtain the inequalities of Harnack in the form (4.3.16). If we arbitrarily
fix x € R"” and we pass to the limit in (4.3.16) with R — oo, we obtain immediately
that u(x) = u(0) and because x is arbitrary, we deduce that the function u is a
constant. |

Theorem 4.3.5 (Liouville). If u(x) is a harmonic function on the whole space R"
and u(x) is bounded from below (or from above) everywhere on R", then u(x) is
identically equal to a constant.

Proof To fix the ideas, suppose that u(x) < M, for any x € IR", where M is a con-
stant. Analogous is the proof in the situation in which u(x) > M, Vx € R".

Because the function M — u(x) is harmonic on the whole space IR” and is a
nonnegative function, according to Theorem 4.3.4, we deduce that

M —u(x) =M —u(0), Vx € R",
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from where we deduce immediately that u(x) = u(0), Vx € IR”, thatis, the function
u(x) is identically equal to a constant. |

With the help of theorems of Liouville, we can prove a result of uniqueness, for
the problem of Dirichlet.

Proposition 4.3.2 The problem of Dirichlet for the half-space x, > 0 has only one
solution in the class of bounded functions.

Proof Suppose by absurd that the problem of Dirichlet, considered for the half-
space x, > 0, has two solutions, #;(x) and u,(x). Then, their difference, v(x) =
uy(x) — up(x), satisfies the boundary condition in its homogeneous form

v(x,) =0, for x, =0.
We will build the function w(x) as follows:

v(xy,x2,...,x,) , forx, >0,
w(x) = { —v(x1, x2, ..., —X,) , for x, <O.
The function w(x) is harmonic in the half-space x, > 0 and also in the half-space
xn, < 0. Moreover, w(x) is harmonic on the whole space IR”, because, for any R > 0,
w(x) coincides, inside the ball o < R, with the harmonic function w*(x), which sat-
isfies the boundary condition w*(x) = w(x), for o = R. By hypothesis, the function
w(x) is bounded and then Theorem 4.3.5 of Liouville leads to the conclusion that
w(x) is identically equal to a constant. Finally, we have that w(x) = 0 for x,, =0
and then w(x) = 0 on the whole space IR", and this, obviously, involves the fact that
v(x) = 0 on the whole half-space x,, > 0, that is, u; (x) = us(x). [ |



Chapter 5 ®)
Operational Calculus ez

5.1 The Laplace Transform

A useful tool in approaching ordinary differential equations and also partial differ-
ential equations is the Laplace transform, which will be studied in this paragraph.

Definition 5.1.1 A function f : R — Riscalled an original function for the Laplace
transform if it fulfills the following conditions:

(1) f(#) and f’(¢) exist and are either continuous on the whole real axis or contin-
uous, except for a sequence of points {#,},> in which they can have discontinuities
of first order;

(i) f(r) =0, VvVt <0;

(iii) There are the constants M > 0, sy > 0, so that

[ f()] < Me™, ¥Vt € R,

Usually, s is called the growth index of the original. A classical example of an
original function is the step function of Heaviside, denoted by € and given by

0, ifr <0,
‘9(’):{1,ifzzo.

If a function f satisfies the conditions (i) and (iii), but does not satisfy the condition
(i), from the definition of the original function, we make the convention that the
function f is implicitly multiplied by the step function of Heaviside, 6, that is,

o-somo={ 3,55

This convention is made to enrich the set of original functions.
Let us denote by O the set of original functions.
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In the following theorem, we prove what is the structure of the set O of originals.
More precisely, we prove that O has the structure of a linear space and also the
structure of an algebra.

Theorem 5.1.1 Let O be the set of originals for the Laplace transform. Then, O
has the structure of a vector space and, that of an algebra:

I°°f+ge€O, Vf,ge O

220NfeO,VfeO, VAeC;

3. fge O, Vf,geO.

Proof 1°.Because f, g € O, wededuce that f + g obviously satisfies the properties
(i) and (ii) of the originals. We now want to verify condition (iii). If

If(O] < Mie™, |g(t)] < Mae™, Vi € R,
then
If @)+ gD < |fOI+19@)] < Mie™ 4 Mpe™ < Mze™, Vi € R,
where s3 = max{sy, s»} and m3 = max{M;, M,}.

29. \f obviously satisfies the properties (i) and (ii) of the originals. We now want
to verify the condition (iii). Because

If(O] < Mie™, ¥t € R

we deduce that
INFOI=NIf(O] < [NMe™, Vi e R,

that is, A f has the same growth index as f.
3°. As far as condition (iii) for the product f - g, we have

If @) - g = 1f O] - 1g()] < MiMae"' ™", Vi € R,

and the proof is complete, because the properties (i) and (ii) are obvious. |

Observation 5.1.1 [°. From the proof of Theorem 5.1.1, it is verified that
ind(f + g) = max{ind(f), ind(g)},
ind(f.g) =ind(f) +ind(g).

20.If i €O, i=1,2,...,n, then

n

DNfieO, YN eR, saul €Ci=1,2,....n.

i=1

This statement can be deduced from the first two points of Theorem 5.1.1
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Iff;€0,i=1,2,...,n, then

ﬁf,- e 0.
i=1

This statement can be easily obtained, by repeatedly applying the point 3° from
Theorem 5.1.1.
In particular, if f € O then f" € O, ¥Yn € IN*.
4°. The function f(t) = e is an original function, Y\ € IC, Ao +i[3, having
growth index
{ 0, ifa <0,
S0 = .
a, ifa>0.

Consequently, we obtain that the functions
sin ¢, cos At, sinh \#, cosh A\t

are also originals functions.

If we represent the function e’

" as a power series

A" A
<eM, VYt >0,
n!
we deduce immediately that
o
" < eV, Vi >0,
At

and then we obtain that the function f(t) = t", t > 0 is an original function.
Based on the above observations, we obtain that the function

F(t) = e [P(r) cos ar + O(r) sin aur]

is an original function, for any two polynomials P and Q.

Definition 5.1.2 If f(¢) is an original function, with growth index s¢, then we call
the Laplace transform of this function, or its image by the Laplace transform, the
function F defined by

F(p) = /00 f(®e P'dt, Vp € IC, Re(p) > sp. (5.1.1)
0
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We will prove that the image F from (5.1.1) is defined on the whole semi-plane
[so, c0) and, moreover, that F is an analytic function in this semi-plane.

Theorem 5.1.2 If f is an original function with growth index s, then the function
F : [s9, 00) — IC makes sense for any complex number p for which Re(p) > so and
F is an analytic function in this semi-plane.

Proof Starting from (5.1.1), we obtain

F(p)] < /O | f(t)e | di
oo_ M

0o S—So

00
< M/ esotefptdt — M e(sofp)t
- 0 s —So

and this inequality proves that the function F' is well defined.
If Re(p) > s1 > 50, then we can differentiate under the integral sign in (5.1.1)
and obtain

F'(p) = / —tf(t)e P'dt,
0
and then we have the bounds

Fi(p)| < fo tF (O)le—"dr

o0 o0
< M/ telo=Piqr < M/ relo=s0 gy
0 0

(so—s1)t | 00
‘ .M e dr =

= Mt — >
o So—s1Jo (so — s1)

So — 81

where we have integrated by parts. The derivative being bounded, we deduce that F
is an analytic function in an open semi-plane (sg, 00). |

As a consequence of Theorem 5.1.2, it can be seen that
lim |F(p)| =0.
|pl—o0
It is natural to ask what the original function is whose Laplace transform is just F if

we know a transform F. The answer is given in the following theorem.

Theorem 5.1.3 If we know the Laplace transform F, then the original function can
be expressed, in each point t of continuity, by the following inversion formula:
1 a+ioco
f@t)=— F(p)e’dp, (5.1.2)
2mi

a—ioo

where a € R, a > s.
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We do not write the proof, this being very laborious and very technical.

Theorem 5.1.3 asserts that if we are given a transform of an original, then this is
the transform of a single original, in other words, the Laplace transform performs a
biunivocal correspondence on the set of the originals.

The integral from the right-hand side of the formula (5.1.2) is an improper integral
in the Cauchy sense.

a+ioo a+ib
/ F(p)e’'dp = lim f F(p)el'dp.
a—ioco b—oo Ju_ip

The fact that the original function is uniquely determined by its Laplace transform
is reinforced in the following theorem.

Theorem 5.1.4 Consider the transformed function F with the following properties:
1°. F(p) is an analytic function in the semi-plane Re(p) > a > s,
29, ‘ llim |F(p)| =0, for Re(p) = a > s, the limit taking place uniformly with
pl—oo
respect to p; )
3°. The integral faa:loooo F(p)eP'dp is absolutely convergent.
Then, the function f(t), defined by

1 a-+ioo
f@) = 2—/ F(p)eP'dp, (5.1.3)
Tl Ja—ico

is the original whose Laplace transform is the function F (p).

Proof We first observe that the Laplace transform F(p) is also denoted by L(f (¢))
or, simpler, by £(f). Itis being understood that the argument of the original function
is denoted by ¢ and the argument of the Laplace transform is denoted by p.

If we apply the Laplace transform in (5.1.3), we deduce that

o0 a+ioco
L(f) 2[ {%f F(p)e’”dp} e Pidr. (5.1.4)
0 T Ja

—ioco

We intend to prove that L(f) = F(pg), where py = a + io is fixed arbitrarily in the
semi-plane [sg, 00).
Because we have

a+ioco
<[ iFwleap

—100

a+ioo
/ F(p)e™dp

—ioo

a+ioo ) a+ioo
=/  |F@nkﬂ|w“mp=]  |F(p)le”dp,

—100 a—ioo

and the last integral was assumed to be convergent (by the hypothesis 3°), we deduce
that in (5.1.4) we can invert the order of integration and obtain
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1 a-+ioo fe'e)
L(f)= _/ F(p) {/ e(P—P°>’dz}dp.
2mi a—ioo 0

Because Re(p — pg) =a — s < 0 and e(P’PO)’|g° = —1, we obtain

1 a—ioco F
L) =5 W

2mi aticc P — Po

dp.

We consider a circle with its center in the origin and a radius R. We consider the
vertical segment included between a — ib and a + ib and the area Cy from the
quadrants I and IV intersected by this segment on the considered circle. We now
apply the formula of Cauchy (from the theory of complex functions), taking into
account that p = py is a polar singularity, so that we are lead to

1 a—ib F 1 F
F(po) = 5— () dp + >— (p)
27 Jativ P — PO 27 Jep P — Po

dp. (5.1.5)

For the last integral from (5.1.5), we have the bound

1 F 1 M
L e e
2mi Je, P Po 2 Rl = |pol

where
Mg = sup |F(p)|.

peCr

Based on the assumption 2°, we deduce that M — 0, as R — oo. We get that the
last integral from (5.1.5) is convergent to zero, as R — oo.
Therefore, if we pass to the limit in (5.1.5) for R — oo, we obtain

1 a—ioo F(p) 1 a+ioo F(p)
F(po) = =— / dp = —-— dp,
27 Jatico P — PO 27 Jamico P — PO
that is, F(po) = L(f). [ |

In the propositions which follow, we will prove the main properties of the Laplace
transform.

Proposition 5.1.1 (The property of linearity) If f and g are the original functions,
having the images F and G, respectively, and o, 3 € R, then

L{af@)+ Bg@) = aF(p) + G (p).

Proof The result is immediately obtained based on the linearity of the Riemann
integral. |
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Proposition 5.1.2 (The property of similarity) If f is an original function, having
the image F, and o € IC*, then

£ = —F (L),

Proof With change of variables ar = 7, we obtain

L(f(at)) = / " Fatyerdr =
0
= /oo Fre i Lar = l/m Frye tdr,
0 @) 8] 0

and the result is proven. |

Proposition 5.1.3 (The transform of the derivative) If f is an original function,
having the image F, then in a point t in which f is differentiable, the following
formula holds true:

L(f'(1) = pF(p) — f(0).

Proof We start from the definition of the Laplace transform. By direct calculations,
we obtain

L(f' (1)) =/0 fl0ePdt = e " f(0)]
—/0 (=p)f()e Pdr = —f(0)+p/0 f()e™P'dt = pF(p) — f(0)

and the result is proven. |

Corollary 5.1.1 As far as the transform of a derivative of the original functions is
concerned, we will prove a more general result

LM @) =p"F(p) = p" fO) = p"2f0) =+ = f7P(0).

Proof Using Proposition 5.1.3, we successively have

L") = pLf (1) — f(0),
L") = pLf'(1) — £(0),

LF™ @) = pL(F" @) — (0.

We multiply the first relation by p"~', the second by p"~2, ..., and the last by p°.
Then, the obtained relations are summed up and we deduce the desired formula. W
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Proposition 5.1.4 (The derivative of the transform) If f is an original function,
having the image F, then we have

F'(p) = L(—tf®)).

Proof We proved that the integral by which the Laplace transform can be defined is
convergent. Then, we can differentiate under the integral sign with respect to p:

F(p) = f fe P'dr = F'(p) = f F)(—ne P'de,
0 0

from where the desired result can be deduced. [ |

Corollary 5.1.2 As far as the derivative of a transform is concerned, a more general
result holds true

F™(p) = L(=0)" f(1)).
Proof The desired formula is obtained by deriving successively under the integral
and then by using mathematical induction. |

As a consequence of these properties, we can immediately get

pn-H :

;C(tn) —

Proposition 5.1.5 (The transform of the integral) Let f be an original function
whose transform is F. Then, the integral fof f(7)dT is also an original function, with
the same growth index as f. Moreover, the following formula holds true:

d 1
L </ f(T)dT> = —F(p).
0 p

Proof The conditions (i) and (ii) from the definition of an original are immediately
verified by the integral fot f(7)dr, taking into account that f satisfies these condi-
tions. Denote by g this integral

90 = /0 Fdr.

Let us show that g satisfies the condition (iii) from the definition of an original

lg(®)] E/(; |f(T)|dT§M'/0 e dr

= M (" —1) < Me‘“’t.
S0 S0
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Note that g has the same growth index as f.

On the other hand, because g(t) = fot f(7)dt, we deduce immediately that g(0) =
0 and ¢'(t) = f(¢). Then

L(f®) = L(g' (1)) = pG(p) — g(0) = pG(p).

in which we used the transform of the derivative and we denoted by G the Laplace
transform of g, that is,

G(p) = Lig(t) = L ( fo f(T)dT> ,

so that the proof is complete. |

Proposition 5.1.6 (The integral of a transform) Let f be an original function whose
transform is F. If we assume that the integral f;o F(q)dq is convergent, then

| F@na=c (M> .
p t
Proof 1f we take into account the expression of F, we obtain
foo F(g)dg = foo {/OO f(t)e“”dt} dg
P p 0
00 00 00 [ o—qt |
:/ {/ eqtdq}f(t)dt —/ <
0 0 o,
/ O oy, — (f(t))

that is, we obtained the desired result. [ |

) f(t)dt

Proposition 5.1.7 (The property of the delay) Ifthe argument of the original function
f is “delayed”, then the following formula holds true:

L(f(t—T1)=eP"F(p), YT >0,

where, as usual, F is the Laplace transform of the function f.

Proof By starting from the definition of the Laplace transform, we obtain

LG —7)) = / e —merar,
0

so that if we use the change of variables r — 7 = u, we get
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Lf@—m7) = ) fe e du

-7

0 o0
= fe e Pdu + 77 / fw)e P"du
0

—T

= e"”/ fwye ™ Pdu = e "F(p),
0

because the function f is an original and therefore f(u) =0, VYu < 0. |

Even though the product of two original functions is an original function, the
Laplace transform of the product cannot be computed. But if the usual product is
replaced by the product of convolution, then the Laplace transform can be computed.
‘We know that the product of convolution for two functions can be calculated in a more
general framework. In the case of the original functions, the product of convolution
can be defined by

(f *9)(@) =/0 f(r)g(t —)dr. (5.1.6)

Observation 5.1.2 We can verify, without difficulty, the following properties of the
product of convolution:

commutativity: f xg=gx* f;

associativity: f*(gxh) = (fxg)xh = fxg*xh;

distributivity in relation to summation: f x (g+h) = fx g+ f *h;
if fxg=0then f=00rg=0.

Proposition 5.1.8 If f and g are the original functions, then their product of con-
volution (5.1.6) is an original function.

Proof The conditions (i) and (ii) from the definition of an original are immediately
satisfied, taking into account that f and g satisfy these conditions. Because f and g
satisfy condition (iii), we have

lf(O] < M, |g(t)] < Mae™,
and then

I % 9)()] < f [f (gt — T)ldr < My M, / TR Tgr,
0 0

If 5, < sy, then

t t
I % ) (O] < M M; / TN dr = MM, / T = My Mate™.
0 0
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Itis elementary thatt + 1 <e' =t <e' — 1 < ¢'. Then
|(f * 9) ()] < My Mpe® ",

If 51 < 57, then we can change the roles of the functions f and g. Using the commu-
tativity of the product of convolution, we get the desired result. |

Proposition 5.1.9 If f and g are the original functions, then the Laplace transform
of their product of convolution is equal to the usual product of the transforms

L(fxg)=F(p)-G(p).

Proof Taking into account (5.1.6), we obtain

L{(f*x9@)=L </0 f(r)g — r)d7>

:/oo/ f(T)g(t—T)dTe_”’dt:/OO/oog(t—T)e_p’dtf(T)dT

0 0 0 T

= / ” / h g)e P duf (r)dT = f ” f(r)e rT f Oog(u)e*Wdudr
0 0 0 0

:/o f(Me " G(p)dr = G(p)/0 f(Me "1 dr = G(p).F(p),

in which we used the change of variables t — 7 = u. We thus immediately obtained
the desired result. n

Corollary 5.1.3 In some technical fields, especially electrical fields, the following
formula is helpful, called the formula of Duhamel:

PF(P)G(p) = L <f(t)g(0) + fo rmg T)dr> |
Proof Denote by h the product of convolution of the functions f and g, that is,
h(t) = (f xg)@) = /0, f(mg —7)dr.
then h(0) = 0 and
B = fDg0) + /0 g — .

We apply the transform of the product of convolution, the transform of the derivative
and the fact that 2(0) = 0 and we obtain, without difficulty formula of Duhamel. l
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It was proven that the Laplace transform is a useful tool to transform some specific
operations from mathematical analysis, in more affordable operations. For instance,
by using the Laplace transform, solving some differential equations (or some integral
equations) is reduced to solving some algebraic equations. Therefore, by applying
the Laplace transform, the problem becomes easier to solve, but the solution will be
obtained in the set of the transformed functions, even though the initial problem was
formulated in the set of the original functions. It is natural to pose the problem of the
transposition of the solution of the respective problem, from the set of the transforms
in the set of the originals. This is the object of the so-called formulas of development.
To this end, we will give two results, of course, the most used.

Theorem 5.1.5 [f the series

> —’; (5.1.7)
k=1

is convergent for |p| > R, then the function

0y ﬁr"—' (5.1.8)
k=1

is an original, and its Laplace transform is the series (5.1.7). We denoted by 0 the
step function of Heaviside.

Proof According to the criterion of Cauchy of convergence, we have

c < MRF =

(1) Z T i"l)!t"‘l

kys1k—1
§ R < MRe®,
A

from where we deduce that the function (5.1.8) is an original function.
For the second statement of the theorem, we use the formula which gives the
Laplace transform of the function f(¢) = tk

k= 1)!
Pk

L0 =

Then, based on the linearity of the Laplace transform, we have
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c (9(I)Zﬁtk_l> =/0 e(t)z P ikl)!tk_le_mdt
_2/ 00 i dr =Y %

k’
klp

that is, we get just the desired result. |

Theorem 5.1.6 Let us consider P and Q to be two polynomials so that gr P < gr Q,

and Q has only simple roots pg, p1, ..., pn. Then, the function
P(p)
F(p) = ——
Q(p)

is the Laplace transform of the function f given by

"\ P(pr)
f)y=) ——=em.
; O'(pr)

Proof Taking into account the hypothesis on polynomial O, we can write Q(p) =
c(p — po)(p — p1) ... (p — pn) and then decompose the function F in simple frac-
tions

ap aj ay

F(p) = + TR .
P — Do P— P P — Pn

(5.1.9)

Note that the function F has simple poles po, pi,..., pn. We take the circles
cj(pj,rj) with centers in points p; and a radius r; sufficiently small so that in
each closed disk, there is no other pole except for the center of the respective circle.
The coefficient a; can be determined by integrating the equality (5.1.9) on the circle
Cj

/ F(p)dp = Zak/ dp. (5.1.10)

Cj k=0 ij_pk

According to the known theorem of Cauchy, the integrals from the right-hand side
of the relation (5.1.10) are null, except for the integral which corresponds to k = j,
for which we have

1
/ dp = 2mi.
cj pP—Pj

Then, relation (5.1.10) becomes
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/ F(p)dp = 2mia;. (5.1.11)

J

On the other hand, the integral from the right-hand side of the relation (5.1.10) can
be calculated with the help of the theorem of residues

. . P(pj)
F(p)dp = 2mi rez(F, p;) = 2mi — ,
/cj ! Q'(p))
so that by replacing it in (5.1.11), we obtain
P(p;)
(lj = S .
Q'(pj)
Then, formula (5.1.9) becomes
. P 1 P
F(p) — Z (Pk) _ (Pk) L (epkt) .

=9 pr—r = Qo)

Finally, using the linearity of the Laplace transform, we deduce that

P
F(p=L (Z Q/((’;'f)e”“> ,

k=0

from where the desired result is certified. |

Corollary 5.1.4 If one of the roots of the polynomial Q is null, then the original
function becomes

PO) < P(po)
— + Pkt
TO=%0 LR

: (5.1.12)

where R is the polynomial defined so that Q(p) = pR(p).

Proof Suppose that the null root is py = 0 and then write Q(p) = pR(p). Then,
Q’'(p) = R(p) + R'(p). For the other roots of Q, we have that Q(py) =0 &

R(pe) = 0. Then, Q'(pi) = R(pi) + peQ'(pi) = piQ'(pr). Then, the desired
result is obtained with the help of Theorem 5.1.6. |

Formula (5.1.12) is known as the formula of Heaviside.

At the end of the paragraph, we want to find the image of two functions by
means of the Laplace transform that are frequently found in applications. Let us first
consider the function f(t) = t“, where « is a complex constant so that Re(«) > —1.
If Re(ar) > 0, then f is an original function, and then its Laplace transform is
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oo
ﬁ(t“):/ tYe~Pldt. (5.1.13)
0

If Re(a) € (—1,0), then li\r‘% f () =00 and f is not an original function, but the
t

integral (5.1.13) is convergent and in this case, we can study the integral (5.1.13)
for Re(a) > —1. Taking into account the definition of the function I" of Euler, from
(5.1.13) we obtain that

(a+1)
e

L) = (5.1.14)

It is interesting to outline that formula (5.1.14) allows an elegant proof of the known
connection between the two functions of Euler, I" and 3

@I - -
GBx,y) = oty Re(x) > —1, Re(y) > —1.

Indeed, if we start by using the equalities

F(X) 1"(y)

Leh=—"7 LT =
and we take into account Proposition 5.1.9, regarding the Laplace transform for the
product of convolution, we have

FOre _ <ﬁ+>’+1 /OO (1 - 0)>"d9) ,
0

px+y

in which we used the change of variables 7 = ¢6. The last integral is equal to 3(x, y)
and

'x+y)

x+y+1y
E(t ) - px+y

’

and then I'(x)["(y) = B(x, »)T(x + y).
Let us now consider the function of Bessel of first order and of order n € IN, J,.
It is known that the function J, admits the integral representation

1 2T o
Jn (f) — / ez(r sin 9—n9)d0.
2 0

Clearly, J, is a function of class C I on R and, in addition, it satisfies |J,(z)| <
1, Vt e R, Vn € IN. We deduce that J, is an original function with growth index
so = 0. The image by the Laplace transform of the function J, (¢) is given by
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1 [ oo
L(J,(1)) = — / e 040 / esint=pi gy,
27 Jo 0

If Re(p) > so = 0, then

e—in@

S 1 [
/ elisint=rigs — ————, = L)) = _/ p—isnd
o p—isinf 2 Jo p—isind

By using the substitution e’ = z, the integral from the right-hand side becomes

a complex integral, computable with the help of the theorem of residues, so that,
finally, we obtain
1

VPP 1p+ P+ D

L(Jn(1)) =

In a particular case, for n = 0, we have a result frequently met in applications,
namely,

£ (o (2v7)) = Lot

p

5.2 The Fourier Transform for Functions from L1

Let us recall, first the fact that a function f : R — IR is from L'(IR) and we can
write it shorter f € L', if

+00
/ | f(t)|dt < +o0.

o]

Definition 5.2.1 Ifthe function f : IR — R, f € L', then its Fourier transform can
be defined by

+00

F(f))(x) = f(0)e™dr, (5.2.1)

—00

where i is the complex unit, i R

For a more convenient writing, we will use the notation F(f(¢))(x) = f(x).
Theorem 5.2.1 If f € L', then its Fourier transform fis bounded and continuous
on R. In addition, we have

|FO] < 1Flsw) < 1@, (5.2.2)
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where with B(R) we denote the set of bounded functions on R.

Proof We start from the definition (5.2.1), we obtain

—~~ +m .
Feol= [ irnle]ar

o0

+00
=f LfOldr =1 fllL@w)-

(o]

If in this inequality we pass to the supremum, we deduce that

Ifllew) < I flleiw)s
which proves that the Fourier transform is a bounded function. In addition, we also

prove the double inequality (5.2.2). We want to prove now that f is a continuous
function. We use the following evaluations:

+00
|FGc+m) = Fo| = '/ @) [T — e dr

+00 ) ) +00 ) +00
5/ |f(t)||e'“||e’h’—1}dt=/ |f(t)||e’h’—1}dt52f |f()]dt, (5.2.3)

00 —

from where we deduce that the difference from the left-hand side of the inequality
(5.2.3) is bounded by a summable function.
On the other hand, we have

P+ h) - Foo| < / e — 1|1 £ ()ldr

oo

and
lim | — 1| | f ()| = 0.
hlg%le /@)

This means that we fulfill the conditions of the theorem of Lebesgue of passing to
the limit under the integral sign, and therefore, we get

+o00
lim | f(x +h) — f(x)] =/ lim |e'" — 1| | £(t)|dt = 0,
h—0 —o0 h—0

that is, f(x) is continuous in any point x € IR. |

Corollary 5.2.1 If we have a sequence { f,,},>1 of the functions from L'(R) which
is convergent so that

lim f, = f, in L'(R),
n—0oQ
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then

lim ﬁ(x) = f(x), uniformly with respect to x € R.
n—00

Proof The result is immediately obtained based on inequality (5.2.2)

|Ja) = T < 1n = flluaws
from where we get the result from the conclusion of the corollary. |

The properties of the Fourier transform proved in the following theorem are important
in computations.

Theorem 5.2.2 If f € L', then its Fourier transform fsatisﬁes the following rules
of calculation:

F(f(t+a) = e " F(f(1)) = e f(x),
Fa+b)y=F (£ F(1)) = e £(1). (5.2.4)

Proof We start from the definition of the Fourier transform

+00

F(f(t+a) = f(t+a)e™dr
e -
— e*lax f(T)eledT — e*lax.f(x)’

where we used the change of variables t 4+ a = 7. We proved thus formula (5.2.4),.
For formula (5.2.4), we also start from the definition of the Fourier transform

— +00 ) )
Fe f(t)) = ¥ f(1) = / o F (e di
+OO . _OOA
= f@e“dr = fx +b),
—00
so that we are led to (5.2.4),. [ |

In the following theorem, due to the great mathematicians Riemann and Lebesgue,
the behavior of the Fourier transform at infinity is given.

Theorem 5.2.3 If f € L', then for its Fourier transform fwe have
+o0

lim f(x) = lim f()e*dr = 0.
x—+00

=
x—=+00 0o
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Proof We can write

+o00
—f)=€"fx) = feme™ dt
+00 ) +0oo )
= f@)e* T dr = f(r—m/x)e"Tdr.

In the last formula, we did the change of variables t + 7/x = 7.
Then

+00

270) = T) = (=F () = /

—0Q

[f 0 —f (r - g)] didr. (5.2.5)

For the last integrand from (5.2.5), we have the bound

s (- 2))e

that is, the last integrand from (5.2.5) is bounded from above by a summable function
(by the hypothesis that f € L'). We can then use the theorem of Lebesgue of passing
to the limit under the integral sign in (5.2.5). Taking into account that

’

<1FO1+|f (=)

lim ‘f(t)—f(t— f)’ —0,
x— %00 X
so that the result formulated in the statement is immediately obtained. |

Corollary 5.2.2 If f € L'(RR), then

—+00 —+00
lim f(t)cosxtdt =0, lim f () sinxtdr = 0.
x—+o00

N
x— =00 00 00

Proof The result is immediately obtained from Theorem 5.1.2, using the formula of
Euler ¢/*' = cos xt + i sin xt. [ |

According to Theorems 5.1.2 and 5.1.3, the Fourier transform is a continuous
function on R and has null limits to —oo and +o00. Now, we want to pose the
converse problem. If we have a function g which is continuous on R and has null
limits to —oo and oo, then is g the Fourier transform of a function from L'(IR)?
The answer is negative and we will prove this statement by a counterexample

Lemma 5.2.1 Ifa function g has the properties of a Fourier transform, then g is not
necessarily the image of a function from L' (R).

Proof We define the function g by
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—g(—x) ,ifx <0,
gx) = x/e ,if0<x<e,
I/Inx ,ifx >e.

From the definition, g is a symmetrical function in relation to the origin. Then

lim g(x) = lim — = 0.
X—>00 x—oo Inx

On the other hand, g is a continuous function, because for x = e, we have
gle—0)=gle+0)=1.

Therefore, the function g has the properties of a Fourier transform. However, g is
not the image of a function from L' (IR). Suppose, by absurd, that there is a function
f € L'(R) so that

+0o0
g(x) = / f(edr. (5.2.6)

o0

Let us compute the following limit:

" g(x)

lim ——dx = lim / dx
n—oo [, X n—>oo J, xInx

= lim [In(lnx)]” = lim In(Inn) = oo. (5.2.7)
n—00 n—00

Therefore, if we start from the definition of g, we obtain that the limit from (5.2.7) is
infinite. We want to prove that if we use the form (5.2.6) of the function g, the limit
from (5.2.7) is finite. Indeed, taking into account the form (5.2.6) of the function g,

we obtain
+00

g(x) = —g(—x) = / f®e ™d
and if we add this relation member by member to the relation (5.2.6) we are led to
+00 ) . +00
2g(x) = f@ [e”" + e*”"] dr =2i S (¢)sin xtdt.

- —00

Therefore, we can write
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0 (o)
g(x)=i/ f@) sinxtdt—l—i/ f () sinxtdt
—00 0
=i/oo[f(t) — f(—t)]sin xtdt.
0

Then, the integral under the limit from (5.2.7) becomes

" g(x) " ° sin xt
/ —dx:z/ {/ L/ ®) = f (=01 = dt}dx. (5.2.8)
e e 0

X

In the last integral, we can change the order of integration, because f(t) — f(—1) is
summable (according to the hypothesis that f € L!(IR)). Thus,

/n 9D 4 = i/oo[f(t) — F(=D)] {/ Sin”dx}dz
e X 0 e X

i /Ooo LF() — f(=0)] {/ %d&} dr < oo,

t

because the integral fe ';t Si%gdf is convergent, and the function f(¢) — f(—t) is
summable.

We arrived in this way to a contradiction which proves that the function g cannot
be the Fourier transform of a function from L!(IR). [ |

Another natural question in relation with the Fourier transform is the following:
if f € L'(R), thenis f € L'(IR)? The answer is again negative and we will prove
this also by means of a counterexample.

Lemma 5.2.2 If a function is from L' (R), then its Fourier transform is not neces-
sarily a function from L' (R).

Proof We define the function f by

0 ,ifr <0,
f(t)z{ef,iftgo.

Taking into account that
+00 +00
f(t)de :/ e 'dt =1,
0

—00

we deduce that f € L'(IR).
But the Fourier transform of the function f is

+ + ;
Fo) = / Ooe—reixrdt — / ooe(ix—l)tdt _ b T4ix
0 0 1—ix 1 +)C2 ’
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from where we clearly deduce that fgé L'(R). |

We give now, without proof, two theorems, due to Jordan, which establishes the
relation between the Fourier transform and the original function.

Theorem 5.2.4 Assume that f € L'(R) and, in addition, f is a function with
bounded variation (f € BV (RR)). Then, in a neighborhood of a fixed point u, the
following formula of inversion holds true:

a—00 21T

lim i/ Fx)e ™ dx = %[f(u +0)— f(u+0)].

If u is a point of continuity for the function f, then the formula of inversion becomes
1 ™ :
rw =5 [ Fweias
T J—00

where fis the Fourier transform of the function f.

Theorem 5.2.5 If f € L'(R) and fe L'(R), then in a point u of continuity of the
function f, the formula of inversion holds true

1 0 ,
= o / Floe i dx.
T J-

We finish this paragraph with some considerations on the product of convolution for
functions from L' (IR).
By definition, if f, g € L'(IR), then their product of convolution is

+00

(f*9)0) = ft —m)g(r)dr. (5.2.9)

—00

Theorem 5.2.6 If f, g € L' (R), then their product of convolution is defined almost
everywhere on R and is a function from L' (R).

Proof With the change of variables r — 7 = u, we have
+00 +0o0
/ £t - ldr = / £ Goldu,

so that, taking into account that f € L'(R), we deduce that the integrand from
the right-hand side of the relation of definition (5.2.9) is a function defined almost
everywhere and summable. We can therefore invert the order of integration and get
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+00 +00 +o00
/ If*gl(t)dt=/ {/ If(t—T)Ilg(T)IdT}dt

+00 ~+00
-/ |g<¢>|{/ lf(t—T)ldt}dT

+00
= [ fll / lg(Dldr = NI fllzligller,

o0
which proves that f * g € L'(R). [ |
Proposition 5.2.1 If f, g € L' (R), then
If gl < I fleillglizr.

Proof Because f, g € L'(IR), then according to Theorem 1.10, we have f x g €
L'(IR). Using the definition (5.2.9) of the product of convolution and the definition
of the norm in L' (IR), we obtain

dr

+00 +00
IS * gl =/ ‘ f—=mg(rdr

o0 oo

+00 ~+00
5/ {f £t = Dg(r)ldr
+;OOO o +00
=/ |g<¢>|{f If(t—T)Idt}dT
- +00 - +00
- / |g(7>|{ / If(u)ldu}df

+00
=[flw / lg(mldr = I fllzligllzr,

[ee]

dt

and the proof is complete. |

Because we proved that the product of convolution f * gisafunction from L' (IR),
we can compute its Fourier transform.

Theorem 5.2.7 If f, g € L' (R), then the Fourier transform of their product of con-
volution is equal to usual product of the Fourier transforms, namely,

FUSf*90) = F(f(0) - Fg(1)).

Proof We take into account the definition of the Fourier transform for functions from
L'(IR) and the definition of the product of convolution so that we obtain
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F((f*9)@) = f

+00 { +00
—o0 _

f(t— T)g(’r)d’r} e dr

+00 +00 )
= / g(7) { fa—- T)e"”dt} dr

o0

“+00 +0o0 ) )
= / g(1) { f(u)e””‘du} erdr

oo —00

= F / g dr = F0) 5.

In the third formula, we performed the change of variables t — 7 = u. |

5.3 The Fourier Transform for Functions from L2

In the calculations that follow, the result from the following lemma is useful.

Lemma 5.3.1 ForVe > 0 and Vo € R, the following equality holds true:

+00 1/2
: g2 T\ /2 _&2
e'Me " dt = (—) e,
_ g

o0

Proof With the change of variables t = x/./z, we obtain

/+oo ot 2 1 +oo ,
e dt = —/ e VEe ¥ dx. (5.3.1)
—00 \/g —o00

The value of the integral of Gauss is well known

+00 -
/ ef(xﬂd) dx = ﬁ’ (5.3.2)
—00

and this value can be obtained with the help of the Laplace transform, or by using
techniques from the theory of complex integrals.
We can write the integral from (5.3.2) in the form

+00 ) o ) +0o0 ) o
f eV e Wi gy = o / e e 2Bxigqy

o0 o0

and then

+00 5 i -
/ e e iy = Jme .

oo



5.3 The Fourier Transform for Functions from L2 161

We come back to the result from (5.3.1), and taking 3 = —a/(24/€) we get

oo 2 1 —a
/ eMe™ At = —/me
oo NG

and this ends the proof. |

In the following theorem, we prove a fundamental result, which predicts the
Fourier transform for functions from L?(R).

Theorem 5.3.1 Let us consider the function f € L'(R) N L>(IR). Then, ﬁ consid-
ered to be the Fourier transform of a function from L' (R), is a function from L*(R).
In addition, we have

||f||L2(1R) = VZW”f”LZ(]R)'

Proof Because f € L'(IR), we know that there is its Fourier transform, f and it is
given by

Fooy = / f@yedr.

o0

Then, we obtain

+00 +00

|f(x)|2 = J?(x)f(x) = f()e™de Fu)e " du.

—00 —0Q

We multiply this equality with ¢="/" and the obtained equality is integrated on IR.
Thus, we are led to

+oo 2 2 +00 2 +00 ) too
I= / |f)[ e dx= / en{ f(6)e™de f(u)e”‘”du}dx.
—o0 —00 —00 —00
Because f and f are absolutely integrable functions, we can invert the order of
integration

+oo +00 +00 2.
1= f(u){ f(t)[/ e_ne’x(t_”)dx}dt}du

—00 00
+00

+00 2
= J/mn W{ f(te ™" dr}du,

—00

in which we used the result from Lemma 5.3.1 withe = 1/nand o =t — u.
In the last integral, we make the change of variables t — u = s and change the
notation of s by ¢ and so we are led to
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+oo +o00 2
I =mn W{ f(t+u)e"ffdt}du
_4C->ooo +00 - 2
= mf { fu)f( +u)du}e_4dt. (5.3.3)
We introduce the notation
oo
g(t) = f@u) f(t +u)du. (5.3.4)

‘We now want to prove that the function ¢ is continuous in # = 0. Indeed,
+o00 2

lg(t) — g(O)|* = ' F@ft+u) — f@ldu

—00

) +00
<[ 7@l [ iresw - pwka
+o00
- ||f||§2~/ £+ ) — f)Pda,

in which we used the inequality of Holder.
It is known that any function from L”?, p > 1 (in our case f € L?)is continuous
in average and then

+o00
/ |f(t+u)— f@|*du — 0, ast — 0,

o0

which proves that
lg(t) — g(0)]* — 0, ast — 0,

that is, the function g is continuous in the origin.
We will come back to the relation (5.3.3) and write it in the form

+o0 2~ 2 +00 o
/ e f(x)’ dx = «/71'71/ e~ T g(t)dr
—0Q —0Q

+00
=27 / ey (%7) dr. (5.3.5)
o0 n

From the definition (5.3.4) of the function g, we deduce that

oo ) 1/2 +o0 1/2
|g<t)|s{/ | f)| du} {j If(t+u)|2du}

= (IF12) 2 (1F13) 2 = 112
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Also, from (5.3.4) we obtain
+o0

+00
9(0) = f) f@du =/ |f@)P du =11 f1I7-. (5.3.6)

Because the function

()

is bounded by a summable function, namely, e - I £112 72, we deduce that in (5.3.5)
we can use the theorem of Lebesgue of passing to the limit under the integral sign.
Thus, as n — o0, from (5.3.5) we deduce that

too o, +00 ,
/ | f0)] dx=2ﬁf e g(0)dr

+o0
=27l fli72 / e dt = 247l 2/ =271 £ 1172,
-0
in which we take into account (5.3.6).
Thus,
IF17: =27l £lI7: = 1 £l = V2= £l.2.
and this ends the proof the theorem. |

We make yet another step in our intention to introduce the Fourier transform for
functions from L2(IR). To this end, we recall the definition of the truncated of a
function. Thus, if f € L?(R), then its truncated f. can be defined by

f@, it <a,

fa(t)z{ 0 il =a (5.3.7)

Theorem 5.3.2 If the function f € L?>(IR), then its truncated f, is a a function from
f e L'(R) N L*(R), and therefore, it admits the Fourier transform f,, and we have
fa e L’ (R). In addition, as a — 0 we have

ﬁ(t) — f(t), in the norm from L*.
Proof Let us observe, first, that from (5.3.7) we deduce that

£ < 1f O, Yt e R = £ < |f(O, Vt e R,

so that by integrating the last inequality, we obtain
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+0oo +00
/ FAGI S/ IFOPdr = || fa®)llz < 1f Oz,

o0 —00

which proves that f, € L>(IR).
On the other hand, from the definition of the truncated function, we obtain

+oo ta ta 12
/ |fa(t>|dr=/ L Olde < Za(f |f<t>|2dr) ,

in which we take into account the inequality of Holder.
But
+a +00
/ | £ () Pde 5/ |f@O)Pde =11 £1172,

a

and then

+o0
/ a®Oldt < VZal £,

o0

which proves that f, € L'(IR). Thus, the truncated function fa 1s a function which
belongs to the set L'(R) and also belongs to the set L?(R), that is, it satisfies the
hypotheses of Theorem 5.3.1. Then, its Fourier transform exists in the sense of the
transform of a function from L' (IR):

+00 +a

falx) = fa®e™de = [ f(r)e™dr.

—00 —a

By using, also, Theorem 5.3.1, we deduce that fa € L'(IR). It remains only to prove
that fa is convergent in L2(IR). For this, we use the criterion of Cauchy for funda-
mental sequences (this is possible because L*(R) is complete space). For b > 0, we

have
+a

a+b
|f(r)|2dr+/ .

fa+h H

Thus, Ve > 0, 3Ing(e) so thatif a > ng(c) and b > 0, we have

which proves that the sequence {j‘;} is convergent in the norm of L?(R). |

fa+b H

We can now define the Fourier transform for a function from L?(IR).

Definition 5.3.1 Ifthe function f € L?(IR), then we can attach its truncated function
fa and to this, as a function from L'(R), we can attach the Fourier transform

+00 +a

Falx) = (e dr = F()e™dr.

—00 —a
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By definition

FOo) = lim 7, (x), in L2,
The result from the following theorem is due to Parseval.

Theorem 5.3.3 If the function f € L*(R), then fe L*(IR) and

| Al =~2mli £l

Proof The fact that fe L*(R) is certified from Theorem 5.3.1. Then, we have the
equality

1 7alle = 17l o) = 1 = Fo (538)

L

In Theorem 5.3.2, we proved that the sequence {ﬁ} is convergent and then
Jim (7l = 171,

On the other hand, since f, € L'(IR) N L2(IR), we can write for the truncated func-

tion
an 2=V 2T ||fn||L2 s
so that if we pass to the limit we obtain the desired result. |

In the following theorem, we prove a formula of inversion, due to Plancherel.

Theorem 5.3.4 If the functions f, g € L*>(IR), then the following formula of inver-

sion holds true:
+00 +0o0

FoFmdx =27 [ fx)gk)dx.

—00 —

Proof According to the formula of Parseval, we can write

2 2
o=2mllf + gl

|F+3

that is,

+oo —_—
[ e+ g) (Foo + 70 ax

o0

+00 S .
= 2m f (f0) +900) (FG) + 9 ) d,

After simple calculations, taking into account the formula of Parseval, we deduce
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too +00 _—
f(x)g(x)dx +/ g(x) f (x)dx
- ~+00 - - +oo
=27 f(x)g(x)dx + 27 f(x)g(x)dx. (5.3.9)

If we consider again the calculations above by taking i g instead of g, we deduce

too +oo __
—i f)gx)dx +i f(x)gx)dx
+o00 - +oo
= -2 f(x)g(x)dx + 2mi f(x)g(x)dx.

We can simplify here with (—i) and then add the obtained equality member by
member to equality (5.3.9) so that we obtain the result of Plancherel. |

A formula of inversion is also the result of the following theorem.

Theorem 5.3.5 If the functions f, g € L*>(IR), then the following formula of inver-
sion holds true:

+00 +00

f(x)g(x)dx = fF(x)g(x)dx. (5.3.10)

—0Q —00

Proof Since the functions f, g € L>(R), we deduce that we can attach to them the
truncated functions f, and g, respectively.

As we already proved, f,, g € L'(R). Then, to these truncated functions we can
attach the transforms, in the sense of the functions from L!(IR). From the formula
of the Fourier transform for the truncated function, we deduce

+oo +00 +oo .
Fr(0ge)dy = / %) { fn(l)emdt} dx
O—ioo ~+00 OO OQ-&-oo .
= fn(x) {/ gk(t)e’xrdx} dr = [ (@) fr(t)de. (5.3.11)

In these calculations, it was possible to reverse the order of integration because in fact,
the integrals can be calculated on finite intervals, taking into account the definition
of the truncated function.

The equality (5.3.11) proves that the formula of inversion (5.3.10) is true for the
truncated function.

We keep f, fixed and we use the result from Theorem 5.3.2. According to this,
the sequence {g;} is convergent, almost everywhere, in the sense of L2, to a function
from L2. Analogously is obtained the fact that the sequence {j‘; } is convergent, almost
everywhere, in the sense of L2, to a function from L2.
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We use then the fact that the two limits are g and f, respectively. We deduce
(5.3.10) from (5.3.11) by using the theorem of Lebesgue of passing to the limit
under the integral sign. So the theorem is proven. |

We finish this paragraph with a last inversion formula of the Fourier transform for
functions from the space L?(IR).

Theorem 5.3.6 Let us consider the function f € L>(R) and we define the function
g by

gx) = f(x), Vx € R.

Then, we have :
f(x) = —gx), Vx e R.
27

Proof According to the definition of the norm in L?, we have

1 2 +00 1 N[ |
Hf—z—g =/ (f(x)__g(x)><f(x)——g(x)>dx
T 72 —00 27 2
2 1 —~2 1 oo .
= flz- +W lgllz- — o F)g(x)dx (5.3.12)
1 +oo—
T on f(x)g(x)dx.
Q —00
Using twice the formula of Parseval, we obtain
~ m
7.7 1915 = 7 lgllz:
1 =2 1 ) | ,
= 2 11 = 2 Wl = 5 1 e 53.13
VT = 52 17 = - 0 5313

On the other hand, with formula (5.3.10) and then with the formula of Parseval, we
deduce that

1 +o00 1 +o00 .
~ 5 f()gx)dx = ~5 f(x)g(x)dx
T J 00 T J-
__ 1 fﬂo 7o) Foodx = — | 717 (5.3.14)
27 J_ oo 2 L o
= Sl =~ A0

analogously,
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1 +oo 1 +00
o gx) f(x)dx = 5 F(x)g)dx = (5.3.15)
=—fl7:==1fl7..

in which we used the result from (5.3.14) and the fact that the conjugate of a real

number is the number itself.
If we take into account the formulas (5.3.13), (5.3.14), and (5.3.15) in (5.3.12),
we obtain the formula from the statement of the theorem. |



Chapter 6 ®)
Parabolic Equations oo

6.1 Initial-Boundary Value Problems

The prototype of a parabolic equation is given by the equation of propagation of
heat in a body. Let Q be a bounded domain from IR" having boundary 02 and

Q = QU 9Q. For a constant of time T > 0, arbitrarily fixed, consider the interval
of time 7 7 given by

Tr={t :0<t<T},Tr={t :0<t<T}.
Then the equation of propagation of heat (shorter, the equation of heat) is
u(t,x) — azAu(t,x) = f@t,x), V(t,x) € ITr x Q, (6.1.1)
in which we use the notation u, = du/0t, a is a given positive constant, and A is the
Laplace operator.
Commonly, Eq.(6.1.1) is accompanied by an initial condition of the form:

u(0,x) = p(x), Yx € Q. (6.1.2)

As in the case of elliptic equations, the boundary condition is one of the following
types:

e Dirichlet boundary condition
u(t, y) = at, y), ¥(t,y) € Tr x 0%; (6.1.3)

e Neumann boundary condition

0 .
8—Z<r, ) =Bt y), Yt y) € Tr x 0K (6.1.4)
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e Mixed boundary condition

a —_—
Ala—l:(t, y) 4+ Au(t,y) =@, y), V(t,y) € Tr x 0R; (6.1.5)

If we consider, for instance, the problem (6.1.1)—(6.1.3), we have the following
physical interpretation:

e u(t, x), which is the unknown function of the problem and represents the temper-
ature of the body €2, at any moment ¢;

e (x) represents the temperature (which is known) at the initial moment in all
points of the body (including on the boundary);

e «(t, y) represents the temperature (which is known) at any moment on the surface
02 which borders the body.

Thus, the problem (6.1.1)—(6.1.3) consists in determining the temperature in all points
of the body €2, at any moment, by knowing the temperature of the body at the initial
moment and by knowing at any moment the temperature on the surface of the body,
o0x.

In the following, we will consider, in particular, the problem (6.1.1), (6.1.2),
(6.1.3). In the study of this problem, we will consider, at present, the following
standard hypotheses:

(i) the function f : 7r x 022 — R is known (given) and f € C(77 x 0Q2);

(ii) the function ¢ : @ — IR is given and ¢ € C(Q);

(iii) the function o : T; x 92 — R is given and a € C(T; x 9R).

Afunctionu = u(t, x),u : TT x €@ — IR, iscalled a classical solution of the problem
(6.1.1), (6.1.2), (6.1.3), which satisfies the following properties:

o ucC(Tr xQ);

o U Uyy, €C (ITr x Q);

e u satisfies Eq.(6.1.1), the initial condition (6.1.2), and the Dirichlet boundary
condition (6.1.3).

In the formulation of the problem_(6. 1.1),(6.1.2),(6.1.3), the iEitial and the boundary
conditions are given on the set 73 x 02 or on the set {0} x Q.
We define the set I" by

IF={(tx) : (t.x) e (Tr x9Q) U ({0} x Q)}, (6.1.6)

and we call it the parabolic border, which is different from the topological border.
Practically, to obtain the parabolic border, “the lid” for t = T is removed from the
topological border.

We now prove a theorem of extreme values for the case of a homogeneous
parabolic equation

u,(t,x) — Au(t,x) =0, V(t,x) € Ty x Q. (6.1.7)
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Theorem 6.1.1 Let us consider_the d@ain Q and Tr defined as above and consider
the function u so that u € C(T1 x Q), u;, uy,x, € C(T7 x Q). If u satisfies the
homogeneous equation (6.1.7), then the extreme values

sup  u(r.x), inf  u(t x)
(t,x)eT 1 xQ (t,x)€T 1 xQ

are reached necessarily on T.

Proof If we perform the proof for the supremum value, the result for the infimum
value is immediately obtained by passing from u to —u.

We must outline that in the conditions of the theorem, u reaches its effective
extreme values, according to a classical theorem due to Weierstrass.

Suppose, by contradiction, that u reaches its supremum value inside the domain,
not on the boundary I'. This means that we suppose that there is a point (fo, x°) €
Tr x 2\ T so that

M= sup u(t,x)= u(to,xo).
(t,x)eT rxQ

Denote by m the supremum value of the function u reached on I', that is,

m = sup u(t,x).
(t,x)el

According to the assumption that we made, we have

M > m. (6.1.8)

In the following, we will prove that (6.1.8) leads to a contradiction. We define the
function v(¢, x) by

n

M—-m 2
v(t,x) = u(t,x) + ==Y (i =), (6.1.9)

i=1

where d is the diameter of the set Q.
By evaluating the function v on I', we obtain

M —m M+ m M+M_

t, < = M. 6.1.10
v(t, X)|p <m+ 5 ) ( )
On the other hand,
M—m < 2
0y _ 0 0 0)2 _
v(to,x)_u(to,x)—i—sz () = x)) =M,
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that is, v, which verifies the same conditions of regularity as u, reaches its biggest
value also in the point (%, x) as the function u. Because values of v on I' are strictly
less than M, we deduce that there is a point (¢;, x') inside the parabolic border so
that

sup  v(t,x) = v(ty, x"),
(t,x)eT 7xQ

while v cannot reach its supremum value on I'. We write the conditions of the
extremum for v(¢, x) in the point (¢1, x')

O, ) > 0. 6.1.11)
A T

If#; € (0, T') then we have equality in (6.1.11) and we obtain the condition of Fermat.
If t; = T, then the values on the right-hand side of 7 do not exist and then a point of
extremum in #; means that on the left-hand side of T', the function v is positive and
increasing. On the other hand, the function v(#;, x), considered only as a function

of the n spatial variables (xi, x2, ..., x,), reaches its supremum on €2 in the point
(xll, le, e, x;), and then we have the necessary condition of the maximum:
O*v(t, x
Tve0l g =12,
Ox; )

from where we obtain
Av(r, x") <0. (6.1.12)
From (6.1.11) and (6.1.12), we obtain
(=v,(t, x) + Av(t, X)) 01y < 0. (6.1.13)
Starting from the form (6.1.9) of the function v, we obtain

(= (@, %) + Av(t, X)) gy x1) = (—us (£, X) + Ault, X)), 11
+(M—m)n _ (M —m)n

yE yE > 0,

in which we take into account (6.1.8).
This inequality is in contradiction with the inequality (6.1.13), and this proves
that the assumption (6.1.8) is false and the theorem is proven. |

As an immediate consequence of the theorem of extreme values, we will prove
the uniqueness of the classical solution for the initial-boundary value problem that
consists of (6.1.1), (6.1.2), (6.1.3).
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Theorem 6.1.2 The problem consisting of Eq.(6.1.1), the initial condition (6.1.2),
and the boundary condition (6.1.3) has at most a classical solution.

Proof Suppose that the problem (6.1.1), (6.1.2), (6.1.3) admits two classical solutions
uy(t, x) and u, (¢, x). Then we have

Aui (1, x) — %(z,x) = f(t.x), Y(t.x) € Tr x Q.
u;i(0,x) = p(x), Vx € Q, (6.1.14)

wi(t,y) =alt,y), Y(t,y) € Tr x 0%,

where i = 1, 2 and the functions f, ¢, and « are given and are continuous on their
domain of definition.

On the other hand, u; and u, satisfy the conditions for classical solutions. We
define the function v(¢, x) by

v(t,x) =ui(t,x) —un(t,x), V(t,x) € Tr x Q.

Taking into account the considerations above, we obtain that v satisfies the conditions
of regularity of a classical solution and, in addition, verifies the problem

P
Av(t, x) — a—l;(t,x) =0, V(t,x) €Ty x Q,
v(0,x) = 0, Vx € &, (6.1.15)
v(t,y) =0, Y(t,y) € Tr x 9.

The function v satisfies the conditions of Theorem 6.1.1. Then its extreme values

sup v, x), inf v, x)
(t,x)eT rxQ t,x)eTrxQ

are reached necessarily on I'. According to (6.1.15), and (6.1.15)3, v becomes null
on the parabolic boundary and then

sup v, x)= inf v, x)=0,
(t.x)eT 7 xQ (t,.x)€T1TxQ

that is, we have v(t,x) =0, V(t,x) € ’Z_'T x € and from here we deduce that
uy(t, x) = uy(t, x), so that the proof for Theorem6.1.2 is concluded. |

Also, as an application of the theorem of extreme values, we will prove in next
theorem, a result of stability with respect to the initial conditions and the boundary
conditions, for the problem (6.1.1), (6.1.2), (6.1.3).

Theorem 6.1.3 Suppose that the function f(t, x) is given and continuous on Tp x
Q. Consider also the functions ¢ (t, x) and p»(t, x) which are given and continuous
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25 and the functions o (t, x) and ay(t, x) which are given and continuous on
Tr x 0Q2. We attach the problems

Aui(t3x) - %(I’x) = f(t9x)v V(t»x) S IZ} X Q»

u; (0, x) = @;(x), Vx € Q,
ui(t,y) = a;(t,y), ¥(t,y) € Ty x 0,

wherei =1, 2.
IfVe > 0, 30 = (&) such that

le()] = lp1(x) — 2(x)| <6,
la(0)] = a1 (x) — ax(x)| <0,

then
lu()| = lur(x) —uz(x)| <e.
Proof The function u(t, x) defined as in the statement by
u(t, x) = uy(t, x) — us(t, x),

satisfies the conditions of a classical solution. Also, u satisfies the problem

Au(t, x) — %(t,x) = f(t,x)— f(t,x) =0,

u(0,x) = u1(0, x) — u2(0, x) = @1 (x) — Pa(x) = P(x), (6.1.16)
u(t,y) =ui(t,y) —ux(t,y) = ai(t,y) — ax(t, y) = a(t, y).

Because the function u satisfies the mentioned conditions of regularity and homo-
geneous equation (6.1.16);, we deduce that we are in the conditions of the theorem
of the extreme values. Then the extreme values of the function u are reached on the
parabolic boundary I". But on I" the function « is reduced to ¢ or to o and because
also ¢ and « satisfy the conditions |p| < d, || < §, we obtain the result of the
theorem by taking § = e. |

A particular solution of the problem (6.1.1), (6.1.2), (6.1.3) is the solution
obtained by fixing the right-hand side f, the initial data , and the boundary data «.

The family of all particular solutions obtained by varying the functions f, ¢, and
« in the class of continuous functions is the general solution of the problem (6.1.1),
(6.1.2), (6.1.3).

We prove now that a particular solution for the homogeneous equation of heat is
the function V defined by
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! i(xi —&)?
v _ _EL | (617
(taTv-xvg) (2ﬁ)n (m)n €Xp 4(t_T) ( )

Proposition 6.1.1 The function V (¢, 7, x,§£),for0 <1 <t < T, isof class C*™ and
satisfies the following equations:

AVt T.x.6) — —8‘/“’87;’)“’ 9 _o.
AV, T,x,8)+ w =0.

Proof Through a simple calculation of the derivatives, we obtain

ovit,7,x,&) =&)Y\ _ oV T, x8
o Tmxd ( 2—-n) " og
Then
2 N2 1 2
o0V, Tz,x,ﬁ) V(L Tx ) (xi—&) B :8 Vi, 7‘2,x,f),
Ox; 4t —1)2 2(t—1) 0¢;
so that by summing up, fori =1, 2, ..., n, we are led to

AXV(I7Tﬂx7§)_V(t’T’x’€) (4([ )22( i gl) 2(l T))

= AV, 7, x, ).

On the other hand, by differentiating in (6.1.17) with respect to ¢ and 7, we obtain

ov,,x,&)

T_V(r,f,x,£)<4(t )ZZ(' T r))
__verx9
- or )

Then, the results formulated in the statement of the proposition are immediately
obtained. The fact that the function V (¢, 7, x, £) is of class C* is motivated by the
fact that r # 7 and, essentially, the function V (¢, 7, x, ) is an exponential function.

|

Observation 6.1.1 [t is easy to verify the fact that if x # &, then the function
V(t, T, x, &) is dominated by an exponential function and
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limo Vi, 7,x,8) =0,
t—7—0*1

and if x = &, the exponential function disappears and

hm0 Vi, 7,x,8€) =

t—7—

Another important property of the function V (¢, 7, x, £) is proven in the following
theorem.

Theorem 6.1.4 The following equalities are true:
/ Vi, 7,x,8€)dx =1, / Vi, m,x,8€)déE = 1.

Proof We write in extenso the integral of the volume as

/ Vi, t,x,86€dE =
R”?

1 +00 +oo é(xi—fi)z
:(2ﬁ)”/oo /m Vi) TP T s - dgde ... dg,.

We make the change of variables & — x; = 24/t — 71; and by direct calculations,
we obtain that the Jacobean of the change of variables has the value

5

Dy =2 (\/ —-7) .

then

in which we used the integral of Gauss

+00 )
/ e Sds = /7.

o0
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The other equality from the statement is proven analogously. |

We now prove a result which generalizes the results from Theorem6.1.4.

Theorem 6.1.5 Let Q2 be a bounded domain. If we denote by Iq the integral

Io(t — 7. 2) = / Vi, 7, x, O)dE,
Q

then for x € 2, we have

lim+IQ(t —7,x)=1,

t—7—0

the limit taking place uniformly with respect to x, on compact sets from <2,
and for x € R" \ Q

lim . Iqo(t —1,x) =0,

t—17—0

the limit taking place uniformly with respect to x, on compact sets from IR" \ Q.
Proof We prove, first, the case when x € 2. We use the notations
dy = dist(x, ), dy = dist(Q, 9Q),
where Q is a compact set arbitrarily fixed in 2 so thatx € Q.
We recall that, by definition, that we have
dy = dist(x, 02) = sup |x — y|,

yEOR

dy =dist(Q,092) = sup |x —y|.
yeo,xeQ

Consider balls B(x, dy) and B(x, d;) and then
B(x,d)) C B(x,dy) C Q. (6.1.18)

Now we use the monotony of the integral, and by taking into account the inclusion
(6.1.8), we deduce that

Io(t — 7, %) :/ Vi, 1, x,8€)dE
Q

Z/ V(t,T,x,f)dfz/ Vi, T, x,£)dE (6.1.19)
B(x,dy)

B(x.dy)
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! i(xi —&)?
= = lde
va) (Vi) /Bu,dl) il R

We make the change of variables & — x; = 2/t — mn;, withi = 1,2, ..., n.

As in the proof of Theorem6.1.4, the value of the Jacobean of this change of
variablesis 2" («/t — T)”. With this change of variables, the last integral from (6.1.19)
becomes

1 -0
L / e 5" dn, (6.1.20)
(V)" Jso.

L)
W=

in which

If we pass to the limit in (6.1.19) with 7 — 7 — 0" and we take into account (6.1.20),
we obtain

. . 1 -y
lim It —7,x) > lim —s e = dn
t—7—0% t—7—0F (ﬁ) B(O’Z«/%)

in which we used the integral of Gauss. We have taken into account also the fact that
fort — 7 — 07, we have

and then the ball B(0, 2\/%) becomes the whole space IR”.
Thus, we proved that

lim Jo(—7.0) > 1. (6.1.21)

t—7—

Since 2 C IR”, we have, obviously, that

lim+IQ(t —7,x) < / V(t, 7,x,)d§ =1,

t—17—0
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and then

lim Jo(t—7.0) < 1. (6.1.22)

t—7—

From (6.1.21) and (6.1.22), the first part of the proof is complete.

The limit holds true uniformly with respect to x, on compact sets from €2 that
contain x, because d used in the considerations above depends only on the compact
set that contains x, and does not depend on the choice of x in the respective compact.

We now approach the case when x € IR” \ Q. Having in mind that  was assumed
to be a (bounded) domain, with the help of the theorem of Jordan, we deduce that
IR" \ Q is also a domain. We take thus, a compact set Q* C IR" \ Q such that x €
Q* and consider the distances dj = dist(x, 92), df = dist(Q*, 9S2) and the balls
B(x, d§) and B(x, dy). Because dj > d}, we deduce that

B(x,d}) C B(x,dj) =
= QCR"\ B(x,d}) C R"\ B(x,d}).

Accordingly, for Iq(t — 7, x) we have the evaluations

0<Iq—rT,x) =/ Vi, T, x,8)dE
Q

< f V(t,r,x,f)dfff Vi, ,x,&dE. (6.1.23)
R\ B(x,d])

R"\B(x,d})

We make the change of variables & — x; = 24/t — 7n;, fori = 1,2, ..., n. Based
on the considerations from the first part of the proof, the last integral from (6.1.23)
becomes

1 -
/ e Eap, (6.1.24)
D

where the domain of the integral D is D = R" \ B(0, 2;’%). If we pass to the limit
with t — 7 — 07, the radius 2\7% becomes infinite and then the ball B(0, 2\7%)
becomes the whole space IR"”. Then the integral from (6.1.24) tends to zero and, by

returning in (6.1.23), we deduce that

. -y
0< Ilim Iq(t—17,x) < e =t dn =0,
* D

t—7—0

in which the domain of integration D is defined as above.
The limit holds true uniformly with respect to x, on compact sets from 2 that
contain x, because d* used in the considerations above depends only on the compact
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set that contains x, and does not depend on the choice of x in the respective compact
set. |

The usefulness of the results proven in Theorems 6.1.4 and 6.1.5 is certified in
the following theorem.

Theorem 6.1.6 Let Q be a bounded domain from R" and suppose that the function
f is continuous and bounded on <.

Then we have the following two alternatives:
o (i). If x € Q, then

lim ; Vt, 7, x,8)f()dE = f(x),

t—7—0F

the limit taking place uniformly with respect to x, on compact sets from Q2.
o (ii). If x € R" \ L, then

lim Vi, 7,x,8) f(&dE =0,
t—7—0% Q
the limit taking place uniformly with respect to x, on compact sets from R" \ .

Proof (i). Let Q be a compact set arbitrarily fixed, Q C €2, such that x € Q. We
have the evaluations

=

‘ /Q V(. rox 6 F(©dE — fx)

fg V(.o 6 F(©)de

) /Q V(t,T,x,E)f(ﬁ)df‘Jr‘f(x) /Q V(7 x, OdE — f(x)

E/QV(LT,x,f)lf(X)—f(§)|d§+|f(X)| ‘/QV(I,T,x,ﬁ)dﬁ—l‘ (6.1.25)

SfB Ve, 7, x, OIf ()= f(E)]dE DV(I, 7, X, O1f (x) = f(©IdE

(x,0)

+co

’

/ Vi, 1,x,8)dE — 1
Q

in which the domain D is D = R" \ B(x, §) and we denote by ¢ the constant given
by co = sup [ f(x)].

xeQ
To use the continuity of the function f, we take an arbitrarily small £ and then

there is n(¢) so that if |x — &] < n(e) = |f(x) — f(&)| < e.



6.1 Initial-Boundary Value Problems 181

If in the evaluations from (6.1.25), we take 6 < 7(e) we deduce that

L(jvaJ£»ﬂm—f@ww<s/ Vit T v, Od
X,0

B(x,6)

< 5/ Vt, 7, x,8)dE =e.
Then

/ vmrw@Nﬂm—f@mm<2w/ V(. x. E)dE,
Q\B(x,9) Q

\B(x.0)

and

lim Vi, m,x,8f(dE =0,

t—7—0% Q\B(x,0)

because x ¢ Q\ B(x, d). Then we can use the second part from Theorem6.1.5 to
obtain that the limit is null.
Finally, for the last integral from (6.1.25), we have

lim
t—7—0t

f V(I,T,x,f)f(f)df—l =07
Q\B(x,0)

because x € €2 and then we can use the first part from Theorem 6.1.5. If we take into
account these evaluations in (6.1.25), we obtain that the point (i) is proven. We must
mention that the limit from (i) holds true uniformly with respect to x because the last
integrals from (6.1.25) are convergent to zero, uniformly on compact sets from €.

(ii). We take an arbitrary compact set Q* so that x € Q* and Q* C R"\ Q.
Because our hypothesis is that f is a bounded function, we have

‘/‘“LTJ&Of@MS:E/|V0J3L§NU@Nd§
Q Q
s%/vmnm@ﬂ&m

Q

and then

0< lim
t—7—0%

LV&ﬂLOf@%

svame@ﬂ&m

Because x ¢ €2, based on the second part from Theorem 6.1.5, these inequalities lead
to the conclusion that

lim [ V(7 x, 6dE=0 (6.1.26)
Q

t—7—0%
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and then

lim
t—7—>0%

[ virx s <o

Q

the limit taking place uniformly with respect to x, on compact sets from R” \ €,
because the limit from (6.1.26) was obtained in the same way. [ |

In the following theorem, we generalize the results from Theorem 6.1.6.

Theorem 6.1.7 Let us consider the function g(7, &) supposed to be continuous and
bounded on Ty x Q. If, in addition,

lim g(7, &) = g(. &),
T—>tt+
and the limit takes place uniformly with respect to &, on compact sets from 2, then

e (i). If x € Q, then

lim [ V(@ 7,x, 0g(r,dE = g(t, x),
Q

T—>1"

and the limit takes place uniformly with respect to x, on compact sets from SQ.
o (ii). If x € R" \ , then

T—>1"

lim Vi, m,x,8€q(r, £)dE =0,
Q

and the limit takes place uniformly with respect to x, on compact sets from R" \ .

Proof (1). Let Q be an arbitrarily fixed compact, Q C 2, sothatx € Q C Q. Then

/g; V(t’ T, X, g)g(T’ §)d§ - g(tv-x)

=<

/QV(t,T,x,f)[g(T, 6)—9(&£)Jd£‘+‘/gv(hT,x,ﬁ)dﬁ—g(t,x) .
(6.1.27)

If in (6.1.27) we pass to the limit with 7 — 77, then the first integral from the right-
hand side tends to zero, based on the assumption, and the last integral from (6.1.27)
tends to zero based on Theorem 6.1.6. Also, we deduce that both limits are satisfied
uniformly with respect to x, on compact sets from €2, based on the assumption and
on the fact that the result from Theorem 6.1.6 was obtained in the same way.

(i1). The result is obtained in a similar manner. [ |
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6.2 The Method of Green’s Function

We will obtain, first, Green’s formula for the equation of heat. To this end we define
the operators L, ¢ and M, ¢) by

Ou
‘C’T =A - a5
(r.oHU cu o7
M L 6.2.1)
coU = A+ —. 2.
(7,6) 13 or

Let 2 be a bounded domain whose boundary 02 has a tangent plane continuously
varying almost everywhere.

In the following, we will use the function u (¢, x) which satisfies the following
standard hypotheses:

o ucC(Tr xQ);
o Uy, U €C(Tr x Q), for0 <7<t <T.

If we multiply (6.2.1); with v(7, &) and (6.2.1), with u(7, £), we obtain

ou ov
Lu — = VAU — UAV —V— — U—
vLu —uMv = vAcu — ulAcv vaT uaT
that is
0
vLu — uMv = vAqu — ulAev — 8—(141)). (6.2.2)
T

Proposition 6.2.1 Assume that the above hypotheses are satisfied on the domain Q2
and for the function u. If the function v satisfies the hypotheses of the function u,
then the following Green’s formula holds true:

/ / [vLu — uMvldrdé = / / [va—u — u@] Tdoe
0

— /Qu(t,f)v(t,f)df—}-/gu(o, Hv(0, £)dE. (6.2.3)

Proof By integrating on the set Q2 x [0, ¢] the equality (6.2.2), we get

//[vﬁu—qu]de§=//[vAgu—uAgv]deﬁ
2 Jo 2 Jo
"o
_ / / 9 (v drde. (6.2.4)
QJo 87’
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By using the Gauss—Ostrogradsky formula, we deduce that

/ f vAcudrde = / / Zafzdrdg
Zfsz/() 2"5g ¢ (5 ) aric = fagﬁ _°°S“d7d"f
:/{;9/0 Ua_ungde’

where v is the outside unit normal to the surface 9.
The following equality is obtained analogously:

t t av
// uAg)def:/ /u—deaf.
2 Jo oo Ovg

Then
o
/ / — (uv)drdé = / uvlydé
aJo OT 0Q
= [ . 9v.9 ~ u 0. 900, 10
R
If we use these evaluations in (6.2.4), we obtain Green’s formula. [ |

Green’s formula (6.2.3) can be generalized in the sense that, in the form (6.2.1) of
the operators £ and M, instead of the Laplacian A we can take an arbitrary operator,
which is a second-order linear operator.

We define thus, the operator L and its adjoint M by

Lu = ZZa,](x) + Zb (x) + c(xX)u,

i=1 j=I1

. Z Z 9 (ai;(x)v) Z OB | (6.2.5)

X;i0OX Xi
lljlala‘/ i=1 9

inwhicha;; =aj; € CX(Q), b € C'(R),and ¢ € CYUQ).
By analogy with (6.2.1), we will build the operators .4 and B by

ou
= Lu — —_—,
Au u o
By = Mv + @ (6.2.6)

ot
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Proposition 6.2.2 Assume that the hypotheses from Proposition 6.2.1 are satisfied
on the domain 2 and for the functions u and v. In addition, suppose that L is an
elliptic operator. Then the following Green’s formula holds true:

t t
// [vAu—qu]defzf /{v[va—u—u@}—kbuv}deag
Jo aaJo or o0t

- /Q u(t, ©)v(t, )dé + /Q 1(0, £)v(0, )de. 62.7)

Proof We multiply (6.2.6); with v and (6.2.6), with u# and the obtained relations are
subtracted member by member. We obtain the equality

0 0
vAu— uBBv =vLu —uMv — v—u - u—v

ot ot
=vlu — Mv—ﬁ(v)
= u u 81‘ u .

We integrate this equality on the set €2 x [0, ] and after we use the Gauss—
Ostrogradsky formula, we easily deduce the formula of Green (6.2.7). |

We now consider again the operators £ and M defined in (6.2.1). Accordingly,
we will use Green’s formula in the form (6.2.3). Starting from this form of Green’s
formula, we want to find form of the Riemann—Green’s formula. For this, we use
again the function V (¢, 7, x, &) defined by

i (xi —&)*

i=1

1
V(t7 T’ 'x’ f) - (Zﬁ)n (m)ﬂ

The unique singularity of the function V (¢, 7, x, £) is reached for (¢, x) = (7, £). To
avoid this singularity, we will consider the domain

{r; 0<7<t—-6, 6 >0} x Q.

On this domain, we write Green’s formula (6.2.3) for the pair of the functions (v, u),
where v =V (¢, 7, x,&) and u = u(t, &)

t—0
[ / [V, 7, x,Lu(r, &) —u(r, )MV, 1, x,£)]drdé
QJo

t—0
:/ / [V(t,r,x,g)g—”(r, €) — u(r, g)w] drdoe  (6.2.9)
09 Jo v ov

—/ Vit,t —7,x,)u — T, f)df—i—/ Vit 0, x,&u(0, £)dE.
Q Q
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In this equality, we pass to the limit with § — 0 and we use Theorem6.1.7 from
Sect. 6.1. Thus, if x € 2, we deduce that

u (t,x) = —// Vi, m,x, &) Lu(r, §)drdE
/ / |:V(t ox 5) (T ) — u(r, g)w]dma—5 (6.2.10)
oQ ov
+/ V2,0, x, Ou(0, O)de.
Q

The result proven here can be summarized as in the following theorem.

Theorem 6.2.1 For the equation of heat, the Riemann—Green’s formula has the form
(6.2.10), in which the operators L and M are defined in (6.2.1) and the function
V(t, T, x, &) has the form (6.2.8).

Observation 6.2.1 If x € R" \ Q then passing to the limit in (6.2.9) with 6 — 0
and using the second part of Theorem6.1.7 (from Sect.6.1), we deduce that

——// Vt, 7, x, &) Lu(t, §)drdE

/ / |:V(t T, X, 5) (7' &) — u(r, E)M] drdoe
o9 ov

+/ V(t,0,x,&u(0, £)dE.
Q

Consider now the following initial-boundary value problem:

Lu(t,x) = f(t,x), V(t,x) € ITr x Q,
u(0,x) = p(x), Vx € Q,
u(t,y) = a(t,y), ¥(t,y) € ITr x 02,

0 _
a_Z““’ y) = B(t. y), V(1. y) € Ty x 9.

Then Riemann—Green’s formula receives the form
t
u(t,x) = —/ / Vi, ,x,8)f(r,&drdE
QJo

+f fV(t,T,x,f)ﬂ(T,f)deog—/ f Ma(T,f)deQ
oQJ0 oQJo ov

+/ V(t,0,x, )p(€)de. 6.2.11)
Q
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The integrals from the right-hand side of the formula (6.2.11) are the potentials
associated to the problem of heat, namely,

e the thermal potential of volume

I =—/ / V(. rx. ) f (7, )drde;
QJO

e the thermal potential of the surface of a single layer

12=/ / V(t, 7, x,8p(r, §drdog;
aeJo

e the thermal potential of the surface of a double layer

t
L= — / /MW,@MQ;
o9 J0o v

e the temporal thermal potential

Iy = /Q V1.0, x, O)p(E)de.

Thus, formula (6.2.11) is also called the formula of the thermal potentials. As in
the case of elliptic equations, the thermal potentials are used to solve the initial-
boundary value problems, in the context of parabolic equations. More precisely, the
thermal potentials allow the transformation of these problems in integral equations
of Fredholm type.

Consider the Dirichlet problem

0
Acu(r, &) — 8—3@ 6 = f(r.0), V(r.&) e Tr x Q,

u(0, &) = (&), V€ e Q, (6.2.12)
u(t,n) = a(r,n), Y(r,n) € ITr x 0K,

where Q is a bounded domain with boundary OS2 having a tangent plane continuously
varying almost everywhere. We denote by 77 the interval (0, 7] and by 77 the closed
interval [0, T']. The functions f, ¢ and « are given and are continuous on the specified
domains. The condition (6.2.12)3 is called Dirichlet’s condition. In a problem of
Neumann type, the condition (6.2.12)3 is replaced by the boundary condition of
Neumann

0 _
a_Z(T’ m = B(r.m). Y(r.n) € Ty x 0K
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Definition 6.2.1 The function G(z, T, x, £) is called the function of Green attached
to the domain €2, to the operator £, and to the Dirichlet boundary condition (6.2.12)3,
if it is defined by

G, 7,x,)=V(t,7,x,8) + g, 7,x,8), (6.2.13)
where the function V (¢, 7, x, £) is defined in (6.2.8) and the function g(z, 7, x, £)
has the following properties:

e g(t, 7, x, &) is continuous with regards to the variables 7, 7, x, and & on the set
Tr x Ir x Q x Q;

o the derivatives g,,,, and g, are continuous on the set 7r x 7r x Q X €;
e g(t, T, x, £) satisfies the homogeneous adjoint equation of heat

0
Mg(t, 7,x,8) = Aeg(t, 7, x,8) + Eg(t, 7,x,§) =0;

e g(t, T, x, &) satisfies the condition g(z, t, x, £) = 0.

The function of Green G(f, 7, x, &) satisfies, by definition, the homogeneous
boundary condition of Dirichlet type

G(t,7,x,1m) =0, Y(r,n) € Ty x OK.
In the following theorem, we prove that if the problem of Dirichlet (6.2.12) admits

a classical solution, then this solution can be expressed with the help of the function
of Green.

Theorem 6.2.2 [fwe assume that the problem of Dirichlet (6.2.12) admits a classical
solution, then this has the form

u(t,x):—// G(t,1,x,&) f(r,&)drd€

QJO

— f / Ma(r,n)dn]dan—k / G (1,0, x, p(E)dE. (6.2.14)
9 Jo ov Q

Proof We write Green’s formula (6.2.7) for the pair of functions v = g(z, 7, x, £)
and u = u(t, £), where u(7, £) is the solution of the problem (6.2.12)

0=— [ f gt 7 x, € f (. ©)drde+ / / u(r, ) Mg(t, 7, x, €)drdé
e Jo £2J0

) / /r [g(t, ) ou(r,§) u(r. g)w} drdoe
22 Jo ov

ov
- /Q 9t 7, x, Oulr, )€ + /Q 91,0, x, Op(E)de.
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Based on the hypotheses imposed on the function g, this equality becomes

__ / / 91, 7., ) f(r, O)drde+ / 91, 0, x, p(©)de

/ f |:g(t - ”(T 9 _ e 5)—890 ~Y g)i|d7'd0'§.
oQ ov

(6.2.15)

We now write Riemann—Green’s formula (6.2.10) for the pair of functions v =
V(t,7,x,&) and u = u(r, &), where u(t, £) is the solution of the problem (6.2.12)

u(t, x)=— fﬂ /0 V(. rx. € f (7, ©)drdEt fg V1.0, x, £)p(E)de

+/ / [V(r,T,x,f)au(T’ O _acr, §)Mi|drdag. (6.2.16)
e Jo v

ov

If we add term by term the formulas (6.2.15) and (6.2.16), we are led to

u(t,x) = —/ /I G, 7, x,8) f(r,&drdE

/JG@ - (T 5)d rdoe— /Q/M (7. n)drddo,

n /Q G (1.0, x, ©)p(€)dE.

Since the function of Green G (¢, 7, x, £) becomes null on the boundary (because, by
definition, G (t, 7, x, £) satisfies the homogeneous Dirichlet condition), we deduce
that the second integral from the right-hand side of the equality above disappears,
and the formula which remains is just (6.2.14). |

We will now perform analogous considerations for the Neumann problem which is
obtained from the problem of Dirichlet (6.2.12) by replacing the condition (6.2.12)3
with the condition

Ou(r,n)

g, = O, V) e Tr x 0%. (6.2.17)

The function of Green for the domain €2, the operator £ and the Neumann condition
(6.2.17) is given in the formula (6.2.13) from the definition 2.1, but the last condition
from this definition is replaced by

oG(t, T,x,m)

=0, Y(r,n) € Ty x 0%, (6.2.18)
ov

that is, the function G satisfies the homogeneous Neumann condition.
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Proposition 6.2.3 Suppose that the Neumann problem (6.2.12), (6.2.12),, (6.2.17)
admits a classical solution. Then it can be expressed with the help of the function of
Green in the form

u(t,x) = —/Q/(; G(t,7,x,8) f(r,&drdE

+ / / G(t. 7, %, ))B(r, p)drdde, + / G (1,0, %, p(E)de.
oQ J0 Q
(6.2.19)

Proof We will use the same reasoning from the proof of the formula (6.2.14). We
can write, first, Green’s formula for the pair of the functions v = g(t, 7, x, £) and
u=u(r,§), where u(r, £) is the solution of the above Neumann problem. Then
we write Riemann—Green’s formula for the pair of functions v = V (¢, 7, x, ) and
u =u(r,§), where u(r, &) is the solution of the Neumann problem. If we add term
by term the two obtained relations and take into account the conditions imposed on
the functions g(t, 7, x, £) and G (¢, T, x, &), we obtain formula (6.2.19). |

Analyzing the formulas (6.2.14) and (6.2.19) we deduce that, if they exist, the
solutions of the Dirichlet and Neumann problems, respectively, if they exists, can
be expressed uniquely with the help of the function of Green. Because the func-
tion V(t, 7, x, &) from the definition of the function of Green is given in (6.2.8),
we deduce that the problem of determining the function of Green is reduced to
determining of the function g(¢, 7, x, ). Apparently, the problem determining the
function g(z, 7, x, &) is as difficult as properly determining the solution of Dirichlet’s
or Neumann’s problem, especially due to the conditions of regularity imposed on the
function g(¢, 7, x, &), which are reminiscent of the conditions imposed on a classical
solution.

But, in contrast to the classical solution u, the function g(¢, 7, x, £) satisfies both
in the case of Dirichlet’s problem and also in the case of the Neumann problem,
a homogeneous equation of heat. Then, if in the case of the Dirichlet problem the
solution u satisfies a boundary condition with « arbitrarily chosen, and in the case of
the problem of Neumann, with (3 arbitrarily chosen, the function g(¢, 7, x, £) satisfies
a boundary condition in which the right-hand side is perfectly determined, because

g, 7, x,m) ==V, 1,x,m), Y(T,n) € Tr x 0,

and

g, 7, x,m) _ OV(, 7,x,1)

v Tr x 00
v v V(T € Tr x 0%,

respectively, where V (¢, 7, x, 1) is given in (6.2.8).
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These commentaries prove that the method of Green’s function can be success-
fully used in solving initial-boundary value problems, from the theory of parabolic
equations.

In the considerations from this paragraph, the method of Green’s function was
used for solving linear problems. But this method can be used also for nonlinear
problems. Let us mention that for determining the function of Green we can use the
Laplace transform. By applying the Laplace transform on the parabolic equation and
on the boundary and initial conditions, an elliptic problem with boundary conditions
is obtained, because the Laplace transform acts on the time variable. Also, the initial-
boundary value problem for parabolic equations is subject to some simplifications if
we apply the Fourier transform on the spatial variables.

Consider now the nonlinear problem

B)
Au — a—L: =F(t, X, U, Uy, Uy, ..oy Uy, Y(E,X) € Tr X Q,
u(0,x) = p(x), ¥x € Q, (6.2.20)

u(t,y) = a(t,y), ¥(t,y) € ITr x 0.

In the approach of the problem (6.2.20), we can proceed as in the case of the linear
problems. First, the function of Green attached to the domain €2, to the linear operator
Au — u,, and to the boundary condition (6.2.20)3 is determined. Assuming that the
problem (6.2.20) admits a classical solution, then this solution can be expressed with
the help of the function of Green in the form

t
u(t,x):—// G(t, 7, x,)F (1, u, ug,, ug,, ..., ug)drdé
QJo

_/ /Ma(T, n)deda—,,Jr/G(t,O,x,§)<p(§)d§-
a2Jo v @
(6.2.21)

Then we have to determine the conditions that must be imposed on the functions F, «
and ¢ so that the function u from (6.2.21) is an effective solution of the problem
(6.2.20). We can prove a result according to which, if the function F is continuous
in all its variables and satisfies a condition of Lipschitz type with regards to the
variables u, uy,, Uy,, ..., Uy,, then u from (6.2.21) is an effective solution of the
problem (6.2.20).

6.3 The Cauchy Problem

In the initial-boundary value problems for the equation of heat considered in the
previous paragraphs, it was essential to know the temperature on the surface of the
body on which the problem was formulated.
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In the present paragraph, we consider that the surface is at a very great distance,
so that instead of a bounded domain we will consider the whole space IR”. Therefore
the boundary condition disappears and then we have the Cauchy problem

Au(t,x) —u,(t,x) = f(t,x), YV, x) € Tr x R",
1(0, x) = p(x), Yx € R", (6.3.1)

in which 77 is the interval of time (0, 7] and the functions f and ¢ are given and
are continuous on 77 x IR” and on R”, respectively.

The problem (6.3.1) is complete if we know the behavior of the function u at
infinity. Two types of behaviors at infinity are known, namely,

e it is required that the function u is bounded;
e the function u tends asymptotically to zero.

In the following, we will assume that the function u is bounded at infinity.
Itis called a classical solution of the Cauchy problem, a function u which satisfies
the conditions:

o ucC(Tr x RY);

e u and u,, are bounded functions on 7r x IR";

® Uy, Ut € C(,TT x R");

e u satisfies Eq.(6.3.1); and the initial condition (6.3.1),.

In the approach of the Cauchy problem (6.3.1), we will go through two steps. In the
first step, assuming that the problem admits a classical solution, we will find its form
with the help of the Riemann—Green formula.

In the second step, we will show that in certain conditions of regularity imposed
on the functions f and ¢, the formula found for the function « is an effective solution
of the problem (6.3.1).

We recall that the fundamental solution V (¢, 7, x, £) is given by

. ii (i —&)°
_ =l 632
Vt, T, x,§) (Zﬁ)" = exp pT7am ( )

Theorem 6.3.1 Suppose that the Cauchy problem (6.3.1) admits a classical solution.
Then this solution admits the representation

u(t,x):—/ / Vi, ,x,8)f(T, §)d7d§+/ V(t,0,x,&pdE. (6.3.3)
R Jo R"

Proof We arbitrarily fix x € IR” and we take the ball B(0, R) with the center in the
origin and the radius R sufficiently big so that the ball contains the point x. Write then
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Riemann—Green’s formula on this ball, for the pairs of the functions v = V (¢, 7, x, §)
and u = u(t, x), where u(t, x) is the solution of the problem (6.3.1)

u(t, x) = — / / V(7 x, € f(r, )drde+ / V1.0, x, ) p(€)de
B(0,R)JO B(0,R)

+f / [V(r,T,x,g)M—u(T, g)M}deag.
9BO,R)J0 v ov

(6.3.4)

We assumed that « and u,, are bounded functions (because u is a classical solution
for the problem (6.3.1)). Then, having in mind also the properties of the function
Vi, 1, x,&), we can show that if R — o0, then the last integral from (6.3.4) tends
to zero. To this aim, we write the last integral from (6.3.4) in the form

t
/ / V(t,T,x,ﬁ)wdeog
dB(O,R) JO v

LoV, T, x,
—[ / oven.x8 &)drdoe = I + I (6.3.5)
dB(0,R) JO ov
Then
4 2
. { > (xi = &)

[1;] 500/ / ————— exp ~=L drdoy,

aBo.R) Jo (V1 —7) 4t —1) :
where ¢) = W sup g—l‘j and this supremum exists because u is a bounded function.

It is clear that

lxp =&l <r=|&x| =

We can choose the radius of the ball R so that for an arbitrarily fixed x, x € intB(0, R)
and £ € OB(0, R) we have |{x| > R/2.
With these evaluations, for I; we obtain

! 1 R?
I < CO/ / ————¢ ndrdog.
9B(0,R) JO (\/t —T)n ¢

For the derivative of the function V (¢, 7, x, £) in the direction of normal, we have
the bound
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8_V
ov

so that for I, we obtain

pon
|12|561/ / wi— &l —n)"Fexp |- | drdoe,
9B0.R)J0 21: 4@ — 1) ¢

i=

and with the evaluations above, we deduce that

t
r 2
|| < cz/ / —————e¢ “ndrdo
aBO,R) Jo (t — 1) TH/2 :

! 1 R?
< CzR/ / —————¢ wndrdoy,
aBO.R) Jo (t —T)"TP/2

in which ¢; comes from the supremum of the function u and ¢, = nc;.
We make the change of variables

2 R2

= dr = —do.

f—7=—s
T 1602 803

Then for the upper bound of /,, we have

1 o0
L] < c3 R T / / o"le™" doda
AB(0,R) 4%

o0
_ —~2
= 3wy /R o' le “dodoy.
v

An analogous bound is obtained also for /|, using the same change of variables. By
integrating, n — 1 times, by parts, we can show that

lim 0" e~ dodoe = 0.
R—o0 | R
v
Then I} and I, tend to zero, as R — oo. If we pass to the limit with R — oo in
(6.3.5), then we obtain that the integral on the left-hand side tends to zero. With
this observation, we pass to the limit with R — oo in (6.3.4) and we obtain formula
(6.3.3). |

Formula (6.3.3) is called the formula of Poisson for the representation of the
solution of the Cauchy problem (6.3.1). With the help of the formula of Poisson, we
can prove the uniqueness of a classical solution of the problem (6.3.1).
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Theorem 6.3.2 The Cauchy problem for heat conduction (6.3.1) admits at most a
classical solution.

Proof Assume, by absurd, that the problem (6.3.1) admits two classical solutions,
uy(t, x) and u,(z, x), which are bounded, that is,

Aui(t, x) — a”t X) = f(t, %), V(t,x) € Tr x R,

u; (0, x) = o(x), Vx € R",

wherei = 1, 2. We define the function v(¢, x) by v(z, x) = u; (¢, x) — u»(¢, x). Then

Av(t, x) — %(I,x) = f(t,x)— f(t,x) =0,
v(0,x) = u1(0,x) —ux(0,x) = p(x) — p(x) =0. (6.3.6)

We obtained a new Cauchy problem with f =0 and ¢ = 0. According to Theo-
rem6.3.1, if a Cauchy problem admits a solution, then the solution necessarily has
the form (6.3.3). If we write the formula (6.3.3) and take into account that f = 0 and
o = 0, then we obtainv(t, x) = 0, V(¢,x) € Ty x R" suchthatu, (¢, x) = uy(, x).

|

It remains only to be proven that the function u from (6.3.3) is an effective solution
of the Cauchy problem 6.3.1. This is the object of the theorem of existence that
follows.

Theorem 6.3.3 Assume that the following conditions are satisfied:

(i) the functions f(t,x), (t x), (t x) are continuous and bounded on

Tr x R", that is,

fa, f il ! F
X), (t x), 2(tx)eC(’TTx]R)ﬁB(TTx]R),

(ii) the functions ¢(t, x), (t X), (t x) are continuous and bounded on
Tr x R", that is,

2

(t, x), (t X), 62

(t x) € C(Tr x R") N B(17y x R™).

Then the function u from (6.3.3) is an effective solution of the Cauchy problem (6.3.1),
namely, a bounded solution on Ty x R".

Proof We define the integral I; by

I = /}R V2,0, x, p()de,
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and show that I; verifies the problem
Ou "
Au(t,x) — E(r, x) =0, V(t,x) € Tr x R",
u(0, x) = p(x), ¥x € R". (6.3.7)

Then we show that the integral I,

12=/ /V(t,T,x,{)f(T,g)deg,
nJo

verifies the problem

ou
Au(t, x) — E(t,x) = f(t,x), V(t,x) € Tr x R",
u(0,x) =0, Vx € R".
Thus it will be obvious that I} + I, that is, u from (6.3.3), verifies the Cauchy

problem (6.3.1).
Because ¢ is a bounded and continuous function, we have

) < |I<p||/ V(. 0,x, )dé = o],
]R)l

which proves that the integral /; is convergent and therefore we can differentiate
under the integral sign. Then

on v -
an -2 = f (Av - E) HOdE =0,

taking into account the properties of the function V (¢, 7, x, &).
On the other hand, also using the properties of the function V (¢, 7, x, £), we have

lim /; = lim lim V(t,0,x,8e©)dE = o(x),

t—0 =0 R—00 Jrn

because the ball B(0, R) has the radius R sufficient big, so that the point x is inside
the ball.

As in the case of I}, we can show that the integral from /I, is convergent and then
we can differentiate under the integral sign and therefore we have

A = — /t/ AV, T,x,8)f(1,8)dEdT. (6.3.8)
0 n
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In the case of the derivative with respect to ¢, we differentiate an integral with param-

eter
ol v
o / Vit €)1t £~ / / WML 17, yagar.
(6.3.9)

For the first integral from the right-hand side of the relation (6.3.9) we have, in fact,

lim lim Vt, 7, x,8) f(1,8)dé = f(t, x),

T—>1~ R—00 B(0,R)

according to the first part of Theorem 6.1.7 (Sect.6.1). Thus (6.3.9) becomes

ol . tav(t, T,x,f)
E——f(f,x)—/"/() Tf(ﬁf)dfdﬂ

relation which, together with (6.3.8), leads to

ol
Al — =2 = f(t,x)

ot
t
—/ / I:AXV(I,T,x,f) - W] f(r, ©)drde.
nJo T
But
AV T.x.6) - w =0,
T
and then the previous relation becomes
oh
A —— =
o = [, x).

Then it is clear that

0
lim12=// V(t. 7. 2.6 f(r. £)dedr =0
e

t—0
and this ends the proof of the theorem. |

At the end of the paragraph, we will solve a Cauchy problem, attached to the
equation of heat, in a particular case.

Let us consider the strip B = [0, T] x (—o00, 00), where T is a fixed positive
number, which can be also co. Consider the equation
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2
% - % =0, VY(t,x) € B. (6.3.10)
If the function u(, x), defined on the strip B has the derivatives 0%u/0x* and Ou /0t
continuous inside of the strip and u (¢, x) satisfies Eq. (6.3.10), we say that the function
u(t, x) is a regular solution of Eq.(6.3.10).
The Cauchy problem consists in determining a regular solution of Eq. (6.3.10)
which satisfies the initial condition

u(0, x) = p(x), (6.3.11)
where ¢(x) is a real given function, which is continuous and bounded for any x €
(—00, —00).

We will prove that the function u(z, x), defined by

_e?

W de, 6.3.12)

u(t,x) = w(§)e

1 o
2/t ,/;oo
is a solution of the Cauchy problem (6.3.10), (6.3.11).

It is known from classical mathematical analysis that the integral from (6.3.12) is
uniformly convergent in a neighborhood of any point (#, x) from inside the strip B.
If we make the change of variables £ = x + 274/¢, then formula (6.3.12) becomes

u(t,x) = % /oo o(x + 2ny/De T dr. (6.3.13)

Because ¢ is continuous and bounded, we have sup |p(x)| < M, M > 0. The
—o0<X <O

integral from (6.3.13) is absolutely convergent and then

M (> _. M
|M(t,.x)|<ﬁfooe_" dn:ﬁ\/_ZM

The integrals which are obtained by differentiating under the integral sign in (6.3.12),
with respect to x and with respect to ¢, are uniformly convergent.
On the other hand, the function

obviously satisfies Eq.(6.3.10). With these arguments, we get that the function u
defined in (6.3.12) satisfies Eq. (6.3.10).

Also, the uniform convergence of the integral in a neighborhood of any point
(t, x), with ¢ > 0, from inside the strip B, allows passing to the limit, with # — 0,
in (6.3.13), so that we obtain



6.3 The Cauchy Problem 199
limu(t, x) = p(x).
t—0

The uniqueness and stability of the regular solution of our Cauchy problem are
immediately obtained. We can show that the regular solution of Eq. (6.3.10), satisfies
the inequality

m<u(t,x) <M,

where m = inf u(0, x) and M = supu(0, x), x € (—o0, 00).
We can then use the function v(z, x) = 2¢ + x2, which obviously is a particular
solution of Eq.(6.3.10).



Chapter 7 ®)
Hyperbolic Equations e

7.1 The Problem of the Infinite Oscillating Chord

The prototype of hyperbolic equations is considered to be the equation of the oscil-
lating chord, also known as the wave equation.
We will address, first, the case of the infinite oscillating chord. In fact, the chord is
not infinite, but its longitudinal dimension is infinitely bigger than its cross section.
Mainly, in this section we will consider the following initial value problem,
attached to the equation of the infinite oscillating chord:

&u 282u

oz~ o
(0, x) = p(x), Vx € (—00, +00), (7.1.1)

= f(t,x), v(t7x) [S (_007 +OO), Vt > 0,

%(O,X) = 1h(x), Vx € (—00, +00),

in which the functions f (¢, x), (x) and ¥ (x) are given and are continuous, on
their domain of definition. The function u = u(z, x) is the unknown function of the
problem and represents the amplitude of the chord at the moment ¢, in the point x.
The positive constant a is catalogued with respect to the type of material from which
the chord is made.

We will decompose the Cauchy problem (7.1.1) into two other problems, the first
one which is homogeneous with respect to the right-hand side, and the second one
which is homogeneous with respect to the initial conditions

0%u 282u

a2~ ¢ oax?
u(0, x) = ¢(x), Vx € (—o00, 400), (7.1.2)

=0, V(,x) € (—o0, +00), VYVt > 0,

%(wa) = w(x)’ Vx S (_ooﬂ +OO),
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and
&*u ,0%u
Yo ft,x), Y(t,x) € (=00, +00), Vt > 0,
(0, x) =0, Vx € (—o0, +00), (7.1.3)
0
a—”t‘(o,x) =0, Vx € (—00, +00),
respectively.

Proposition 7.1.1 [f the function u,(t, x) is a solution of the problem (7.1.2) and
the function u,(t, x) is a solution of the problem (7.1.3), then the function

u(t,x) = u(t, x) +uy(t, x), v, x) € (—oo, +00), Vt > 0, (7.1.4)

is a solution of the problem (7.1.1).

Proof We verity, first, the initial conditions

u(0,x) = u1(0, x) +u2(0, x) = p(x) +0 = ¢(x),

Ou 0w Ouy . _
E(va) = E(O,x) + E(va) =) +0 = P(x),

in which we take into account the initial conditions (7.1.2), and (7.1.3),, respectively
(7.1.2)3 and (7.1.3)3.
Using the linearity of the derivative and by differentiating (7.1.4), we obtain

821/! 282u 821/L1 2821,{1 02u2 282142
W‘“@—( - )+(atz —a axz>

oz ¢ ox2

=0+ f@t,x) = f(t,x),
in which we take into account Egs. (7.1.2); and (7.1.3);. [ |

Let us solve, in the following, the problems (7.1.2) and (7.1.3). Based on Proposition
7.1.1 we obtain the solution of the problem (7.1.1).
In relation to the problem (7.1.3), we have the following result.

Theorem 7.1.1 The function U(t, x) defined by

1 t x+a(t—7)
U(t,x) = 2—] {/ f(r, §)d§} dr, (7.1.5)
0 X

a —a(t—r)

is a solution of the problem (7.1.3).
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Proof 1t is clear that
1 0 x+a(0—71)
V(. x) = —f {f far, ods} dr =0,
2a 0 x—a(0—7)

Then using the rule of differentiating an integral with a parameter, we deduce that

8U(t,x) B 1 X 1 Y x+a(t—T)
N _ f F 06+ 5 fo 5{ f() f(ﬂf)df}df

t

i alf(r,x+at—7)+ f(r,x —a( —7))]dr

- 2a 0
t x+a(t—r)
n 1 [/ of(r, §)d§} dr

2a Jo Jxag—ry ~ OT

1 t
= 5/ [f(r,x +a(t—7)+ f(T,x —a(t —7))]dT.
0

Then it is clear that

ou 1[0
—(O,x):—/ [f(r,x+aO—7)+ f(r,x —a(0—7))]dr =0.
ot 2 Jo

We differentiate the previous relation again with respect to ¢ and so we get

2
aa—tlzj(t,x) = %[f(t,x 4+a.0)+ f(t,x —a.0)]

—i—l/ 2[f(T,)c-|-a(t—T))—I—f(T,)c—a(t—T))]dT,
2 0 or

that is,
o*U _ a ('[of(r,x+a(t—7)) Of(r,x—a(t—7))
W(Z’x)_f(t’xHE/O[ dxtati—7))  Oi—alt—1) }dT

(7.1.6)

We differentiate now (7.1.5) with respect to x, using again the rule of differentiating
of an integral with a parameter

' x+a(t—T7)
M:L/ 0 {/ f(T,ﬁ)dé}dT

3x 2a 0 ax —a(t—1)

:i/ [f(r,x+a(t—7))— f(r,x —a(t —7))]dT.
261 0

Here we differentiate again with respect to x, so that we are led to
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2 t
T - i/ gx[f(r,x+a(t—7))—f(T,x—a(t—T))]dT
0

0x? a

1 t|:8f(7',x+a(t—7')) Ox +alt—1))

"2 )y | 0 tat—1) dx
Of(t,x —at —7)) O(x —a(t — T))]
_ dr,
Ox —a(t—171)) Ox

and therefore

Q*U(t, x) _i/’[@f(T,x—i—a(t—T)) _Bf(T,x—a(t—T))i|d 7.17)
ox2 2a)y | OGx+a(t—1)) O(x—a(t—r)) T o
Then from (7.1.6) and (7.1.7) we obtain
Q*U(t, Q*U(t,
aiz 2 8)(c2 2= ran,
that is, U (¢, x) verifies Eq.(7.1.3);. |

We intend now to solve the problem (7.1.2).
Theorem 7.1.2 The solution of the problem (7.1.2) is given by
1 1 x+at
u(t,x) = E[go(x +at) +o(x —at)] + % / P(s)ds.

x—at

Proof First, we intend to obtain the canonical form of Eq. (7.1.2);.
Using the considerations from Sect. 1.1 from Chap. 1, we deduce that in the present
case, the characteristic equation is

We can observe that A = a? > 0 and therefore we are, indeed, in the case of hyper-
bolic equations. The following prime integrals are immediately obtained:

x+at =Cy,
x —at = C,,

in which C; and C; are arbitrary constants. Then we make the change of variables

& =x+at,
n=x —at. (7.1.8)
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Note that the transformation (7.1.8) is non-singular, because its Jacobian is not null.
Indeed, we have

a—a
11

=2a > 0.

'3(5, n)
a(t, x)

With the change of variables (7.1.8), the canonical form of Eq.(7.1.2); becomes

0u B
oo

()’
that is,

d (Ou\ _ Ou Lo
8_77(8_5)_0: 5 = 7€ 7€ C' (=00, +00).

We integrate again so that we obtain

u(€.n) = /v(f)dé + ) = a(§) + B, (7.1.9)

where « is a primitive function of the arbitrary function ~.

If we suppose that o and 3 are functions of class C'!, then the order of differen-
tiation above does not matter, according to the classic criterion of Schwartz. But, in
order to verify the equation with partial derivatives of second order, o and  must
be functions of class C?.

We introduce (7.1.8) in (7.1.9) and so we deduce that

u(t,x) = alx + at) + B(x — atr), (7.1.10)

in which the functions « and 3 will be determined with the help of the initial condi-
tions

o(x) =u(0,x) = alx) + f(x),

u , ,
Y(x) = - 0.x) = ad(x) —aff (x).
This system is equivalent to

a(x) + Bx) = e(x),
() — Bx) = - / P(s)ds + C,
a Jo

where C is an arbitrary constant of integration. The solution of this system is
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_ o(x)

a(x) 2

1 [ C
_ ds + —,
+2a/0 P(s) S+ 5

) 17 C
s = 2 _Efo Ys)ds - .

and then from (7.1.10), we obtain

(x+at) 1 [xrta c
u(t, x) ZSOT‘Fz/‘ q/}(S)ds-i-a
0

p(x —at) 1/"_‘” Cc
e 2 ds — —
T a ), YOE 3

x+at

= l[SO(X +at)+px —anl+ i/ P(s)ds,
2 2a

x—at
that is, just the desired result. |

Observation 7.1.1 Based on the results from Theorems 7.1.1, 7.1.2 and Proposition
7.1.1, we deduce that the solution of the problem (7.1.1) is

1 x+at
u(t, x) = E[w(x t+at) +ox —an]+ % / P(s)ds

1 t x+a(t—T)
+ {/ f(r, §)d§} dr. (7.1.11)

2a 0 —a(t—r)
We thus proved the following result of existence.

Theorem 7.1.3 (of existence) If the given function f (t, x) is supposed to be of class
CY((0, 00) x (—00, +00)), the given function @(x) is of class C%(—00, +00) and
the given function(x) is of class C' (—o0, +00), then the nonhomogeneous problem
of the infinite oscillating chord admits the classical solution (7.1.11).

A classical solution is a function u = u(t, x) of class C? with respect to x €
(—00, 400) and ¢ > 0, which verifies the initial conditions (7.1.1), and (7.1.1)3,
and replaced in Eq. (7.1.1), transforms it into an identity.

Observation 7.1.2 The form from (7.1.11) of the solution of the problem (7.1.10)
is also called the formula of D‘Alembert for the nonhomogeneous problem of the
infinite oscillating chord.

In the following theorem, we prove the uniqueness of the solution of the Cauchy
problem (7.1.1).

Theorem 7.1.4 (of uniqueness) The only classical solution of the nonhomogeneous
problem of the infinite oscillating chord is that given in (7.1.11).
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Proof Assume the absurd case that the problem (7.1.1) admits two classical solutions
uy(t, x) and u,(t, x) and then

Fu _ 20w £(t, %), Y(t, x) € (—00, +00), ¥ > 0
—da = X), y X - ) ’ > U,
or? Ox2 ’
u; (0, x) = p(x), Yx € (—o0, +00), (7.1.12)
(914,'

E(O,x) =Y(x), Yx € (—o0, +00),
where i = 1, 2. We define the function v(¢, x) by
v(t,x) = ui(t, x) —uy(t, x).

Then

o Yo Tor Yo T

821) 2821) _82u1 2821/!1 _ 82u2 _a2 82u2
or? Ox?

= f(t,x) = f(t,x) =0,

in which we used (7.1.12);.
Therefore

v(0,x) =u1(0,x) —ur(0,x) = p(x) — p(x) =0,
_ (’)ul

dv
E(O, x) = E

ou
0.x) = =2(0.2) = $(x) = (x) =0,
in which we used the initial conditions (7.1.12), and (7.1.12)5.
Thus, the function v satisfies a problem of the form (7.1.1) in which f(¢, x) =
p(x) = ¥(x) = 0 and then, according to (7.1.11), we have

v(t,x) =0 = u(t,x) = uy(t, x),

and this ends the proof of the theorem. |

To obtain a result of stability with respect to the right-hand side and with respect to
the initial conditions, for the problem (7.1.1), we ask that the time variable belongs
to a finite interval, say ¢ € (0, T'], where T is a conveniently chosen moment.

Theorem 7.1.5 (of stability) Denote by u,(t, x) and by u,(t, x), respectively, the
unique solutions of the problems

0u; 0u;

S — @5 = filt.x), V(t.x) € (=00, +0). Vi > 0,

u;i (0, x) = p;i(x), Vx € (=00, +00), (7.1.13)
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abt,'
5(0,)6) = ¢i(x), Vx € (=00, +00),

wherei = 1,2 and T is fixed in a sense which will be seen later. Then for any € > (),
316 = 6(¢) > 0 so that if

|f(t, 0l =1fit,x) = f2(t, x)| <6,
lp@t, )| = lei(t, x) — @2, X)| <6, (7.1.14)
[, )| = 112, x) — Pa(t, X)| <6,

then
lu(t, x)| = lui(t, x) — ur(t, x)| <e.

Proof Based on Theorems 7.1.3 and 7.1.4, the only classical solutions of the prob-
lems (7.1.13) are the functions u; (¢, x) given by

1 1 x—+at
%) = Sl 4 an) + il —an] + 5 / Di(s)ds

1 t x+a(t—r)
b { f fi(r, f)d&} ar,

2a Jo —a(t—7)

where i = 1, 2. We subtract these two solutions

1
ur(t, x) —ux(t, x) = S [ (x + at) — o1 (x +ar)

x+at

1 1
+ 3 [p1(x —at) — pa(x —at)] + % / [¥1(s) — 2(s)]ds
a

x—at

1 t x+a(t—r)
+— {/ [f1(7, &) — fa(T, 5)](15} dr.

2a 0 —a(t—r)

We pass to the absolute value in this equality and using the triangle inequality, we
obtain that the absolute value of the the right-hand side is lower, at most equal, than
the sum of the absolute values. We use then the fact that the absolute value of an
integral is lower than the integral of the absolute value

1
[y (t, x) — uz(t, x)| < 3 lp1(x +at) — @i (x + at)|

1 1 x—+at
43 lore —an) — gax —anl + —/ [1(s) — as)] ds

2a J_,

1 t x+a(t—T)
+ — {/ Ifl(T,f)—fz(T,f)Idf}dT-

2a 0 —a(t—T)
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If we take into account (7.1.14), this inequality leads to

1 (1 %) — us(t >|<5+5+5fx+md
uit, x u(l, x =5 B 20 . \)

) t x+a(t—T) § t
+ — f d¢ d7'=5+5t+—/2a(t—7)d'r
2a 0 x—a(t—T) 2a 0

12 T2
=01 — ) <é(1+T+—).
(+z+2)_ (+ +2)

If we choose T so that

2

I+ Lo E
2 )
we obtain
lur(r, x) —uaz(t, x)| <e,
and this ends the proof the theorem. |

At the end of the paragraph, we make some comments on the results of existence,
uniqueness, and stability from Theorems 7.1.3,7.1.4, and 7.1.5.

In the case of a problem with initial conditions, or with boundary conditions, or,
more generally, in the case of a mixed initial boundary value problem, there is the
concept of a well-posed problem, used the first time by J. Hadamard. According to
this concept, a problem, of any of the abovementioned types, is called a “well-posed
problem” if there exists a theorem of uniqueness of the solution for the respective
problem.

A theorem of uniqueness can be proven only for a certain class of functions. In
the case of the problem of the infinite oscillating chord, studied above, we cannot
have classical solutions without assuming that the given functions f, ¢, and v are
continuous. Therefore the class of continuous functions is the class in which we
approach the problem of the uniqueness of the solution.

If we want to prove only the uniqueness of the solution, then it is enough to
suppose that the functions £, ¢, and 1 are of class C° on their domain of definition.

But to prove the existence of the solution, it is required to suppose that the functions
¢ and 1) are of class C'.

Thus, the concept of class of correctness for the initial conditions and the boundary
conditions appears. This is that class of the functions to which the initial conditions
and the boundary conditions, respectively, belong and for which the uniqueness of
the solution of the respective problem is guaranteed.

When we have a theorem of existence and a theorem of uniqueness, we can talk
about the existence and the uniqueness of the solutions of the problems for which
the function from the right-hand side is given and likewise, the functions from the
initial conditions and the boundary conditions are prescribed.
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A particular solution of a given problem is that solution which corresponds
uniquely (in virtue of a theorem of existence and uniqueness) to a right-hand side
function, to some boundary conditions, and to fixed initial conditions. Therefore to
each fixed right-hand side and to fixed initial and boundary conditions, it corresponds
to a particular solution. In this context, the general solution will be conceived as the
family of all particular solutions.

In some cases, there may be some solutions for which a theorem of existence and
uniqueness is not proven. These solutions are obtained by direct calculation and are
called singular solutions.

The functions which define the the right-hand side and the initial conditions and
the boundary conditions are supplied by experiments. In the case of the problem of the
infinite oscillating chord, for the functions f}, 1, and v, provided by a researcher
we have a uniquely determined solution, u;. If another researcher provides other
data f>, @2, and 1, for the same phenomenon, the problem will admit the uniquely
determined solution u,. We will talk about the stability of the solution in the following
case: if the data fi, ¢, and v differ sufficiently little from the data f>, ¢,, and v,
then the corresponding solutions u; and u,, respectively differ sufficiently little.

7.2 Problem with Initial and Boundary Conditions

Let 2 be a bounded domain from the space R” with the boundary 02 having tangent
plane continuously varying almost everywhere. As usual, we denote by 7 7 the
interval of time 77 = (0, T'] and Tr = [0, T], where T > 0.

Consider the initial-boundary value problem, attached to the equation of waves

Au(t,x) —u,(t,x) = f(t,x), V(t,x) € Tt x Q,

u(t,y) =a(t,y), Vx € Ty x 0K,

u(0,x) = p(x), Vx € Q, (7.2.1)
u, (0, x) = (x), Vx € Q,

where the functions f, «, ¢, and v are given and are continuous on their domain
of definition.

Definition 7.2.1 A classical solution of the problem (7.2.1) is the function u=
u(t, x) which satisfies the conditions

e u is a continuous function on 77 x

e the derivatives u,,,, and u,, are continuous functions on 7r x ;

e u satisfies Eq.(7.2.1);, the boundary condition (7.2.1), and the initial conditions
(7.2.1)z and (7.2.1)34.

We will use an energy method to show that the problem (7.2.1) can only have one
solution.
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Theorem 7.2.1 The mixed initial boundary values problem (7.2.1) has at most one
classical solution.

Proof Assume, the absurd case that the problem (7.2.1) admits two classical solu-
tions, u (¢, x) and u, (¢, x). We define the function v by

v(t,x) =ui(t, x) —uy(t, x).

It can be verified, immediately, that the function v satisfies the conditions imposed
on a classical solution, because the solutions u; (¢, x) and u, (¢, x) are assumed to be
classical solutions. Also, the function v satisfies the problem (7.2.1) in its homoge-
neous form

Av(t, x) —vy(t,x) =0, V(,x) € Ty x Q,

v(t,y) =0, Y, y) € Tr x 0%,

v(0,x) =0, Vx € Q, (7.2.2)
v,(0,x) =0, Vx € Q.

To the function v, we attach the function E defined by

E(t) = %f {v?(t, O+ Y vl g)} de, (7.2.3)
2 i=1

which will be called the integral of energy.
We will write the proof in two steps. In the first step, we will show that £(0) = 0,
and in the second step, we will prove that

dE(t)
=0,
dt

from where we will be led to the conclusion that, in fact, E(t) is a constant. But,
according to the first step, £(0) = 0 and then the conclusion will be that £ = 0. We
will couple this conclusion with the definition (7.2.3) of the function E and we will
deduce that

v, =0,v,=01=12,...,n,
which proves that v is a constant. But on the boundary, the function v is null and

then we deduce that this constant is null, that is, v = 0 and therefore 1| = u,.
We will prove immediately the first step. We directly replace t = 0 and we obtain

E(0) = % /Q [v,%o, O+ v, 5)} d¢ =0,
i=1
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in which we used the initial conditions (7.2.2)3 and (7.2.2),.
We approach now the second step. Due to the conditions of regularity which are
satisfied by the function v, we can differentiate in (7.2.3) under the integral sign

dE(1) .
P =/Q[v,(t,f)vn(t,ﬁ)+§vx,(t,€)vzxi(t,£)} d¢. (7.2.4)

But we have
0
/ v)Ci (tv g)vtxi (tv f)dé- = / 6_ [UX1 (tv S)Ut (ts 6)] dé‘
Q Q 0X;
- f Uy (ts g)vx,-x; ([7 f)df = / UX,' (ta g)vt (t7 5) Cos alda-f
Q oQ
- fQ 01, v, (1, )AE = — /Q 0t Oven (L OAE, (725

in which we used, first, Gauss—Ostrogradski’s formula (and this was possible, since
the surface OS2 admits a tangent plane that is continuously varying almost every-
where). Then we used the boundary condition (7.2.2),.

From (7.2.5) we get

| 300 = - [ om0, e,
Q i=1 Q

and therefore (7.2.4) becomes

dE(t)
d = v (1, §) [v (2, §) — Av(z, §)]1dE = 0,
t Q
because v satisfies the homogeneous equation (7.2.2);. |

In the following, we will prove a result of stability for the solution of the problem
(7.2.1), with respect to the right-hand side and the initial conditions.

Theorem 7.2.2 Let u;(t, x) and u,(t, x) be the solutions of the problems

2,
Aui (1, x) — %(r,x) = fi(t.x), V(t,x) € Ty x Q,

ui(t7 J’) ZOL(t, y)’ Vx eTTX aQ’
u; (0, x) = p;i(x), Vx € Q,
%(o, X) = i(x), Vx € G,

wherei =1, 2.
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Suppose that for Ve > 0, 36 = §(¢) > 0 such that

[fi(t, x) = fa(t, x)| < 6,
lp1(t, x) — pa(t, x)| <6,
iy dip1

8_x,-(t’x) - O_x,-(t’x) <4,

[1(t, x) —ha(t, x)| < 6.

Then we have

lur(r, x) —uz(t, x)| <e.

Proof Denote by u(z, x) the difference between the two solutions

u(t,x) =u(t,x) —uy(t, x).

Now, we attach to the function u(z, x) the integral of energy

E@) = % / [u?(r, O+ > it 5)} dé. (7.2.6)
@ i=1

Due to the conditions of regularity satisfied by the function u#, we can differentiate
under the integral sign in relation (7.2.6)

dE
d(’) _ / (1, €) [y (2, €) — Aur, €)]de
t Q

(t, w idoe, 7.2.7
+/mu(t Y uy (1, &) cos a;dor (7.2.7)

i=1

where we used Gauss—Ostrogradski’s formula, as in the proof of Theorem 7.2.1. But
on the boundary we have

Ou B Ouy  Oup Jda O«

- _ =— —— =0. 7.2.8
Ox; Ox; Ox; Ox; Ox; ( :
Also
8214 A 82u1 A 82142 T A
—_— U —=  — — uy — — u» =
or? or? T o 2

— fit,x) + fa(t, x).

If we denote by f(¢, x) = fi(¢t, x) — f>(¢, x) and if we take into account (7.2.8),
then the derivative from (7.2.7) becomes
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dE(t)
= [ oreod (7.29)
t Q
It is elementary to prove the inequality
a’> b’
+ab < — 4+ —,
ab < = + 5 (%)
so that from (7.2.9) we deduce that
dE(t) 1 1
= -/ up(t, §)d¢ + —/ A, 6)dE. (7.2.10)
dr 2 Jo 2 Ja

Based on the assumption that

lf@ 0l =1fi(t,x) = 2@, x) < ¢

we deduce that the last integral from (7.2.10) is as small as possible. We use the

notation
1 2
A@) = 3 [, §dE.
Q
Taking into account (7.2.6), it is clear that
1 2
2 Ja

and then (7.2.10) becomes

dE(t)
o SEO+AD,

(7.2.11)

so that if we multiply in both members with e ', we are led to the following inequality:

d t
— e E@®)| < A)e™.
P [e"E()] < A()e
We integrate here on the interval [0, ¢] so that we obtain
t
e "E(t) < E(0) +f e TA(T)dr,
0
and this relation can be rewritten in the form

E(t) < e E(0) +/ e'TTA(T)dr.
0
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Because ¢ € (0, T, the last inequality leads to

T
E(t) <e"E©0) + / e’ T A(T)dr. (7.2.12)
0

Using the hypotheses of the theorem, we deduce that £(0) is as small as possible
and because also A(#) is no matter how small, we deduce that also the integral
from (7.2.12) is as small as possible. Therefore the function E(¢) is dominated by
a constant which can be made as small as possible. To show that u is as small as
possible, we define the function E(¢) by

Ei(t) = %/ u*(t, £)de. (7.2.13)
Q

Based on the hypotheses of regularity of the function u, we deduce that we can
differentiate under the integral sign in (7.2.13) and then we obtain

dE; (1) :/M(I,g)u,(t,ﬁ)dff
dr Q

1 2 1 2
= /Q 0,46 + 3 /Q W2 (1, ©)de,

where we used again the above elementary inequality (*).
In this way, we proved that

dE (1)
dt

= Ei()+ E@),

and we will proceed analogously as for the inequality (7.2.11), so that we obtain

T
E\ (1) §eTE|(0)+/ el TE(r)dr.
0

Because E;(0) is as small as possible, and because we proved that E(¢) is as small
as possible, we deduce that E;(¢) is arbitrarily small and then u is as small as
possible. |

7.3 The Cauchy Problem

The mixed initial boundary values problems from the previous paragraph include
the conditions imposed on the surface which borders the body on which a problem
is formulated. In this paragraph, it is assumed that the surface is at an appreciably
high distance so that we can consider that the domain on which we formulated the
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problem is the whole space. Therefore the boundary condition disappears from the
formulation of the problem.

We will consider the problem with initial conditions, that is, the Cauchy problem,
in the Euclidean space with three dimensions IR>.

Let us consider the problem

0%u

o2
u(0,x,y,2) = p(x,y,2), V(x,y,2) € R, (7.3.1)

(t,x,y,2)—a’Au(t,x, y,2)=f(t,x,,2), V(t, x, y, 2)€ (0, +00) x R?,

0
a—b;(O,x, y,2) = (x,y,2), Y(x,y,2) € R,

in which the functions f, ¢, and v are given and are continuous on their domain of
definition and a is a positive known constant of the material.

A function u = u(t, x, y, z) is called a classical solution of the problem (7.3.1)
if it satisfies the conditions

e u and all its derivatives of the first order are continuous functions on
[0, +00) x R3;
e the homogeneous derivatives of second order of the function u are continuous
functions on (0, +00) x R3;
e y verifies Eq.(7.3.1); and satisfies the boundary conditions (7.3.1), and (7.3.1)s.

We define the function u(z, x, y, z) by
ut,x,y,2) =Ust,x,y,2) + Wy(t,x,y,2) + V,(t, x,y,2), (7.3.2)

where the functions Us (¢, x, y, z), Wy(t, x,y,2), V,(t, x, y, z) have, by definition,
the expressions

1 ,n,C t—r/a
Upxy = gy [ LERGIE D geqnag,
B(x,y,z,at) r

47a?
1 9 9
Wyt x,y.7) = 2/ venoy, (133)
4ma IB(x,y,z,at) t
1 0 n,
Volt, %, 9,2) = ——5 / YEm9 4, Y.
dma® 0t \Jop(x,y,z.ar) t
where

3

D =& =V -+ -+ - O

i=1

r=|¢x| =
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Also, in the formulas (7.3.3), B(x, y, z, at) is a ball with the center in the point of
coordinates (x, y, z) having the radius az. The surface OB (x, y, z, at) is the boundary
of this ball, that is, the sphere with the same center and the same radius.

In the following theorem, we will prove the central result of this paragraph.
Namely, we show that the function u defined in (7.3.2) is an effective classical
solution of the Cauchy problem (7.3.1).

Theorem 7.3.1 If f € C*((0, +0)), ¢ € C3(R*) and ) € C3(R?), then the func-
tion u defined in (7.3.2) is a classical solution of the Cauchy problem (7.3.1).

Proof We write the proof in three steps. In the first step, we prove that the function
Wy, from (7.3.3); is a solution of the problem

W,

atZL (tv X, y7 Z)_azAW(j)(tv X, y5 Z)=07 V(ta X, yv Z) E(Ov +OO) XIR3a
Wy(0.x,y.2) =0, ¥(x,y,2) € R, (71.3.4)
ow,,

7(0,)6, y,2) = ¥(x,v,2), Y(x,y,2) € R

In the second step, we prove that the function V,, from (7.3.3)3 is a solution of the
problem

8V,

gz (%, 9, 2) = @AV, (1%, y,2) =0, V(t,x, 7, 2) € (0, +00) x RY,
Vo(0,x,y,2) =@, y,2), V(x,y,2) € R, (7.3.5)
v,

a—;(O,x,y, 2) =0, Y(x,y,2) € R,

and in the third step, we prove that the function U from (7.3.3); is a solution of the
problem

U,
a—tzf(t, x,y, 2)—a*AUs(t, x, y, 2)=F(t, x,y,2), V(t, x, y, )€ (0,400)xR*

V,(0,x,y,2) = p(x,y,2), Y(x,y,2) € R’ (7.3.6)

oV,
8—;’(o,x, ¥,2) =0, ¥(x,y,2) € R®.

If the three steps are proved, then, by taking into account (7.3.2), we deduce that
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82u ZA asz 2AU + 82W1/;

— —dad u — —da

ot? ot? f ot?
0%V,
ot?

—a’A W,

—a*AV, = f(t,x,9,2) +04+0= f(t,x,y,2).
Then

u0,x,y,2) =Us0,x,y,2) + Wy(0,x,y,2)
+V,0,x,9,2) =0+0+p(x,y,2) =, y,2),

and, finally,

81/{ an (9W¢
E(O,x, y,2) = W(O,x, v, 2) + T(O’X’ ¥, 2)

av,
+B_;O(O,va,z):0+¢(xayvz)+0:¢(xvy»z),

that is, the function u from (7.3.2) actually verifies the problem (7.3.1) and the proof
will be complete.

Step 1.

Denote by M the points of the coordinates (x, y, z), and then we can write Wy, in
the form

1
Wl‘“}(ta X, Y, Z) = P / w(é.v m, C)daata
ara*t Jopu.an

where do, is the element of the area on the sphere of radius at.
We make the change of variables (&, 1, () — («, (3, 7y) given by

& =x+ aat,
n =y + Bat, (7.3.7)
¢ =z+at.

Then we obtain

QP4 PR = (E—x)2+(77;§)2+(C—z)2 _1
a’t

that is, the point of coordinates («, 3, y) is on the unit sphere B(M, 1). Consequently,
the function W), receives the form

t
Wyt x, y,2) = — / Y(x + aat, y + Bat, z + vat)do. (7.3.8)
4 Jopm.1
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Taking into account that the function 1/ was assumed to be of class C? and that we
are on a compact set (the unit sphere), we have

t|co

|Ww(f,)€,y,z)| S_f doy = tcy,
4r OB(M,1)

and then W, (¢, x, y, z) — 0, for t — 0%, uniformly with respect to x, y, z, that is,
W, satisfies the condition (7.3.4),.

We differentiate now in relation (7.3.8), with respect to ¢

P

1
(t,x,y,2) = —/ Y(x + aat, y + Bat, z + yat)do,
6t 47 OB(M.,1)

at |: OY(x + aat, y + Bat, z + yat)
Am Josm.1 d(x + aat)
(7.3.9)
OY(x+aat, y+fBat, z+~vat)  (x+aat, y+Lat, z+yat)
+ ﬁ Y do;.
O(y+fat) 0(z + Cat)

We denote by I, the last integral from (7.3.9) and we notice that the integrand is the
derivative in the direction of the normal. Then we can deduce

(x + aat, y + Pat, z + ~vyat)

at
|| < —/ doy
47'(' OB(M,1) 8V
atcy atcy
< — doy = —4n = atcy,
4 OB(M,1) ™

in which c¢; is the supremum of the derivative in the direction of the normal, which
exists due to the conditions of regularity imposed on the function .

Then I, — 0, as t — 0%, uniformly with respect to x, v, z.

For the first integral from the right-hand side of the relation (7.3.9), which will
be denoted by 7;, we will apply the mean value theorem.

According to this, there is a point («*, 5%, v*) € 0B(M, 1) so that

1

IL=—
A Jorwm,1

Y(x + aat, y + Bat, z + yat)do,

1
= —(x + a*at, y + §*at, z + ~v*at) do
4r OB(M,1)

=Y(x + a*at, y + f*at, z + v at).

Then, clearly, I} — v (x, v, z), ast — 0T, uniformly with respect to x, y, z. In con-
clusion, if we pass to the limit in (7.3.9) with  — 0T, we obtain
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oW,
1. _’U t, ) ) = k] k) k)
Jim — = (. x,y,2) =9, . 2)

that is, Wy, verifies the initial condition (7.3.4)s.
We should note that (7.3.9) can be rewritten in the form

8W ) ) ) Ws‘) ) ) b 1 8 ) )
ot x,y,2) _ Wolt,x, y,2) / W&, n Odom, (73.10)
JIB(M ,at)

ot t drat ov

where we returned to the variables (&, n, ().
In the integral from (7.3.10), we apply Gauss—Ostrogradski’s formula and then
(7.3.10) becomes

8W¢)(t’x’yvz) Wg‘)(t,X,y,Z) 1
= +
ot t 4mat

/ AG(E, 1, Odedndc.
OB(M ,ar)
(7.3.11)

We denote by I(t) the integral from (7.3.11) so that (7.3.11) can be written in the
form

OWy(t,x,y,z) Wy(t,x,y,2) 1
= — 1(1),
ot t + 4mat @

arelation which, after we differentiate with respect to ¢, leads to

PWy(t,x,y,2) 1
or? "~ dnat

I'(1). (7.3.12)

In order to differentiate easily in the integral I (#) we use, first, the spherical coordi-
nates

10 =[ - avn odeand
OB(M ,ar)
at T 2w
:/ / / AY(r, 0, p)r sin Odrdfdp.
o Jo Jo
Then
T 2w
I'(t) = a’t? / / AY(r, 0, @) sin 0d0d o
0o Jo
=a'r’ / Apdoy = a f APE, 1, Odoy
AB(M,1) OB(M,at)

and thus (7.3.12) becomes
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PWy(t, x, y,2) 1 2
o =1 /{;B(M,at) AP, n, Odog = a” AWy, (7.3.13)

taking into account the definition (7.3.3), for W, and the fact that we can differentiate
under the integral sign with respect to (£, 1, ¢), based on the conditions of regularity
of the function ).

The relation (7.3.13) shows that Wy, satisfies Eq. (7.3.4); and the first step is fully
demonstrated.
Step 11.
First, we observe that

OW,(t,x,y,2)

7 (7.3.14)

Vo(t,x,y,2) =
by taking into account the definition (7.3.3); for V,, and the definition (7.3.3), written
for W,, (instead of Wy).

Then, we deduce that

aWLp(Ov )C, ya Z)

VL,D(O’-X’ ya Z) = 8t

= o(x,y,2),

by taking into account the first step, that is, V,, verifies the initial condition (7.3.5),.
If we differentiate with respect to ¢ in (7.3.14), we obtain

OVy(t,x,y,2) (Q)ZW@(I, X,y,2) 1,
ot or? 4mat ®) ( )

and in the deduction of this relation we used the equality (7.3.12).
Based on the proof from step I, we have

I/(t) = a/ Aw(§9 R C)dgah
OB(M,ar)

and then (7.3.15) becomes

oV,(t,x,y,2) 1
ot T 4t

a’t

/ AG(E, 7, O)doy
JIB(M ,at)

= — AY(x + aat, y + Bat, z + yat)do.
4m Jom,1

Thus we deduce that

oV, (t,x,y,2)

— 0, ast — 0T,
ot
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because the integral
/ AY(x + aat, y + Bat, z + yat)do,
OB(M,1)

is a bounded function, based on the conditions of regularity satisfied by the function

Pp.
Therefore V,, satisfies the initial condition (7.3.5)3.

Taking into account (7.3.14), we deduce that

’V, 9* (0w, oW,
—f AV, = — [ =) A2
o oY 8t2(8t> o
o (O*W, 5
= — —a"AW, | =0,
ot ( oz ¢ 9)
because in the first step we proved that
O’ W, 2
R a”AW, =0.

In conclusion, V,, satisfies Eq.(7.3.5); and the proof of the second step is finished.
Step I11.
First, from (7.3.3); we deduce immediately that

m/ SEn Gt =1/a) g e g,
B(M,at) r

4ma? -0+

1. U ta » =
i Us@, 3,2

by taking into account the regularity of the function f and the fact that, at the limit,
the ball B(M, at) is reduced to the point (x, y, z).

Therefore the function Uy satisfies the initial condition (7.3.6),. We now write
U in the form

| ! f(é" 7, C,t—Q/a)
t = ’ ‘
Ue(t,x,y,2) 471.6,2/0 {[OB(M,Q) e Jg} Q

1 t
=3 2/ {/ fx+ao, y+B0, 2470, t—g)dog} odo. (7.3.16)
ma=Jo WJoBo,1)

then

OUs(t, x,y,2) 1
ot " 4ma?

1
4ra?

/ fx+ao, y+B0, z+v0, t—o)tdo,
0B(0,1)

t
/{/ f(x—i-ag,y+ﬁQ,Z+’yQ,t—Q)dog}gdg. (7.3.17)
0 dB(0,1)
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The second integral from (7.3.17) disappears for ¢+ = 0. For the first integral, we use
the mean value theorem and then this integral becomes the product between ¢ and a
bounded constant and therefore tends to zero, as t — 0T, that is,

aU t7 Vs
lim 29000

0,
t—0t ot

the limit taking place uniformly with respect to (x, y, z). Therefore U ; also satisfies
the initial condition (7.3.6)3.

It only remains to prove that U verifies Eq.(7.3.6);. For this, we introduce the
notation

Ui(t, 7,x,y,2) =

/ fx+@E—7)& y+@—1)n, 24+ —7)(, t—0)doy. (7.3.18)
dB(©,1)

-7
T 4w

Then (7.3.16) becomes

t
Us(t,x,y,2) = / Ui(t, 7, x,y,z)dr. (7.3.19)
0

Starting from (7.3.18), we obtain without difficulty the relations

UL, T, X, y,2)
or?
Ui(t,t,x,y,2) =0, (7.3.20)
oU(t,t,x,y,2)
ot

- AU](I,T,.X, y, Z) = Oa

:f(tvxvyvz)-

Then from (7.3.19) we deduce that

PUs(t,x,y,2)  OU(t,1,x,y,2) N /t O*U\(t, 7, x, y, Z)dT
Or? ot 0 Or?
Lo, T, X, Y, 2)
or?

=fmn%o+/ dr. (7.3.21)
0

On the other hand, we have

t
AUf(t,x,y,z)=/ AU((t,7,x,y,2)dT
0

B /’ PUN(, 7, x,y,2)
0

i dr, (7.3.22)

in which we take into account (7.3.20);.
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From (7.3.21) and (7.3.22), by subtracting member by member, we deduce that

O*Uys(t,x,y,2)

a2 —AUs(t,x,y,2) = f(t,x,y,2),

that is, the function U s verifies the nonhomogeneous equation (7.3.6); and the proof
of the third step is finished and therewith, the proof of the theorem is concluded. l

Formula (7.3.2) which gives the form of the solution of the Cauchy problem (7.3.1)
is known under the name of the formula of Kirchhoff.

The formula of Kirchhoff can be used to prove the uniqueness of the solu-
tion of the Cauchy problem. Indeed, if the problem (7.3.1) admits two solutions,
say u(t, x, y,z) and us(t, x, y, z), then we denote by u(z, x, y, z) their difference,
u(t,x,y,z) =ui(t,x,y,z) —uy(t,x,y,z). Then u(t, x, y, z) satisfies the Cauchy
problem of the form (7.3.1) in which f =0, ¢ = 0 and ¥ = 0. If we write the for-
mula of Kirchhoff for u, obviously we obtain u = 0 from where we deduce that
Uy = uj.

Also, with the help of the formula of Kirchhoff, we can prove a result of stability
for the solution of the Cauchy problem (7.3.1), with respect to the right-hand side
and the initial conditions.



Part 11
Solutions in Distributions



Chapter 8 ®)
Elements of Distributions Geda

8.1 Spaces of Distributions

One of the essential reasons for which the concept of distribution was introduced is
the necessity to solve a differential equation in weaker conditions of regularity.

In the chapters that follows, the main types of partial differential equations will
be solved both in the classic manner and also in the context of distributions.

To achieve the relative independence of our exposure, we will present in the
beginning some notions of the theory of distributions.

Let ©2 be an open set (bounded or not) from the space R”. We will denote, as
usual, by A the closure of the set A. We introduce the notion of the support of a
function ¢, defined on Q2 by

supp p(x) = {x € Q: p(x) # 0}.
Also, the following notations are well known:

C®(Q) = {p = px) : D'p e C(Q)},
Cy° () = {p € C() : supp ¢ = compact C )}, (8.1.1)

where k = (k1, ko, ..., ky), ki e N, i =1,2,...,n is called a multi-index and by
D we denote

aklkg...k,,@(x) _ a\k\so(x)

Dip(x) = = ,
oxhoxk Loxk oxbroxk . .oxk

k| = (ki ko) = ki
i=1
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If the set Q2 is bounded, then any of its subset is bounded and because supp ¢ is a
closed set, we deduce that supp ¢ is a compact set and then the two sets from (8.1.1)
are equivalent.

Analogously, for a fixed natural number m, which can have also the value zero,
we will use the notations

C™(Q) = {p = p(x) : D € C(Q), |k| <m},

Cy' () = {p € C™(2) : supp p(x) = compact C 2)}. (8.1.2)
In the following, we will denote the sets C§°(£2) from (8.1.1) and Cif' (2) from (8.1.2),
by D(R2) and D™ (L2), respectively.

We want to introduce a topology on D™ (2). To this end, we consider the sequence
{Q,}n>1 of compact sets from €2, having the properties

01C€C0,C...C0,C ..

Q= OQ,, (8.1.3)
i=1

On each compact set Q;, we define a semi-norm as follows:

lolo, = sup |D'o(x)|, Ve € D"(RQ), (8.1.4)

xeQi lkl=j

for i and j arbitrarily fixed, i =1,2,..., j=1,2,...

We can verify, without difficulty, the fact that, in fact, for i and j fixed in (8.1.4)
we have just a norm.

Starting from (8.1.4), we define

"1 e —vlg,

dilp, V) = ) T
j=1 271 + |<)O - 1)Z)|Q,,

(8.1.5)

so that for a fixed i we obtain a metric on the space D™ (€2). Therefore if we consider
a fixed compact set, by using (8.1.3), we obtain a topology of the metric space. As it
is known, on each compact set Q;, we have the topology of a locally convex space.

If we compare the semi-norms introduced in (8.1.4) for two compact sets which
are different, we obtain

|@|Qi+l,] = |<)0|Qi,j; Qi - Qi+1- (8.1.6)

But the restriction of the topology defined on Q;; to Q; coincides with the topology
defined on Q;. Because the set D™ (2) can be represented as a reunion of sets of the
functions defined on compact sets Q;, we deduce that we can talk of the topology of
the inductive limit defined with the help of the semi-norms (8.1.4) on €.
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Thus, a neighborhood of an element in D™ (2) is any subset of D™ (£2) which
has the property that if it is intersected with each of the locally convex spaces cor-
responding to a compact set Q;, with i fixed, then a neighborhood of the respective
locally convex space is obtained.

We want to outline that this topology is one of the strict inductive limits, because

1. D™ (2) is represented as a reunion of the subspaces which correspond to each
Q;, with i fixed;

2. The restriction of the topology defined by the semi-norms which correspond to
the compact set Q; at the corresponding space of Q; coincides with the topology
of Q,’.

Moreover, we want to outline that, in the particular case m = 0, therefore in the
case of the space D°(2), the semi-norms defined in (8.1.4) depend only on compact
sets Q;, because we have no ordering with respect to j, which is, commonly, called
the order of derivation.

Finally, in the case of the set D*°(2) = C{°(£2) a topology of the strict inductive
limit can be defined analogously. In this case, analogously with (8.1.5), we have the
following metric:

_ =1 e —1lg,
di(p, ) = ; Em (8.1.7)

Taking into account the topologies that were introduced, the definition of convergence
for each space is natural.

Definition 8.1.1 In the space D(£2), we say that the sequence {¢,},>; is conver-
gent to p, where , ¢, € D(RQ),v = 1,2, ..., if, by definition, the following two
conditions are met:

1. There is a compact set Q suitable for all indices v, so that

supp @, C Q C 2, supp ¢ C Q C ;

2. D*¢,(x) — DFp(x), uniformly on Q, Vk = (ki, ka, ..., k).

Analogously, in the case of the space D™ (£2), where m is a fixed natural number,
we have that D" (Q2) 2 ¢, — ¢ € D"(Q) if, by definition

1. There is a compact set Q, suitable for all indices v, so that

supp o, C Q CQ, supp ¢ C Q C ;

2. D*¢p,(x) = D*p(x), uniformly on Q, Vk= (k. ka, ..., k), |k| < m.

The spaces D(£2) and D™ (£2), equipped with the mentioned topologies, are called
the fundamental space of distributions and the fundamental space of distributions of
order m, respectively.

In the particular case m = 0, we have the space D°(Q2) which is called the funda-
mental space of distributions of order 0 or the fundamental space of measures.
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One uses also the name of the space of test functions, in the case of the space D(£2),
and of the test functions of order m in the case of the space D™ (2), respectively.

Example 8.1.1 We define the function ¢(x, €) by

—52/(62 2

) ifr<e
tp(x,ez)—{ 0

,ifr > e,

where r = |0x| = | > x2.
i=1

We can show, without difficulty, that for Ve > 0, the function ((x, €) is of class
C* with respect to x, that is, D’;go(x, e) € C*(R").

Also, note that supp p(x, €) = B(0, €), from where we are led to the conclusion
that p(x, €) € D(R").

In the proposition which follows, we highlight a property of the notion of conver-
gence, introduced in Definition 8.1.1.

Proposition 8.1.1 [fthe sequence {¢,},>1 is convergent to @ in the sense of the space
DR"), then for any function 1 € C*°(IR") we have that the sequence {1, },>1 is
convergent to Y in the sense of D(IR").

Proof 1° The compact set Q, which is suitable for all indices of the sequence
{©u}u=1, is obviously suitable also for all indices of the sequence {¢¢,},> because
supp (Ypy) S supp @y.

2¢ Since ¢ € C*(IR") and D*¢,(x) — D¥p(x), uniformly on IR”", taking into
account the classic rule of differentiation of the product of functions, we immediately
obtain that D¥((1)¢,)(x)) — D*(1))(x). [ ]

Example 8.1.2 For exemplifying the convergence on the space D(£2), consider the
sequence {¢, (x)},>; defined by

1
v (x) = —px,e), v=12,...,
1%

where ¢(x, ) is the test function defined in Example 8.1.1. It can be proved without
difficulty that ¢, (x) — 0 in the sense of D(£2).
But, if we consider the sequence {1, (x)},>; defined by

Py (x) = %sa (;e:)

then it can be immediately deduced that all derivatives are convergent uniformly
on compact sets which are different, but no compact set exists that is suitable for
all indices v so that we have supp 1, C Q. Therefore, the sequence {1/, },> is not
convergent in the sense of D(2).

In the following, we will make some considerations in the case when 2 = IR".
The notions introduced above will be adapted accordingly.
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Definition 8.1.2 We call a distribution (of order co) any linear and continuous func-
tional defined on the space D(IR") with real values.

Observation 8.1.1 1° The continuity from the definition of a distribution must be
understood in the sense of continuity of an application defined on a linear topological
space.

2° Denote by D'(R") the set of all distributions defined on D(IR").

The notation is suggested by the fact that, according to the Definition 8.1.3, the
space D' (IR") represents the dual of the space D(IR").

39 If T is a distribution, T € D'(R"), we make the convention to use the writing
(T, @) to designate the value of distribution T computed for the test function .

4° D™ (R™) can be defined analogously as the space of distributions of order m
that is the dual of the space D" (R"). In the particular case m = 0, we have the
space of distributions of order zero, which are also called measures.

Definition 8.1.3 We say that two distributions 7}, T, € D'(R") are equal if
(Ty, p) = (T, ), Yo € D(R").

We provide now two simple, but very helpful, examples of distributions.

Example 8.1.3 Let f be a function, f € L}OC(]R”), that is, f is measurable and
integrable in the sense of Lebesgue on any compact set from R”. We define the

application
def n
Ty, ¢) éff f@)plx)dx, Yo € D(RY), (8.1.8)
]er

which is obviously well defined because ¢ is null outside a compact set from IR”,
and on each compact set ¢ (x) is bounded because ¢ is of class C*. Similarly, f is

a bounded function, since it is from L} _(IR").

Proposition 8.1.2 The functional Ty defined by the correspondence (8.1.8) is a
distribution.

Proof 1° The linearity. YA;, A, € R and Vi, ¢, € D(IR") we have

(T, M1 + Xap2) = / F@) o1 + Aapp]dx
]Rn
=N | fOeix)dx + X | f(x)pa(x)dx.
R” R”

2° The continuity. We will consider the sequence {y,},>1, ¢, € D(R"), v =
1,2, ..., which is convergent (in the sense of D(IR")) to the function ¢ € D(R").
We have therefore
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V—>00

lim (77, p,) = VILI&A S x)py(x)dx

= [ s tim pgnwr= [ et = 7.0,

]Rll
that is, T is commutative with the limit and therefore is continuous. |

Definition 8.1.4 The distribution generated by a function which is locally integrable
is called the distribution of the function type or generalized function.

Let us consider the step function, called also the function of Heaviside, defined by

() = 0,ifx<0
Y= 11,ifx > 0.

Obviously, the function u € L}

1c(R), since it is a continuous function on R \ {0}.
Then V¢ € D(IR) we have

0

(T ) = /}R U0 p(x)dx = / U p(o)dx+

—0Q

+/ u(x)go(x)dx:/ p(x)dx.
0 0

Therefore, we can talk of the distribution of the function type, which is generated by
the function of Heaviside, which will be called the distribution of Heaviside.

It naturally occurs the question if perhaps all distributions are generated by func-
tions which are locally integrable. We will show that the answer is negative by a
counterexample.

Example 8.1.4 We define the functional J by
(6, ) = ¢(0), Yy € D(R"). (8.1.9)

Proposition 8.1.3 The functional ¢ defined in (8.1.9) is a distribution and is called
the distribution of Dirac.

Proof 1° The linearity. VA, A\ € RVpy, p, € D(R")

(0, A1 + Aap2) = [A1o1(x) 4+ A2 (x)] (0) = A1(0) 4+ Ar0(0)
= A3, 01) + M(8, 2), YA, A2 € R, Vou, ¢, € DRY).

2° The continuity. Consider the sequence {(, (x)},>1 of elements from D(IR"), which
is supposed to be convergent to ¢(x) € D(IR"), in the sense of convergence from the
space D(IR"). We have
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1im (8, ¢,(x)) = 1im ,(0) = p(0) = (3, Tim 2, (0)),

that is, § is commutative with the limit and therefore is continuous. |

With the help of the distribution of Dirac, we can argue that not any distribution is a
generalized function.

Proposition 8.1.4 The distribution § of Dirac is not a distribution of the function
type.

Proof We assume, by contradiction, that § is a generalized function and therefore
there is a function f € L! (IR") so that

loc
5 =Ty,

the equality taking place in the sense of D’'(IR"). Thus,

0, 0) = (Ty, p) = /]R F(X)p()dx, Yo € D(RY). (8.1.10)

If the equality (8.1.10) holds true for Vo € D(IR"), then it takes place also for the
test ¢(x, €) defined in Example 8.1.1, so that

(0, p(x,0) = | [f)ex, e)dx = / Jx)p(x, e)dx.

R” B(0,¢)

On the other hand, according to (8.1.9) we have

1
(0, p(x,8) = ¢(0,¢) = -

We equalize the two expressions for (9, p(x, €))

1
/ f)e(x,e)dx = —, Ve > 0.
B(0,5) e

We now pass to the limit in this last equality with e — 0 and we obtain 0 = ¢~', and

this is absurd. |

We intend to equip the space D’(IR") with the structure of algebra. The sum of two
distributions as well as the product of a distribution with a scalar can be defined in a
natural way as follows:

(Tl + T27 QD) = (Tl’ QO) + (T27 QD) ) VT]: T2 € D/(]Rn)s VQO € D(]Rn)’
(AT, )= (T, \p)=\(T, ), VT € D'(R"), Vo € D(R"), VA € R.

These two operations are well defined taking into account that they are reduced to
summation and multiplication of real numbers.
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We can verify immediately that the set D’ (IR") together with these two operations
becomes a real vector space. We obviously pose the problem if the usual product of
two distributions is also a distribution. The answer is negative. Schwartz has proven
that the product of two distributions is not a distribution.

In order to obtain a structure of algebra on the set D'(IR"), we introduce the
product of a distribution by a function of class C*.

Definition 8.1.5 For a distribution 7 € D’(IR") and a function g € C*°(IR"), the
product g7 can be defined by

9T, ) = (T, gp), Yo € DR"). (8.1.11)

It is clear that gp € D(IR") because ¢ € D(IR") and g € C*°(IR"). In addition
supp (gp) S supp .

Proposition 8.1.5 The functional gT defined by means of the correspondence
(8.1.11) is a distribution.

Proof Let us observe, first, that the product g7 defines a functional because

DR") 5 ¢ L (T, g¢) € R.
To prove the linearity, we notice that

T, M1 + Xopz) = (T, g (M1 + Aap2)) = (T, Mi(ger) + Aa(gp2))
=M (T, 901) + X (T, gp2) = A (9T, 01) + X2 (9T, 2) .

To prove the continuity, consider the sequence of test functions {¢,},>1 so that
w, = @, in D(R"). Then

lim (97, n) = lim (T, gi2,) = (T, lim gou, )

V—>00

= (T.g¢) = (9T. %) = (T. lim ,).

and this finished the proof. |

Example 8.1.5 1°. For a real number, arbitrarily fixed, we define the distribution of
Dirac in the form

(6as ) = p(a), Yy € D(R"). (8.1.12)

It is clear that for @ = 0, we obtain the distribution § defined in Example 8.1.4. If
g € C*(IR") then

(90a, ©) = (0a> g9) = gla)p(a) = g(a) (0a, @), Yo € D(R").
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From here we deduce that the distribution gd, is equal to the product between the
real number g(a) and the distribution §,,.

29 If h is a locally integrable function on IR” and ¢ is a infinitely differentiable
function on IR”, then the product gh is a locally integrable function on IR" and
then according to Example 8.1.3 we can talk of the distribution of the function type
generated by the function gh € L} (IR"):

loc

T, ) = (T, 9f) = /}Rn h(x)g(x)p(x)dx = (Tyn, f), Yo € D(R").

Thus, the distribution g7}, is equal to the distribution Ty, the equality is taking place,
obviously, in the sense of the distributions.

We finish the considerations on the structure of the space of the distributions by
introducing a topological structure on this space. In this sense we equip the space
D’ (IR") with the following family of semi-norms:

{po 19 € DRM), p(T)=|(T. ). T € D'R").

Then we say that the sequence of the distributions {7} },>; is convergent to the
distribution 7 if the numerical sequence (7, ¢) is convergent to the number (7', ¢)
for Vo € D(R).

D'(R" d R
7, 25 1Y (1,0 5 (1. ).

Example 8.1.6 Consider the sequence of the functions {m,},~; defined by

0,if x| > =
_2 b
T, (X) = . 1’/

v, if x| < 5.

We can easily verify the fact that the functions 7, € L}OC

(R), Vv =1,2,...

Then we can talk of the distribution generated by 7, for each v = 1,2, ..., in the
sense of Definition 8.1.5

1

2w

(Tﬂy, go) = V/ px)dx, Yo € D(R).

)

By using a primitive of o, we obtain
(Tm,, <p) — ©(0), for v — +o0,

that is, the sequence of the distributions (Tm)y is convergent, in the sense of the
distributions, to the distribution §y = J. A brief analysis of this example shows that
though the distribution of Dirac is not a distribution of the function type, it is the limit,
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in the sense of the distributions, of a sequence of the distributions of the function
type.

In fact, more generally, we will show that any distribution on IR” is the limit in
D’'(IR") of a sequence of the test functions, if we accept the convention to identify a
function from L}, (R") with the distribution generated by it.

For the moment, we illustrate this statement with one more example.

Starting from the test function ¢ from Example 8.1.1 for € = 1, consider the
function ¥; = cy, where the constant ¢ is chosen so that ¢ f\xlfl p(x)dx =1, and
we define the sequence

P, (x) = V" (vx). (8.1.13)

From the definition, it is immediately certified that ¢, € D(IR"). Also, it is obvious
that supp 1, = B(0, Il/) and

P, (x)dx = 1.

lx|<i
v

It is clear that as v — oo, the sequence {1, }, is convergent in D’'(R") to §

)Lrgo(wu, ) = Vli_)ngo P, (X)p(x)dx = ¢(0),

lx|<!
in which we used the definition of a distribution of the function type and the properties
of the test functions ¥, (x), v =1,2,....
The considerations regarding the convergence of the sequence of distributions can
be transposed without difficulty on the convergence of series of the distributions.
o0
Definition 8.1.6 Consider the series Y _ T,, where 7, are arbitrary distributions,
v=1
T, € D'(R") forv = 1, 2, .... We say that this series is convergent in D’ (IR") if the
sequence of partial sums, attached to the series, is convergent in the sense of D’ (IR")

(Z T, @) = (T.¢), Yp € DR").

v=1

The distribution 7', which is the limit of the sequence of partial sums, will be called
the sum of the series and can be written as

T:ZTV,

v=1

the equality taking place in the sense of the distributions.
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8.2 The Derivative of a Distribution

The incontestable advantages of the operation of differentiation of a distribution,
which will be seen in the following, constitute without doubt the main reason why
the concept of the distribution was introduced and then extended.

As we shall see, any distribution has a derivative and the derivative of a distribution
is in turn a new distribution, which, therefore, has in turn a derivative, and so on. In
short, a distribution is differentiable of any order, in a sense which will be introduced
immediately.

Definition 8.2.1 For an arbitrary distribution 7' € D’'(IR"), we define its partial
derivative, 0T /0x;, by

oT Op Op .
i =7, —— |=—|T, Vi=1,2,...,n,V DR"Y).
<8xj’ ) ( ’ 8xj) ( 8x,> / T n. Vo € DR

(8.2.1)

Proposition 8.2.1 [f T is a distribution, T € D'(R"), then the derivative defined as
in (8.2.1) is also a distribution.

Proof We should note, first, the well definiteness. Indeed, because ¢ € D(IR"), we
deduce that 8“9 € D(IR") and because T is a distribution we deduce that ( e ) €

R.
Now, we prove the linearity of the functional 0T /0x;

oT 0
(8_’ Arpr + Az@z) =-— <T7 — (A1 + Az@z))
Xi j
Oy 0> dp1 0>
T, \ + A . -\ T, ——
< lax] 28)6,) < ax] : Ox;

oT oT
=)\ <a ,(p1>+)\2< ,@2),\7’)\1,)\2 eR, Vo, ¢ €D(R").
Xj 8xj

We used here the property of linearity of the operation of differentiation in the case
of classical functions.

For the proof of continuity, we choose the sequence of test functions {¢,},, ¢, €
D(R"),v =1,2,...sothat p, = ¢, in D(R"). Then

: or Do\ __ . dpy
Jim, (55 ) = Jim, (. §5) = = (7. Jim )

— el
== (135 (tim )T 5)=(5 ) = (55 Jim ).

In the deduction of these relations, we used the fact that since 7 is a distribution, it
is continuous and therefore it is commutative with the limit. |
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Example 8.2.1 1°. Consider the distribution of Heaviside 7, (generated by the func-
tion of Heaviside u) in the one-dimensional case. According to the Definition 8.2.1,
we have

dT, do o, ~
<d—,sﬁ)=—<Tu,—>=—/ @' (x)dx =p(x)[57=©(0) = (do, ¥) .
b dx 0

Thus, we can deduce that the derivative of the distribution of Heaviside is the distri-
bution of Dirac. The step function of Heaviside is not differentiable in the origin, and
otherwise it has null derivative. The jump of # in x = 0 is obtained by differentiation
in the sense of the distributions and is given by the distribution ;.
2” Let us consider the function # : R — R, h(x) = |x|. It is clear that & €
IDC (IR), since it is continuous on IR. Let us compute the derivative of the distribution
generated by the function &

0 [}
(Ty, o) =—(Tn. ¢’ f|x|f(x)dx / xf’(x)dx—/ xf (x)dx.

oo 0

If integrated by parts, then we obtain

(Th <p / f(x)dx +/ f(x)dx —/ K (x) f(x)dx,

where
a.e. x € (—o0,0)

W) = { 1 ’ a.e. x € (0, 400).

It is clear that 4 is differentiable on IR* and has the derivative /'

It can be shown, without difficulty, that a criterion of Schwartz type about the
commutativity of mixed derivatives holds true. In contrast to the classic case of the
functions, in the case of the distributions this criterion takes place for any distribution

ohtk okitke
kin ke n koo ki’
Ox;'0xy,"  Oxy0x)'

Vk], kz S ]N, VT € 'D/(]R”).

Moreover, for any multi-index k = (ky, k2, ..., k,), k; € IN, we have

( . gttt
D'T,p)=|—F—"F"F.¢
) 8x11“8x]2‘2...8x£f"
6k2+k3+"'+k11 T W0y 8/(1
=\ TV o
X5”...0%p Xy

o+t )

=..|r (_1)k1+k2+‘“+kn
< Ox\ Oxy> ... oxy
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that is,
(D'T, ) = (=DM(T, D*¢) , VT € D'(R"), Vi € D(R"),

where |k| = ki +ky + - + k.
It is interesting to see the definition of derivative of a distribution in the case of a
distribution generated by a locally integrable function.

Let us consider a set £ C IR" and denote by T the distribution generated by the
function f, where f € L lOC(Q) and the distribution Ty /., generated by the function
df/0x; € L},.(R). Then we can write

loc

<va ) /f( )<_8_) (x)dx = /f(X)—(X)dx

0
= —f®)p@)aq + / (X)SO(X)dx = < 8; ; <P> . Yo € D(Q).

J

We used here the fact that F (x)@(x)|5q = 0 because supp ¢ C Q.

These formulas can constitute a justification for the definition of the derivative
of a distribution, that is, Definition 8.2.1. In fact to the origin of the notion of the
distribution stands the formula of integration by parts.

We can verify the fact that the properties of the operation of differentiation in the
case of the distributions are analogous to those from the case of classic functions.

Proposition 8.2.2 The following statements hold true:
1°. Differentiation in the context of the distributions is a linear operator

0 oT, oT,
— M1+ D) = M— 4+ —, VA, eR, VT, T € D (IR™),
Ox;j Ox;j ox;’

where the equality is taking place in the sense of the distributions.
2°. For any function g € C*°(IR") and any distribution T € D'(R") we have

i(T) %T+ or
Ox; g Ox;j g@xj

where the equality is taking place in the sense of the distributions.

Proof 1°. The proof of this statement is immediately obtained based on the linearity
of the derivative of the test functions.

2°. Taking into account the definition of the product of a distribution with a function
of class C*°, we deduce that Vi € D(IR"), we have
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a(gT) 0 dp
o) =—(oT. =) =—(T.9:—
( ox; ¥ ) Tox;

©
X
0 dg oT dg
=—(1, — T,o—= | ={g— =T
< ,axj(gw))Jr( "pax,) (gaxj"p>+<ax, ,tﬂ),

and this ends the proof. |

We will make some comments about the derivative of a distribution of the function
type and about the distribution of order zero (measures). To this end, we recall some
results which are specific to mathematical analysis on the set of real numbers.

Let us consider the function f : [a, b] — R and 7 an arbitrary division of the
interval [a, b] to which we attach the sum

n

V=D 1f @) = fanl. (8.2.2)

T k=1

Definition 8.2.2 If the set of sums \/__ of the form (8.2.2), which corresponds to all
divisions 7 of the interval [a, b], is bounded, then f is called a function of bounded
variation and we write f € B.V.([a, b]).

b
For a function of bounded variation, the number \/ f = sup \/ .. is called the total
a T
variation of the function f.

Definition 8.2.3 We call the Stieltjes measure, a measure which is generated by a
function of bounded variation.

Definition 8.2.4 If M is aset from an algebra, we say that the function f is absolutely
continuous on M (and write f € A.C.(M)) if (M) = 0 implies f(A) = 0, where
1+ is @ measure, that is, a function of sets which is positive and countably additive.

Theorem 8.2.1 Let I = (a, b) be an interval on the real axis and g a distribution,
g € D'(I). The necessary and sufficient condition that the derivative in the sense of
the distributions of the distribution g is a measure, therefore a distribution of order
zero, is that g must be generated by a function from B.V.(Q), for any compact set
O from the interval I.

Moreover, if the distribution g is generated by a function from B.V.(Q), for any
compact set Q from I, then its derivative in the sense of the distributions is a Stieltjes
measure d g generated by the function g.

Theorem 8.2.2 Let 1 =(a, b) be an interval on real axis and g a distribution
g € D'(I). The necessary and sufficient condition that the derivative in the sense
of the distributions of the distribution g is a distribution generated by a locally
integrable function on I is that the distribution g is generated by an absolutely con-
tinuous function on any compact subinterval from 1. Moreover, if the distribution g
is generated by an absolutely continuous function on any compact subinterval from
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I then the classic derivative, in the sense of the functions, of the function g, that is,
g, generates the distribution g’ (the derivative in the sense of the distributions).

In theorem 0.1 and in theorem 0.2s, we denoted by g both the function and the dis-
tribution generated by this function. The proofs of these two theorems are laborious,
having a very technical character, based on elements which are specific to the abso-
lutely continuous functions, and to the functions of bounded variation, respectively.
For this reason, we do not write these proofs. Moreover, we recall, in this context, a
result which will be given without proof as well and, which is due to Vulih.

Theorem 8.2.3 The general form of a linear and continuous functional defined on
the space Cla, b] is given by the Stieltjes integral

b
(f. %) =/ JOx(0)dg(1),

b

where g is an arbitrary function of bounded variation. Moreover, || f|| = \/ g and
a

the functional f defines uniquely the function g.

Consider now a function f which is continuous almost everywhere. We restrict our
attention to a function which is continuous except at point xy in which f has a
discontinuity of the first order. Denote by s the jump of f in x, that is

so = lg(x0) — s (x0) = f(xo+0) — f(xo—0).

As far as of the derivative in the sense of the distributions for the distribution generated
by such a function is concerned, we have the result from the following theorem.

Theorem 8.2.4 [f we denote by f'(x) the derivative in the sense of the distributions
and with f'(x) the derivative in the sense of classic functions, then we have

F/(x) = f(x) + 506, (x). (8.2.3)

Proof For an arbitrary test function , we have the following calculations:

(f'(x), o) = (f(x), —¢'(0)) = = (f(0), ¢’ (%))
= —lim [/ o f(x)sp/(_x)dx + f(x)¢/(x)dx]

N0 J Xo+e
= —li{% [f(x)sﬁ(x)@o_o8 - / J'()p(x)dx

—00

+ F()p)|i%. — f’(X)w(X)] dx

Xo+e

=- 11{% [f(xo —&)p(xo — &) — f(xo + &)p(xo + €)
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+ /  Fme@dx + / f/(x)so(x)dx]

—00

=[f(xo+0) — f(xo — 0)] p(xo) + / F/(x)p(x)dx
- f F(x)p(x)dx = sop(xo) + / F/(x)p(x)dx
= 50 (2,0, 9(0)) + (/0 000 = (700 + 500,000, ) )

Finally, because the test function ¢ is arbitrarily chosen, we obtain the equality
(8.2.3). |

Here and in the following, the notation f (x), where f is a distribution, has only the
role to state the fact that the distribution f is applied to a test function of variable x.
Thus, the derivative in the sense of the distributions is the sum between the deriva-
tive in the sense of the functions and the product of the jump of f in the point of
discontinuity x, by the distribution of Dirac, concentrated in x.

It is clear that in the case of differentiable functions, the derivative in the sense of
the distributions coincides with the derivative in the sense of functions.

Example 8.2.2 In quantum mechanics, we frequently meet the distribution V,1/x,
which in the context of functions has the significance of the main value in sense of
Cauchy of the function 1/x.

The function f(x) = 1/x, x # Ois notlocally integrable because it is not integrable
in any neighborhood of the origin. In mathematical analysis, in order to avoid the
effect of a function not being integrable in any neighborhood of the origin, we use
the notion of the main value in sense of Cauchy, defined by

b1 1 b1
Vp/ —dx:li\r}(l)(f —dx+/ —dx),a,b>0.
a X € —a X s X

By direct calculation, we obtain

-1 b b b
lim</ —dx—i—/ —dx>:1im(1nf+1n—>:1n—.
eNON\J_, X e X eNo a € a

We chose the interval [—a, b] to give a sense of the integral on a neighborhood of
the origin. In particular, we have

“1 > 1
Vp/ ;dx = O, Vp/ ;dx =0.
—a —oQ

Instead of the function 1/x, consider the function V,1/x which will generate a
distribution which will be denoted also by V,1/x and which is defined by
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1
(W;w)=V%A¢@h%V¢GDRW

X
Proposition 8.2.3 The above correspondence Vp% is a distribution.

Proof We should note, first, the fact that

(Vp)lc,go) =V, fw ‘/’ix)dx =li\r‘r(1) (/5 ‘Pix)dx—}—/oo @dx)

and this proves the well definiteness of the functional V,, )lc

Indeed, p € C§° (R"), therefore more than continuous, and su pp  is compact. In
addition x does not touch the origin. The linearity can be deduced from the linearity
of the integral

1 * ]
(Vp—, Arpr + )\2#72) = Vp/ — (A1p1 + A22) (x)dx
x oo X
=MW/ ﬂm+&w/ 22 4
oo X oo X
1 1 1 1
=X\ Vp)—c,tpl +X2 Vp)—c,sﬁz VAL A2 €RY, V), 03 € D(RY).

To prove the continuity we will use the sequence {¢;}x C D(R') so that ¢, — ¢,
as k — oo, where ¢ € D(IR'). Then we have

. 1 . or(x)
NI Iy
—€ o0
=Hmhm(/ SD"(J‘)d”/ W@ha
k—00e\0 —00 X c X
—€ o0
= lim lim (/ _(pk(x) dx +/ 123G dx)
e\ k—o00 — X e X
—€ o0
~ lim </ SDk(x)dx +/ @k(x)dx)
ANO\J oo X e X
=V ! =(V ! li
= p;#ﬂ = p;’kifglo<ﬂk ,

and this ends the proof. |

We proved that the product of a function of class C*° with a distribution is a dis-
tribution. If we consider the function g(x) = x, x € R!, which obvious is of class
C®°, and the distribution Vp%, we deduce that the product x - VP}C is a distribution.
Moreover, we have the following result.
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Proposition 8.2.4 In the set of the distributions D'(R') we have the equality

1
X'Vp;=1.

Proof For an arbitrary test, ¢ € D(IR'), by direct calculation we deduce that

1 1 %0
(XVP;’ QD()C)) = (‘G;;,XQD(X)) — Vp/ XQPX(X)dx

= Vp/ p(x)dx =f p(x)dx =/ lo(x)dx = (1, ¢).

[e.9] o]

Due to the fact that ¢ € D(IR') is an arbitrary test function, we deduce the equality
from the statement of the proposition. |

From Proposition 8.2.4, we deduce that the distribution x Vp% is a distribution of the
function type and is generated by the constant function 1.

8.3 The Primitive of a Distribution

In the set of the distributions, we will introduce the notion of primitive by using a
procedure analogous to that from the case of classic functions. Thus, we will see
that any distribution admits a primitive which is also a distribution. Moreover, for a
fixed distribution we have a whole family of primitive so that any two distributions
from this family differ by a constant, that is, a distribution generated by a constant
function.

To simplify the expressions, we make the considerations only in the one-
dimensional case. Passing to the n-dimensional case does not create problems as
far as the results are concerned, only the ordinary derivative is replaced by the partial
derivative.

Definition 8.3.1 Let us consider the distribution f € D’(R'). We say that the dis-
tribution 7 € D'(R') is a primitive of the distribution f if

dT . i 1 dT / 1
—=f,inDR) & | —,¢) =9, Voe DIR). (8.3.1)
dx dx

Observation 8.3.1 Tuking into account the definition of the derivative of a distri-
bution, we can rewrite (8.3.1) in the form

(Tv _90/) = (fs @)v VSD € D/(IRl)a

from where we deduce that the primitive of a distribution is not defined for any test
function.
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In the following, we will show that this restriction is not essential. We introduce the
notation

dy(1)
dr

Dy = {gpo e D'(RY) : I € D'(R) so that o(t) = } . (832

Theorem 8.3.1 The necessary and sufficient condition that a test function 1y €
DY), is from the set g, defined in (8.3.2), is

foo Yo(r)dT = 0. (8.3.3)

Proof The necessity. Suppose that 1y € ®¢. Then we know that there is the test
function ¢ € D(IR') so that

b
Yo = Pt
and then o o g
o(rydr = / ‘flf) dr = (00) — th(—00) = 0,

in which we used the fact that ¢» € D(IR") and therefore supp ) C R!.

The sufficiency. Let 1) be a test function, 1)y € D(R") which satisfies (8.3.3) and
we must prove that 1) is the derivative in the sense of classic functions for another
test function from D(IR'). We define the function x(¢) by

x(@) = / Po(T)dT. (8.3.4)

Because ) satisfies (8.3.3), we obtain that x(c0) = 0. Then x(—o0) = 0 and there-
fore y has compact supportin R!. Because 1) is of class C* we obtain, from (8.3.4),

that x is of class C* and also from (8.3.4) it is certified that dﬁy) = Yo(t). |

We intend to show now that any test function from D(IR') can be projected uniquely
on the set @, defined in (8.3.2).

Theorem 8.3.2 Let @, be a fixed test function, o, € D(R'), having the property

/oo p1(o)do = 1. (8.3.5)

o0

Then, for any test function ¢ € D(R"), there is a function oy € ®q so that we can
write
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o0

o) = Wl(f)/ (T)dT + po(t). (8.3.6)
—00

Proof We want to mention, first, the fact that the function g, which is uniquely
determined so that the relation (8.3.6) holds true, is called the projection of the test
function ¢ on the set ®;. We prove now that the existence of a test function ¢y,
which satisfies (8.3.5) is realistic, that is, the set of the functions ¢; with the property
(8.3.5), is non-empty. Indeed, if we take the function , so that ffooo p2(o)do # 0,
then we can consider the function ¢, defined by

©a (1)

p1(1) = —ffooo oa(ydr

Then it is clear that

o0 1 00
f p1(Hdr = mf pa(t)dt = 1.

With the fixed function ¢, to satisfy (8.3.6), we consider the function ¢ defined by

po(t) = (1) — <P1(t)/ p(m)dT, (8.3.7)

and so show that ¢ belongs to the set ®,. We have

f </70(T)d7=/ @(t)dt—/ e1(n) (/ @(T)dT) dr
=/ @(t)dt—/ @(T)dT-/ ei(n)de

= (1 - /Oo sol(t)dt) -/w p(r)dT =0,

in which we used (8.3.5). According to Theorem 8.3.1, we deduce that ¢y € .
From the construction of the function ¢ in (8.3.7), we can immediately deduce that
the function ¢ is uniquely determined. |

The result which follows proves the analogy between the primitives of the distribu-
tions and the primitives of the functions.

Theorem 8.3.3 Any primitive of null distribution is a constant distribution, that
is, the distribution generated by a constant function. In short, the primitives of the
distribution 0 € D'(IR") are constants.

Proof Let us consider 0 € D'(R!) and T € D'(IR") so that

dT dT dy ]
— =0 0=0,0)=(—.0)=—(T.=%), Vo e DR").
” = 0, ) (dt w) ( dt) v € D(R")
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Therefore
do _ 1

Note that relation (8.3.8) holds true for test functions from ®,. Therefore we can
rewrite (8.3.8) in the form

(T, o) = 0, Vipy € Do. (8.3.9)

We apply now the distribution 7' to decomposition (8.3.6), so that, based on the
linearity of 7', we can write

(T, p) = (T, w/ @(T)d7> + (T, ¥o)

= (T, @1)/ (T)dT + (T, o) = Cl/ @(T)dT

—00

_ / Crp(r)dr = (Cr. ). Y € DIRY).

o]

We used here the fact that (7', ¢p) = 0 (according to (8.3.9)) as well as the fact that
the test function ¢; is fixed and therefore (7', ¢;) is a constant (a fixed number),
which has been denoted here by Cj. |

It is clear that for each fixed test function ¢; we obtain a constant C and therefore
C) is an arbitrary constant. A more general result than those from Theorem 8.3.3 is
the following.

Theorem 8.3.4 Any two primitives of a fixed distribution differ by a constant dis-
tribution, that is, generated by a constant.

Proof Letus consider the fixed distribution f, f € D’(R') and let T be a distribution
so that

ar v ar , Pl
E:f9 lnD(]R):>(f:S0): va :(T,—Qﬁ), VSDE,D(IR)
Therefore T is defined only for test functions from ®,. We define the distribution 7
as follows:

(T01 @) = (Tv ()00) ’ (8310)

where (g is uniquely determined by the test function o by means of the decomposition
(8.3.6). We can verify without difficulty that 7; defined in (8.3.10) is a distribution,
namely, it is a primitive of the distribution f.
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We apply now the distribution 7' to decomposition (8.3.6) and we obtain

(T, p) = (T, 901/ sO(T)dT> + (T, o)

= (T, sm)f e(r)dr) + (To, ) = C1/ o(T)dT + (To, ©)

—00

= (C1,9) + (To, 9) = (C1 + Ty, ), ¥ € DIR).
Thus, T = C; + Ty in D’'(IR') and the proof is finished. [ |

We conclude the considerations on the primitive of a distribution with some notions
regarding the primitives of higher order.

Definition 8.3.2 We say that the distribution F € D'(R!) is a primitive of order m
for the distribution f € D'(IR') if

F™ = f, in D'(R") & (F™,¢) = (f.¢), Yo € D'(R").

As far as the primitives of higher order are concerned, we have two results included
in the following theorem.

Theorem 8.3.5 The following statements are true:

(i) Any distribution f € D'(R") admits a primitive of any order.

(ii) Two primitives of the same order m differ between them by a polynomial of degree
m—1, that is, a distribution generated by a polynomial function of degree m — 1.

Proof (i) The existence of a primitive of higher order will be proven by mathematical
induction. For m = 1, we already proved a theorem of existence of a primitive. We
proved also that any two primitives (of the first order) differ by a constant which
can be considered as a polynomial of degree 0. Since F is a distribution, it admits
a primitive, according to the same theorem of existence. We can therefore assume
that f admits a primitive of order m — 1. Denote by G such a primitive and then we
have

G" D = £, inD(R') (G(m—l), @) = (f,p), Yo e D'(RY). (8.3.11)

Since G is a distribution, it admits also a primitive which is denoted by F and
therefore F’ = G, in D'(R'). We use now (8.3.11) and then we obtain

Fm — gm=1) — f.

the equalities taking place in D’(IR') and therefore the statement (i) is proven.

To prove the statement (ii) suppose, according to the principle of mathematical
induction, that two distributions of order m — 1, G| and G, differ by a polynomial
of degree m — 2:
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(G1 =Gy, 0) = / Py2(x)p(x)dx, Yo € D'(RY). (8.3.12)
Rl

Denote by F; and F5, respectively, the primitives of the distributions G and G», that
is,

F1/=G1a F2/=G27
the equalities taking place in D’(IR'). Then we have

(G — G2, ¢) = [ [G1(x) — G2(x)] p(x)dx
= [ [FI(0) = F3(0)] p(x)dx =[F; (x) — F>(x)] o(x)|®, dx (8.3.13)
— [ [F1(x) = F(x)] ¢ (x)dx = — [ [Fi1(x) = F2(x)] ¢ (x)dx.

On the other hand, integrating by parts in (8.3.12), we obtain
(G1 = G2, 9) = Puo1(0)p(0) 12,

- /OO Pu_1(x)¢ (x)dx = — /oo Py (x)¢' (x)dx. (8.3.14)

o0 —00

From (8.3.13) and (8.3.14) we deduce that
Fi—Fy= Py,
the equality taking place in D'(IR'). In fact we have
(Fi = B2, ¢) = (Pu-1.¥) . Yo € D(RY.

The complete result is obtained using the theorem of representation of an arbitrary
test function with the help the projection on the set ®( (Theorem 8.3.2). |

8.4 Tensor Product and Product of Convolution

Let € be an open set from IR". All functions ¢ € C§°(£2) can be prolonged with 0
outside the set €2, to a function ¢ so that ¢ € C§°(R").

Definition 8.4.1 1°. Given a distribution 7 on IR”, we define the restriction of T to
the set €2, denoted with 7}, by

(T)a. ) = (T.9), Vo € CF(9Q).

2°. We say that two distributions 77 and 7, coincide on €2 if their restrictions to
2 are equal.
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3¢. The support of a distribution 7', denoted by supp (T), is complementary to
the largest open set on which its restriction is null.
4°. We denote by £'(IR") the set of the distributions with compact support.

In the case of the distribution of Dirac we have that supp (6,) = {a} so that the
distribution of Dirac together with all its derivatives are distributions with compact
support, 6, € £E'(R").

Theorem 8.4.1 A distribution T is with compact support if and only if it is defined
and continuous on the set C*° (IR"), which is equipped with the uniform convergence
on all compact sets from RR" for functions and their partial derivatives of any order.

Proof The necessity. Suppose that the distribution 7" has the compact support K C
R". Let o be a function from C§°(IR") which coincides with 1 on a neighborhood
of K. For all functions ¢ from Cg°(IR") we have that the function aq is also from
Cy°(IR™) and coincides with ¢ on K. Then (7', ag) is well defined and its value
is independent of the choice of « (with the condition that it coincides with 1 on a
neighborhood of K). If {¢,}, is a sequence of the functions which is convergent to
, in the sense of the space C*°(IR"), then the sequence {cvpr}, is convergent to ap
on the set C5°(IR") and therefore the sequence {(T', ap, )}, is convergentto (T, o).
Then T defines a linear and continuous form on C*° (IR").

The sufficiency. Let L be a linear and continuous form on the set C*°(IR"). In
particular, L is a distribution 7', because L is defined on C§°(IR") and is a linear
and continuous form with respect to the convergence from this space. Suppose by
contradiction that 7' does not have a compact support. For any v we can find ¢,
with the support in R” \ B(0, v) so that (T, ,) = 1. Determining of ¢, is allowed
because the sequence {¢,}, is convergent to 0 on C*°(IR"). We obtained thus a
contradiction. It remain only to verify that the distribution 7" can be prolonged to
C*°(IR") and that it coincides with L. We take a sequence {ay}; of the functions
from C3°(IR"), which are equal to 1 in the ball B(0, k) and with the support in the
ball B(0, 2k). For any function ¢ from C3°(IR"), the sequence {ay ¢} is convergent
to ¢ on the set C*°(IR") and then the sequence {(L, ax )}, is convergent to (L, ).
For k sufficiently big, we have that (L, ax) = (T, ay ), and the number (7', a )
is sufficient big, independent of k. |
Definition 8.4.2 Let us consider the functions f € L! (R")andg € L} (R™). We

loc loc

define the tensor product of the functions f and g by

(f ) (x,y) = f(x)g(y), Y(x,y) € R"",

In the following proposition, we will prove the main properties of the tensor product
of the functions.

Proposition 8.4.1 1°. If the functions f and g, belong to the sets C*°(IR") and
C%(IR™) respectively, then f ® g € C®(R"™™). In addition, for any multi-indices
« and [3 we have

D(f®g)=D"f ®D’y.
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Here, the derivative D°*" is made of |c| times with respect to x and of |3| times
with respect to y, by taking as in Definition 8.4.1 the function f of variable x and
the function g of variable y.

2°. The following equality of sets holds true

supp (f ® g) = supp (f) X supp (g),

the last set being the Cartesian product of the two supports.
3°. If the functions f and g are so that f € L}OC(IR"), and g € L}OL,(]R”‘), then
f ® ge Llloc(IRn-Hn)'

In addition, the function f ® g generates the distribution T g, defined by

(Treg. ¢) =/ (f ® 9)(x, y)o(x, y)dxdy.

Rn+m

In particular, if the test function  is of the form ¢ ® ,, then:

(Trag 1 ® ©2) = fw (f ®9) (x,y) (v1 ® p2) (x, y)dxdy

= / f(X)cm(X)dX/ g2 dy = (T, 1) (Ty, #2) -
R/X m
In the general case, we can write

(Trog: ) = (Trw)» (Tys px, 3))) -
We can now define the tensor product of two distributions.

Definition 8.4.3 Let us consider the distribution 7 € D’(IR") and the distribution
S € D'(R™).

Then their tensor product, denoted by 7T ® §, is a distribution from the set
D' (R"*™) which is defined by

(res, 90) = (Tx’ (Syv @(xa )’))) .

It is clear that we have the well definiteness of the distribution 7 ® S. Note that if ¢
is a function with compact support in R™*", then it is null outside a Cartesian product
of compact sets K; x K,. If x does not belong to the compact K, then ¢(x, y) is
null and the application [ : (x, y) —> (S, ©(x, ¥)) is null. Therefore the support of
the function [ is inside the compact set K. We can verify without difficulty that the
application [ is continuous together with its derivatives of any order and therefore 1
is a test function on which the functional T acts. An example within the reach of the
tensor product of the distributions is obtained with the distribution of Dirac, namely
0q ® 6p = d(a.p)- Indeed,
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(00 ® 0, (x, ¥)) = (0as (0p, p(x, ¥))) = (04, @(x, b)) = @(a, b).

On the other hand,
(8@, p(x, ) = @la, b).

Proposition 8.4.2 1°. The following equality of sets holds true:
supp (T ® §) = supp (T) x supp (S).

2°. If the distributions T and S are tempered distributions so that T € £'(R"),
Se&'R™), thenT @ S € E'(R™™).

Proof (i) The statement can be immediately deduced based on the definition of the
support of a distribution and the definition of the tensor product of distributions.

(i) It is enough to make this reasoning on compact supports of the distributions T
and S, using point (i). |

Definition 8.4.4 Let us consider the distributions 7', S € D’(IR"). We define their
product of convolution, denoted by T * S, by means of the formula

(T*S,¢9) = (T, ® Sy, p(x + ).

Observation 8.4.1 The above product of convolution makes sense because the appli-
cation (x,y) — @(x + ) is a function from C*°(R" x IR"), both in the situation
that ¢ has compact support, and also in the situation that the domain of ¢ is not
compact. In both cases, we have

x € supp (T), y € supp (S), x +y € K = compact,

from where we deduce that x and y are bounded, that is, the product of convolution

of T with S is well defined.

Example 8.4.1 The product of convolution for the Dirac distribution J, with any
distribution 7 € D’(IR") makes sense

(bax T, ) = (Ty, oy + @)

The last operation makes sense because the application y —> ¢(y + a) is a function
from C§°(IR"). In the particular case when a = 0 (therefore for §y = ), we have

6*T,0)=(Ty,o(y)) = 6T =T, in D'(R").

Proposition 8.4.3 (i) If f and g are two functions from L}, (IR") so that supp (f) is
bounded, then it makes sense to consider the product of convolution for distributions

generated by the functions f and g, that is, Ty * T,.
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In addition, we have Ty x Ty = Ty,.
(ii) For any distribution T € D'(R"), we have opxT =T'.
(iii) If T is an arbitrary distribution, T € D'(R"), then for any multi-index o we
have D%0y * T = D°T.
(iv) If it makes sense to consider the product of convolution for the distributions T
and S, then we have
DT % §) = D°T % D°S.

(v) If it makes sense to consider the product of convolution T * S, then the application
from the set D'(IR") into itself, defined by (T,S) —— T xS, is continuous with
respect to each component.

Proof (i) Based on the theorem of Fubini, we can write

(Tr* Ty, 0) = / f f@)g(n)e(x + y)dxdy

= /”g(y) (/IR f@)ex + y)) dy.

Then, with a convenient change of variables, we have

(Ty + T, 90)=/ f f(f—n)g(n)cp(ﬁ)dﬁdn:/ (f * 9 (©p(§)dE.
R"”JR" R
(i1) The statement is motivated by direct calculation

(0 * T. @) = (3, * Ty @(x + )
= (T)" (5(/)x’ (p(x + y))) = - (Tyv 90/()’)) .

(iii) The proof is analogous to those made at point (ii).
(iv) By direct calculation, we obtain

(Dcy-&-ﬂ(T % S), (,0) — (_1)|(r|+|ﬁ\ (T xS, D(H—“d(p(x + y))
= (=DIHIL(S, (T, D o(x +3))) = (=D (S, (DT, D p(x + y)))
= (D"S, (DT, o(x +))).

(v) This proof is obvious. [ |

We finish the considerations on the product of convolution for distributions with the
following result of regularity.

Theorem 8.4.2 Let S be a distribution with compact support, S € &' (R") and f a
function from C*°(IR"). Then it makes sense to consider the product of convolution
between S and the distribution generated by the function f, thatis, S x Ty. Moreover,
the distribution S + Ty can be identified with a function from C*°(IR") so that
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(5+77) ) = (Sy. 7 f»)) .

where we used the notation 7 f(y) = f(x —y).

Proof It can be shown without difficulty that if S is a distribution with compact
support, S € £'(IR"), then the application x —> (S, 7, f) is of class C*°(IR"). Then
for ¢ an arbitrary test function, we have

(S*Tr, )= <»/ f(x)w(x+y)dX> (n,/ f(£—n)s0(§)d€>
w

=< s Tgf(n)cp(ff)d£> (S0 (7o 7eF ) =(8y ® T 7 )

(T ® 8y, 7 F ) =T (8. 7 F )= / ()7 f0))d

and this ends the proof. |

8.5 The Fourier Transform in Distributions

We recall that if f is a function from L'(IR"), then its Fourier transform can be
defined by

Fry) = [ fe ™ dx, (8.5.1)
IRVL

where the product x.y can be defined by x.y = Z x;y;. If we know the Fourier

transform of the function f, F, then the orlglnal functlon f is calculated by a
formula that is analogous with formula (8.5.1), namely

Fr(y) =/ f)emVdx. (8.5.2)
]Rn

It is clear that the Fourier transform is well defined and bounded, because we have

7] < /}R L ldx = [ £l

Recall, also, in the following proposition, other main properties of the functions.

Proposition 8.5.1 The main properties of the Fourier transform are
(i) Fr=F
(ii) Fr = Frs
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(iii) If the sequence of the functions { f,}, is convergent, in RR", to the function f,
then the sequence {F,}, is uniformly convergent on R" to F, that is,

fo— f, in L'(R") = Fr, uniformly in R";

(iv) For a multi-index a = (a1, aa, ..., ay), we will use the notation M®(x) =
X' x5%..x If for any multi-index o so that || < k, we have that M® f € L'(R"),

n °
then the Fourier transform of f, Fy, is continuous differentiable on R" and we have

2\ lal
1
.7:Maf = (%) Dﬂ]:f, Va, |a] <k.

) If f € L'(R") and if for any multi-index o, || < k we have that D® f € L'(R"),
then M®Fy € L*(R"). Moreover

Fpey = Qri) "M Fy, Va, |af <k.

(vi) If f and g are functions from L'(R"), then their product of convolution exists
almost everywhere and f x g € L'(IR"). In addition, we have

Frsg = Fy.Fy.

ii) If f, g € L' (R"), then

Frg(x)dx 2/ Fo f (x)dx.
R" R"

Proof Most of these properties are proven in the first part of the book, in the chapter
“Operational Calculus”. |

Definition 8.5.1 We say that the function f € C*°(IR") is quickly decreasing if for
any multi-indices « and 3 we have

| ‘lin+1 |M*(x)D? f(x)| = 0.

Denote by S(IR") the space of the quickly decreasing functions. It is easy to verify
the following strict inclusions:

D(@R") Cc S(R") C C*(R").
The function f(x) = e s quickly decreasing but does not have a compact sup-

port, and the function g(x) = 1 is infinitely differentiable but is not quickly decreas-
ing, which proves that the inclusions are strict.
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Definition 8.5.2 We say that asequence { f, },, of the functions from S (IR") is conver-
gentto f € S(R"), if the sequence {M® D" £}, is convergent to M* D" f, uniformly
on IR”, for any multi-indices v and f3.

The convergence on the space of quickly decreasing functions is obtained by endow-
ing the space S(IR") with the following family of semi-norms:

pu(f)= ) sup|MD’f

lal. 18 =m

. f e SMRM.

The main properties of the convergence introduced in Definition 8.5.2 are contained
in the following Proposition.

Proposition 8.5.2 The following statements hold true:
(i) The application f — D® f is continuous. Also, it is defined on S(IR™) with
values in S(IR™).
(ii) We say that the function g has a slow growth if g € C*°(IR") and satisfies the
property
Yo, 3p(a) > 0 so that ‘ |11n+1 IxII~7“ D% (x) = 0.
X|—+00

The set of the functions with slow growth is denoted by O(R"). If the function
g € O(R"), then the application f —— g f is a continuous function from S(IR") to
S(R").

(iii) The following inclusion holds true:
S(R") Cc LP(R"), Vp > 1.

(iv) The space D(IR") is dense in S(R"), in the sense of the topology given by the
convergence of sequences.
(v) The application (f, g) —> f * g is a continuous function defined on the product
space S(R") x S(IR™) with values in the space S(R").
(vi) For any function f € S(R"), we have
i |
Fyop = <§> D°Fy, Fpey = Qmi) M Fy.

(vii) F is an algebraic isomorphism and also a topological isomorphism
F:S(R") - S(R"),

whose converse isomorphism is F (the inverse Fourier transform).

(viii) The space S(R") endowed with the product of convolution “*” is an algebra

and we have the relations

Freg=FrFg, Frg=Fr*Fy.
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Proof The proofs for these properties can be found in any book of Fourier analysis
and are, in general, accessible. For instance, for (iii) we have that if f € S(IR"), then

" 1
[7<C
If0)lP < ,1:[11+x?

and therefore

‘ 1
p _ n
1AL ey = le'zll/;2 I +x12.dx =Cr" < o0.

Regarding the automorphism from point (vii) we can show, first, that 7 € S(IR"),
using the formulas from point (vi). Then we can show that

Fry) =Fp(=y) = Fren ).

Definition 8.5.3 A temperate distribution is any linear and continuous functional
defined on the space of quickly decreasing functions S(IR").
The space of temperate distributions on the space R” is denoted by S’(IR").

A simple example of temperate distribution is given by the distribution 7 generated
by a function f, of class C*°(IR") and for which there is k > 0 so that

(1+1.P) feL'®.

In particular, if f € L'(IR"), then Ty e S'(R").

If T is a temperate distribution then all its derivatives are also temperate distribu-
tions.

If T is a temperate distribution and g € O™ (IR"), then the product g7 is also a
temperate distribution. Moreover, the application 7 —— g7 is an application of the
space S’(IR") with values in itself. It can be verified without difficulty that if the
distribution 7 has compact support then it is a temperate distribution.

We believe that the reader can prove, without difficulty, the properties of temperate
distributions included in the following proposition.

Proposition 8.5.3 In the set of temperate distributions the following properties are
satisfied:

(i) If S is a temperate distribution on R", and T is a temperate distribution on R™,
then the tensor product of the two distributions is a temperate distribution from R"™.
(ii) If the distribution T has compact support and the function f belongs to the space
SR™), then the product of convolution between f and T, f * T, can be identified
with a function from the space S(R") and the application f —— f x T is continuous
Sfrom the space S(IR") into itself.
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Definition 8.5.4 Let T be a temperate distribution. Then its Fourier transform is
defined by

(Fr.o) = (T.F,), Yo € CMR"), (8.5.3)

formula (8.5.3) remaining valid also in the situation in which ¢ € S(IR").
The inverse Fourier transform of a temperate distribution can be defined by

(Fr.¢) = (T, F,), Vo € SR"). (8.5.4)

We should note the fact that the values (7', F,;) and (T, F_¢) from (8.5.3) and from
(8.5.4), respectively, are well defined because for any function ¢ from the space
Co°(R™) or from S(IR"), its Fourier transform F, is a function from the space
S(R") and T is a temperate distribution.

Example 8.5.1 Let h be afunction from L' (IR"). Then the distribution 7}, generated
by the function 4, is a temperate distribution. By direct calculations, we obtain that
the Fourier transform of the temperate distribution 7}, is equal to the distribution
generated by the Fourier transform of the function /4. Indeed, we have

(Fro0) = (Tn, Fy) = /}R B Fp(x)dx

= / h(x)| (e ™ Vdxdy= / e[| h(x)e ™ Vdxdy
n ]Rn n ]Rn

=/ eMFudy = (T, ¢),
IRfl
that is

‘FTh = T]'—h’ Vh € Ll(]Rn)a

the equality taking place, obviously, in the sense of the distributions.

The main results regarding the Fourier transform for temperate distributions are
contained in the following theorem.

Theorem 8.5.1 The following statements hold true:

(i) The Fourier transform performs an algebraic isomorphism and a topological
isomorphism of the space of temperate distributions S'(R") in itself and whose
converse isomorphism is the inverse Fourier transform F.

(ii) For all multi-indices o and for any temperate distribution T, the relations are
satisfied

N\ lal
Fumer = (;-ﬂ) D Fr,

—Fpor = Qim)!Y MO Fr.



8.5 The Fourier Transform in Distributions 259

(iii) If the distribution T is from the space £ (R"), then its Fourier transform belongs
to the space O™ (R") and can be identified with the following function:

xr— Fr(x) =T, (e_2i”x'y).

(iv) If T is a temperate distribution and the distribution S is from the space £ (R")
then it makes sense to consider the product of convolution T x S. Moreover, the
Fourier transform of the product of convolution T x S is equal to the usual product
of the Fourier transforms, that is

.7:7"*5 = .7:T..7:s (S 8/(1Rn)

Proof Points (i) and (ii) can be easily proven based on the properties of the Fourier
transform for functions.

For detailed demonstrations of the points (iii) and (iv), the reader can use the book
Theories des distributions, Hermann Paris, 1973, due to L. Schwartz [35]. |

If we compute the Fourier transform of the distribution ¢, of Dirac, we find that the
distribution which is obtained, F;,, can be identified with the following function:

Y — 6ay (672i7rx.y) — 672i71'x.a.

In particular, the Fourier transform of the distribution 6y = §, Fy, can be identified
with the constant function 1.

If we consider the temperate distribution 77 on IR, associated with the constant
function equal to 1, which obviously is from L }GC (IR), and we apply the formulas of
differentiation, from (ii) we obtain

Fri(x) = Folx) =0 = Qim)xFr, (x).

In this way, it can be shown that F7, is proportional with dy. If we apply the transform
Fr, to the function x — e~™" we are led to the conclusion that Fr, = do.

The last result regarding the temperate distributions show that the Fourier trans-
form is an automorphism of the space L>(IR").

Theorem 8.5.2 (Fourier-Plancherel) The Fourier transform F and the other trans-
form F are two isometrics of the space L*(R") into itself.

Proof We have seen that if the function f is from the space S(IR"), then F is also
from the space S(IR"). Moreover

F)fxydx = N F) f(=x)dx = (f * £)(0),

R"

where we used the notation f x) = f(—x).
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Using the inverse Fourier transform, we obtain
(f = f)(0)=/ ff*f(y)dyzf ff(y)fj(y)dyzf FrF(y)dy.
R)! ]RVI ]R/l

Also, for f € L>(R") we have F; € S'(IR") and

(Fr. o) = |, Foll = |, Forz|
< Il Foll = 1 f 2 llellzz, ¢ € SART).
This inequality can be extended through density to all functions ¢ € L*(R"). Thus,

we deduce that F; defines a linear and continuous functional on the Hilbert space
L?(IR™). Therefore, we have

Fre LR and [Fyllze < [ fllze.
By replacing f with ?f the contrary inequality is obtained, so we are led to the
equality

I flle = IFfllzz, f e LR,

which proves thai J is an isometrics on the space L%(R").
The fact that F is an isometrics can be immediately obtained. |



Chapter 9 ®)
Integral Formulas i

9.1 Differential Operators

Definition 9.1.1 A partial differential equation of order k is any relation of the form

0 d ok ok
Floxu— = 22 22 =0, ©.1.1)
ax; 0x, 9x) dxk
that is, a relationship between the n-dimensional variable x = (xy, X2, ..., X,), x €

R”, the function u = u(x) and the partial derivatives of the function u of order less
than or equal to k.

Relation (9.1.1) is valid for x € 2, where €2 is an open set from the n—dimensional
space IR".

The partial derivative of order k of the function u = u(x) can be written in the
most general case, in the form

aFay-ta,
0

—Q a , 9.1.2
Axyaxy? ... oxy" u(x) ( )

where oty + oy + - - -+, = k.
We say that (o, o, ..., ®,) is a multi-index of length k and denote by |«| =
a) + oy + - - - + «, the length of the multi-index (in the present case the length is

k). For the partial derivative from (9.1.2), when there is no danger of confusion,
shorthand notations are also used

glel
ax®

u(x) or D% (x).
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Definition 9.1.2 A classical solution of the partial differential equation (9.1.1) on
the set €2 is any function u# which admits partial derivatives that are continuous up to
and including order k, which when is replaced in the equation, transforms it into an
identity on the open set 2.

Observation 9.1.1 In the following study, we will consider only differential equa-
tions with linear or quasilinear partial derivatives of the first order k = 1 and of
second order k = 2, respectively. This means that F is assumed to depend linearly
on the partial derivatives of the function u, of first order and of second order, respec-
tively. In the case of quasilinear equations, both in the case of the equations of first
order and of second order; the coefficients by which the function F can be expressed
can depend on the unknown function u.

We introduce now the main vector differential operators.

Definition 9.1.3 (i) For the scalar function u : & — IR, the gradient operator
(denoted grad u) can be defined by means of the formula

ou @)
x) ).
dax,
(ii) For the vector function # : @ — IR", we define the divergence operator
(denoted by div ii), by means of the formula

0 0
grad u(x) = (—”(x), L.,
dx 0x7

n 8 l
diviit) =Y B—Z(x).

i=l1

(iii) In the case  C IR? and the vector function u :  — R has two components,
the curl operator (denoted by curl u) can be defined by means of the formula

ou u
culy = —,——— ).
BXQ 8x|

For the case in which @ C IR3, the vector function# :  — IR? hasthree components
uy, Uy, u3 and then the curl operator can be defined by means of the 3 x 3 dimensional
formal determinant

i Jj k

0= 2 2
Curl u= 3)(1 axz 3X3
ui un us

(iv) For the scalar functionu : 2 — R, @ C IR", we define the Laplace operator
(denoted by A u) by the formula

n 82
Au@) =" a—xz(x).

i=1
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Observation 9.1.2 1°. It can immediately be verified that the divergence operator
is the trace of the Jacobean matrix defined by

By Dy
dxy R 0x,
x| 0x2 0x,
duy  Buy . duy
dx; dxo ax,

2°. For the uniformity of the notation in the case of the gradient, divergence, and
curl operators, for n = 3, we use the Hamilton operator <7 called also the nabla
operator and defined by

a - a - d i
V= 8x1l + szj + axz
Thus, instead of grad u we will write \ju(x), instead of div u we will write 7.u(x),
and instead of curl u we will write 7 X u(x).

39. Clearly, the gradient operator is applied to a scalar field and the result is a
vector field, while the divergence operator is applied to a vector field and the result
is a scalar field. The only differential operator which preserves the nature of the field
is the curl operator which is applied to a vector field, and the result is also a vector
field.

With the help of the differential operators introduced in Definition 9.1.3, we can
define the differential operators of second order. This is achieved by combining two
of the three differential operators introduced above. It is clear that the single possible
combinations are the following:

div (grad u), grad (div ), div (curl @), curl (grad u), curl (curl u) .

The values of these differential operators of second order are given in the proposition
which follows.

Proposition 9.1.1 For the differential operators of second order, the following for-
mulas are satisfied:

(i) div (grad u) = 8u, ifu € C*(Q), Q@ C R";

(ii) div (curl u) = 0, ifu € C*(Q), 2 C R?;

(iii) div (curl i) = 0, ifii € C*(Q), Q@ C R3;

(iv) curl (grad u) = 0, ifu € C*(RQ);

(v) grad (div #) = curl (curl u) + Aii;

(vi) curl (curl &) = grad (div i) — Ad.

Proof For points (i)—(v), the proofs are obtained without any difficulty, using Defi-
nition 9.1.3. The point (vi) is obtained from (v). |
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9.2 Classical Integral Formulas

Definition 9.2.1 A hypersurface in IR” is, by definition, the set S of all points x =
(x1, x2, ..., x,) € R" which verify the relation G (x1, x», ..., x,) = 0, where G is a
continuously differentiable function defined on IR” and which verifies the conditions
required for the application of the theorem of the implicit functions with respect to
one of its variables.

A hypersurface S can be represented locally in the parametric form as follows:

={Gpx,..ox) €RY (X, X0, X)) = g(51, 52, o Su) )

where g is a given continuously differentiable function g : D — R”". Here, D is an
open set from IR"~!.

Theorem 9.2.1 Let S be a regular and compact hypersurface from the space R",
withn > 2, having the boundary 3 S. For any vector function it which is continuously
differentiable on an open set that contains S, the following equality holds true:

ou, ouy
- 2.1
/BSZudxl ,/SZ<8xk )dxk/\dx], 9.2.1)

where with dx; A dx; we denote the exterior product of the two differential forms dxy
and dx;. In the particular case when n = 2, formula (9.2.1) acquires the following
simpler form:

30 P
/ [P(x,y)dx+Q(x,y)dy]=f<—(x,y)——(x,y)) dxdy.
a8 s\ 0x dy

Ifn =3, formula (9.2.1) becomes

f Zu dx; = /curlz?(x)do(x),
3

Stl

where do (x) represents the oriented area element from the space R>.

Proof Essentially, the proof is based on integration of differentiable forms. In any
book of mathematical analysis, a more general form of Stokes formula can be found

/ a):/da),
as s

where w is a n — 1-dimensional differentiable form of class C' on the hypersurface
S. If w has the form



9.2 Classical Integral Formulas 265

n

w= E u;dx;,

i=1

then
du;  duy
dow = —L — = )dx; Adx;,
¢ Z <8xk 8)Cj > k A
k<j
from where the desired result is obtained. |

Theorem 9.2.2 (Ostrogradsky formula) Let K be a regular compact set from IR
having the boundary dK. Then for any vector function u which is continuously
differentiable on an open set Q2 which contains the compact set K, we have

/ fi(x)dc?(x):/ diviu(x)dx,
IK K

where do (x) represents the oriented area element on the boundary 3K .

Proof As in the case of the formula of Stokes, the proof is based on integration of
differentiable forms. For a differentiable n — 1-dimensional form o of class C! on
K, we have

n n

8u,~
w= Zuida(x),- = dw = Z a_x,-dxl A dxy A dxs
i=1 i=1
=divu dx; Adxy Adxs,
so that we can immediately deduce the formula from the statement. |

Observation 9.2.1 The Ostrogradsky formula is also called the flux-divergence for-
mula.

Theorem 9.2.3 (Green’s formulas) Let K be a compact set of class C' from IR3
having the boundary oK.

(i) If ¢ is a continuously differentiable function defined on the open set Q2 that
contains the compact set K, and  is a function of class C 2 on Q, then we have the
following identity:

/ (p(x)%(x)do(x) =/ grad ¢ (x).grad ¥ (x)dx
9K v K
+/ P(x)3Y (x)dx. 9.2.2)
K

(ii) If the functions ¢ and Y are of class C*> on R, then we have the following
identity:
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0 0
/ w(x)a—w(x)do(x)—/ w(x)—go(x)dff(x)
9K v 9K v

= /K [p(X)AY (x) — Y (x)Ap(x)]dx, (9.2.3)

where we denote by % the derivative in the direction of the unit normal (called also
the normal derivative) of the function \ and which can be defined by

%(x) = grad ¥ (x).".
av

With v we denote the normal to the surface 9K, oriented, by convention, outside K.

Proof For point (i), it is enough to consider the vector function # given by u =
@.grad ¥ and apply the Ostrogradsky formula. The functions ¢ and  are scalar
functions. To prove (ii), we write, close to the formula (9.2.2), a similar formula
in which we change the role of the functions ¢ and . The obtained relation is
subtracted, member by member, from (9.2.2) and so we obtain the desired formula
(9.2.3). |

Observation 9.2.2 Formula (9.2.2) will be called the first Green formula, and for-
mula (9.2.3) will be called the second Green formula.

At the end of this chapter, we recall some common notations.
Let 2 be an open set from IR”. Then, we will use the following notations

e CY(): the set of continuous functions on IR";

e C%(Q): the set of restrictions to € of the continuous functions on R”;

e C*(Q)(k > 1): the set of the functions which admit derivatives up to order k and
the derivatives of order k are continuous on £2;

e CK(Q)(k > 1): the set of restrictions to §2 of the functions which admit derivatives
up to order k and the derivatives of order k are continuous on the whole space IR";

o C (’)‘ (€2)(k > 1): the set of the functions from C* () which in addition have compact
support included in €2;

e C°°(R2): the set of the functions which are infinitely differentiable on €2;

o Ci°(R2): the set of the infinitely differentiable functions on €2 which in addition
have compact support included in 2.
The set C§°(£2) endowed with the topology of the strict inductive limit (introduced
in Chap. 1) is also denoted by D(£2).



Chapter 10 ®)
Partial Differential Equations oo
of the First Order

10.1 The Cauchy Problem

In this chapter, we consider partial differential equations of the form

§ aj(x, u(x))aa—”(x) = b(x,u(x)), Vx € Q C R", (10.1.1)
T
j=1 J

called quasilinear partial differential equations of the first order, where the coeffi-
cientsa;, j = 1, n and the right-hand side b are given functions which can depend
on the unknown function ¥ = u(x). An important particular case of the equation
(10.1.1) is the linear equation with partial derivatives of the first order, whose gen-
eral form is

Zaj(x)aa%(x) 4+ ag(x)u(x) =b(x), Vx € Q C R", (10.1.2)
J

j=1

in which the coefficients a;, ag and the right-hand side b are given functions which
do not depend on the unknown function.

Definition 10.1.1 We say that we have a Cauchy problem associated with the
quasilinear partial differential equation (10.1.1) if we provide a given and reg-
ular hypersurface (that is, continuously differentiable) S, that contains all points
(x1, X2, ..., x,) € R" for which G(x1, x3, ..., x,) = 0 and prescribe a function ®
defined on S so that the unknown function coincides with ® on S.

Observation 10.1.1 We say that the hypersurface S is regular, that is, continuously
differentiable, if the function G which defines the hypersurface S,

S={Gx,....x0) €R" : Gxy,x2,...,x,) =0},
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is continuously differentiable on R" and verifies the conditions of the theorem of the
implicit functions with respect to one of the variables.

Let us consider two simple examples.
1°. Let us consider the Cauchy problem

ou .

—(x) =0, in Q,

0x

u(x;, 0) = (xy), Vx; € R,

where we used the notation 2; = {x = (x1, x2) : xp > 0}.
For this problem, the “initial” condition, which is also called the Cauchy condition,
that is, u(x;, 0) = ®(x), together with the partial differential equation imply

@’(x;) = 0 if and only if ® = constant.

2. Now consider the problem

ou .
—(x) =0, in €2,
8x1

u(xy, x1) = ®(x1), ¥x; € R,

where we used the notation €2, = {x = (x, x2) : x2 > x;}. It can be easily shown
that for this problem, the initial condition together with the equation with partial
derivatives lead to the conclusion that the solution of the Cauchy problem is the
function u given by u(xy, xp) = ®(x3).

From these two examples, we deduce that the presence of the hypersurface S is
essential in the existence of a solution of the Cauchy problem.

In the 2-dimensional case, the solution u of a partial differential equation of the
first order can be associated with a surface from R® by an equation of the form
x3 = u(xy, x2).

In the following proposition, we obtain a condition for a surface to be tangent for
which we have a geometric interpretation.

Proposition 10.1.1 The integral surface of the Eq. (10.1.1) is tangent in each point
to the characteristic direction (ay, az, b), defined by the coefficients of the quasilinear
equation with partial derivatives of the first order.

Proof The result is immediately obtained if the quasilinear equation is interpreted
as a scalar product of two vectors from IR3. Then, the tangent vectors to the integral

surface are
d d
1,0, 22 and (0,1, 24).
3)61 8)62

It is obvious then that the normal vector to this surface is
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ou Ju |
a)ﬂ’ 3)62’ ’

and this ends the proof. |

Definition 10.1.2 A characteristic curve associated with the characteristic direction
(ai, ap, b), is any curve which is tangent in any of its point to the characteristic
direction.

According to this definition we deduce that a characteristic curve is obtained by
solving the following system of partial differential equations

ax1 x> 0x3

o

=Cl2, _—=
ot

Proposition 10.1.2 For any triplet (x?, xg , xg) € R3, there is only one character-
istic curve which starts from this triplet.

Proof Obviously, we have here a result of existence of the solutions which is obtained
from the general theory of ordinary differential equations. |

A final result regarding to the characteristic curves is included in the following
proposition.

Proposition 10.1.3 Let (x?, x3, x:?) be an arbitrary point on a characteristic sur-
face. The characteristic curve which passes through this point is fully contained in
the characteristic surface.

Proof Let us consider the system of relations

x1 = x1(2),
X2 = x(1),
x3 = x3(1),

that is, the parametric representation of the characteristic curve that passes through
the point of coordinates (x, xJ, x9).
We introduce the function U (¢) by

U(t) =x3(t) —u (x1(1), x2()) . (10.1.3)

It is clear that U is null for t = 0. We compute the derivative of the function U
starting from the relation of definition (10.1.3)

0x3 du dxy ou 9x

ot dxy 0t dx, Ot

9 9
—bh—a 2 g 2 o, (10.1.4)
dxy 0x>
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in which we used the fact that u is the solution of the quasilinear equation (10.1.1)
in the particular case n = 2.

From (10.1.4) we deduce that U is a constant and because for # = 0 we have that
U = 0, we deduce that U is identically null and this proves that the characteristic
curve is fully contained in the integral surface. |

10.2 Existence and Uniqueness of the Solution

As a corollary of Proposition 10.1.3 we deduce that the integral surface, associated
with the solution u of the quasilinear equation, is a reunion of characteristic curves
that pass through the points located on this surface. On the other hand, the above
results regarding the characteristic curves suggest a solving method for quasilinear
equations. We will prove, in the following theorem, a result of existence in a more
general case.

Theorem 10.2.1 Let S be a hypersurface of class C' (that is, the function g that
defines the hypersurface is continuously differentiable). Suppose that the coefficients
aj, j= 1,n and the the right-hand side b of the quasilinear equation are given
and continuously differentiable functions. We also suppose that the vector with the
following components

(ai, (x, P(x)), az(x, D(x)), ..., a,(x, P(x))),

is not tangent to the hypersurface S in any point x from S. Then there is only one
solution of the Cauchy problem defined in a neighborhood of S.

Proof We consider that the hypersurface S is defined in a parametric form by means
of the function ¢ : R"~! — IR",

IRn—l N R"
: . 10.2.1
g <s = (51,82, -+ Su—1) F—> (gl(S),gz(S),...,gn(S))> ( )
The condition that the vector (ay, az, ..., a,) is not tangent to the hypersurface S

may be reformulated by imposing to the following determinant

SR ay(g(s), P(g(s)))

352

SSRGS ay(g(s), D(g(s)))

3&2

Tk an(g(s), @(9(5)
to be nonzero for all those values of s for which g(s) belongs to the hypersurface S.
To prove the existence and the uniqueness of the solution of the Cauchy problem,
considered above, we will consider a new Cauchy problem, namely
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al’ (s D =a;(xi(s,1), x208, 1), ..., x,(8,8),y(s,0)), j=1,2,...,n

8t (s, 1) =b(x1(s, 1), x2(5,1), ... ,x,l(s, 1), y(s, 1)) (10.2.2)
xi(s,0)=g;(), j=12,...,n

y(s,0) = ®(g(s))

We have here a system of partial differential equations with respect to ¢ with initial
conditions for + = 0 in which s is a parameter. If the data that define the Cauchy
problems of the form (10.1.2) are continuously differentiable, then we ensured the
existence and the uniqueness of a solution (x, y) for such kind of Cauchy problem
on an interval [0, #]. Taking into account the dependence of class C' of the solution
of a differential system with respect to a parameter, we deduce in addition that the
solution of this Cauchy problem is continuously differentiable with respect to the
parameter s.
Consequently, we can consider the application

(R“lxmmﬂ—> R"” x R )
(s, 1) > (x(s, 1), y(s,1))

which associates to the pair (s, t), the pair (x(s, t), y(s, 1)).

Obvious this application is locally invertible in a neighborhood of the point (s, 0),
because the application satisfies the conditions of the local inversion theorem.

In fact, the determinant

B(s,0) $4(s5,0) ... 22-(5,0) 2(s5,0)

M@mmmm.mmmm“wm

08y

Mmow%mm.”“wsma%@m

0Sy—1
is equal to the determinant

do b B0 gy (g(s), D(g(s)))

dor Ber D0 gy (g(s), D(g(5)))

a5y dsp—1

R T ﬁ"", an(g(s), D(g(s))

and this determinant, by the hypothesis, is nonzero.

Thus, we can consider the application x > (s(t), 7 (s)) and with its help we define
the function u(x) = y(s(x), t(s)). Itremains now to verify that the function u, defined
in this way, satisfies the initial condition and quasilinear partial differential equation.
We have

Ve S u(gls)) = ys(g(s), 1(g(s)) = y(s,0) = P(g(5)),

where we take into account the uniqueness result from the local inversion theorem.
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On the other hand, we have
" L gy ase ay ar
k
aj(x s ai(x + ——
Z () () ;’( kz{zaskax, dt dx;

n n n—1 n
ay oSk ay ot
_;ask ;a’(x);ax, * at;a’(x)axj
SR b SEATECY G SRR
sy | &~ ot ox; ot —~ 9t ox;’
k=1 j=1 J j=1 J

in which we take into account the definition of the differential system for which x;
and y are solutions. In addition, we have

Za](x)—(x) =1
j=1

n—1

ay ask ay
= .1 = — = b(x, .
Z ase 91 or = PO u®)

Thus, we proved the existence of a solution of the Cauchy problem in a neighborhood
of the hypersurface S, with the hypothesis that S can be parametrized in the form
(10.1.1). But, this parametrization is possible by application of the theorem of the
implicit functions to function G which defines the hypersurface S. The theorem
will be fully demonstrated if we prove the uniqueness of the solution of the Cauchy
problem.

To this end we will consider the particular solutions u of the Cauchy problems
defined in a neighborhood of each point from S. To demonstrate the local uniqueness
it is enough to prove that the hypersurface defined in R"*! by the solution u of the
problem, is the reunion of the curves obtained by solving the following differential
system

10.2.3
D= b(x, y). ( )

{f’a"; =a;(x,y), j=12,.
The reunion of the families with n — 1 parameters of the integral curves of a dif-
ferential system of the form (10.1.3), defines a solution of the quasilinear partial
differential equation of the first order. Conversely, let u# be a solution of the quasilin-
ear partial differential equation. We can use the decomposition

0x; .

< =a;(x,ulx)), j=1,2,..,n

o = AR T ., (10.2.4)
xj(0)=xj, X =<xj)E]R.
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Now, we define the function y by y(¢) = u(x, t), so we get the result

ay "\ du dx; = ou

i —_— . s _— b s .

o = 2 dx, o Za,(x u)axj (x,u)
J=1 Jj=1

This proves that if the graph of the function u intersects an integral curve of the
differential system (10.2.4) in a point (xo, u(xo)) then the graph contains the whole
integral curve. The result of uniqueness which refers to the solutions of the differential
systems thus prove the uniqueness of the solution of the Cauchy problem for the
quasilinear partial differential equation. |

Observation 10.2.1 From the proof of the Theorem 10.2.1 we can deduce the fol-
lowing conclusions:

1°. If the hypersurface S is defined in the parametric form starting from a function
g : R"™" — ", then the tangent plane to the hypersurface S in a point s is generated
by n — 1 dimensional vectors of the form

991 992 Ign\ (991 92 dgn gy g dgn
851’8s1””’8s1 ’ asz’asz"”’é)sz T Bsn_l’asn_l’”"asn_l '

The condition from the statement of the theorem (and also the form of the condition
Jfrom the proof) has the following significance: the vector of components

(a1 (g(s), ® (g(s))) . a2 (9(5), P (9(5))) . ..., an (9(s), P (9(5))))

does not belong to the tangent plane, mentioned above.
2°. The proof of Theorem 10.2.1 suggests a method of solving the Cauchy problem
associated with a quasilinear equation with partial derivatives of the first order.

We want to now give an example of the Cauchy problem associated with a quasilinear
partial differential equation.

Example 10.2.1 Let us solve the following Cauchy problem

du ou
X1 —(x1, X2, x3) + 2x0 — (X1, X2, X3)
0x; 0x2
u 3
+ g()ﬁ,xz, x3) = 3u(xy, x2, x3), Y(x1, x2,x3) € R,
3

u(xy, x2,0) = @ (x1, x2), ¥Y(x1,x2) € R%
In the present case, the hypersurface S is the plane
{x, x = (x1,x2,x3) : x3=0}.

The hypersurface S can be parametrized by means of the function g
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< R> — R’ )
(51, 82) > (51,52, 0).

The condition of no tangency from the proof of Theorem 10.2.1 is reduced to the
study of the determinant

S1

$20
1

S O =
S = O

which, obviously, is nonzero. We introduce a differential system, accompanied by
initial conditions, of the form

B (51,50, 1) = x1 (51, 82, 1),
82 (51,50, 1) = 2xa(s1, $2. 1),
9

St 80,0) =1,

9y

(1,82, 1) =3y(s1, 82, 1),
x1(s1, 82, 0) = s1,

x2(s1, 52, 0) = 52,

x3(sl’ S27 O) = O’

y(s1, 52, 0) = D (s1, 52).

By solving this differential system and by taking into account the initial conditions,
we obtain the solution
x1(s1, 82, 1) = s1€’,
x2(s1, 52, 1) = s2€™,
x3(s1, 82, 1) = ¢,
y(s1, 82, 1) = D(s1, s2)e.

‘We can now express the values of s;, s, and ¢ as functions of x|, x, and x3, and this
corresponds to the step of inversion of the application (¢, s) — x. So, we have

r=x,
51 = x5,
$2 = xpe 2%,

so that, finally, we find the solution

u(x,x2,x3) =& (xle_“, )C2€_2x3) e,

At the end of the paragraph, we will solve a Cauchy problem attached to a nonlinear
partial differential equation of the first order.
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Example 10.2.2 Consider the Cauchy problem
F(xi,x2, ..., X0, 4, p1, P2, .-, pn) =0,
xi=¢,i=1n—1, x,=1, u=e¢e", on(S), (10.2.5)
where
n
F (X1, X2, ooy Xn, Uy Py P2y ooy Pn) = inpi + f(p1. p2s -, Po)-
i=1
Also, we used the notations of Monge

ou

pi=—

,i=1,n.
3)6,‘

Equation (10.2.5), is called the generalized equation of Clairaut. We will expand
the notations of Monge

oF oF T oF
BXi - Ly 8pl l’ ’ 81,{
and then we obtain the characteristic system
dx; dp; — du -
—=bF, —=-Xi+pU), i=Ln —= i Pr,
ds ds i+ pl), g s Z P

so if we take into account the Cauchy conditions
xi(0) =x{, pi(0) = p}, i =T,n, u0) =u,

we obtain the solution

=) +a))e’ —al, pi=p].i=T1n u=@u+bye — by, (10.2.6)
where
af _
a?za_pi(p(l)vpgs"'vpn) lsns

n
bo= Y pla’ — f(p}. p3..... pY).
i=1

The values x pl ,i=1,nand uq are determined by the relations
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X =0 (@1, @2s s Put)s P = 1n, g = a(P1, P2, -y Purt),s

F),xd, .o x0 uo, pl, pd, ... p0) =0, (10.2.7)
. 0 0t foled o
Zp,» — Lo ) = — (0,02, 0n1), j=1n— 1,
= 99; 9,
where the functions o, oy, ..., &, and o define the hypersurface (S). In our case

the relations (10.2.7) become

xl-():(pi,i:l,n—l, x, =1,
up=e", pl=e", p}=0, j=2,n—1, (10.2.8)
e¥! =<ple")‘+p,(,)+f(e‘”1,0,...,0,p3).

Suppose that the function f satisfies the conditions of the theorem of implicit func-
tions that allows us the solve the Eq. (10.2.8); with respect to p?. We replace the
expression of p?, of x?, i = 1,n — 1 from (10.2.8); and of p?, i = 1,n — 1 from
(10.2.8), in the solution (10.2.6) of the characteristic system and we will obtain the
desired hypersurface.




Chapter 11 ®)
Linear Partial Differential Equations oo

of Second Order

11.1 The Cauchy Problem

Let us consider the differential operator

Ou ()+Xn: i ( )8—u( )t+ap(x)u(x), (11.1.1)
Bx,-axjx j=lajxaxjx ao(x)u(x), 1.

L) (x)= Y a;(x)

ij=1

in which the coefficients a;; (i, j = 1,n), a i (= 1, n) and ag are regular functions
which depend only on one variable x and which are defined on an open set 2 from
R", where €2 is not necessarily bounded.

Observation 11.1.1 [f the function u is regular (twice continuously differentiable),
according to the classic Schwartz criterion, we have the relations

L — 9%u 9%u
VxeQ, Vi,j=1,n: x) =
8x,~8xj ijax,-

(x).

We will write the coefficients a;;(x) in the form

1 1
a;(x) = 5 [ai;(x) +aji(0)] + 3 [aij(x) —aji ()],
that is, we highlight here the the symmetric part and the antisymmetric part, respec-
tively, of the coefficients a;; (x)

1

> [aij(x) —a;i(0)],

' 1
ay(0) = 3 [ay () + ai ()], afj(0) =
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SO we can write

aij(x) = a;;(x) + af; (x).
Then, by direct calculation, we see that

n 9%u

Zafj(x) (x) > a ;;() (x)—I—O—}—ZaU(x)

i,j=I i<j i>j

(x)=0.
j
In conclusion, the differential operator (11.1.1) becomes

Lu)(x) = Z i (X) o (X) + Za (x)—(x) + ao(x)u(x),

i,j=1

from where we deduce that we can use the differential operator £(u) in the form
(11.1.1) with the hypothesis that all the coefficients a;;(x) of the partial derivatives
of second order are symmetrical.

In the 1-dimensional case, the partial derivatives become ordinary derivatives (of
second order) such that the partial differential equation of second order becomes a
differential equation of second order and the Cauchy problem, in this case, can be
formulated as follows

Lm)x)=ax)u”"(x)+bx)u'(x)+c(x)u(x)=f(x),Vx € (a, b),
u(xo) = uo, (11.1.2)
u'(xp) = uj.

Analyzing problem (11.1.2), we note that we need to fix a point xy on the interval
(a, b) and two real numbers u( and u; corresponding to the initial values of # and
of u’, respectively in the fixed point x.

To define a Cauchy problem in the n-dimensional case, we need a hypersurface
S, defined with the help of a function G supposed to be continuously differentiable
and which verifies the condition

VxeS : |[vG@)| £0.

This condition will allow the application of the theorem of implicit functions. Also,
in view of the formulation of the Cauchy problem, we need a field of vectors / which
must verify the condition

VxeS : |l(x)| #0.

Then, the Cauchy problem consists in the introduction of two functions uo and u;,
defined on the hypersurface S, so that
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L(u)(x) = f(x), Vx € Q,

ux) =up(x), vx e SNU, (11.1.3)
ou lx).vulx)
E(x) = W =u(x), Vxe SNU,

where we denote by U a neighborhood of a fixed point xy € S.
For an elementary understanding of the notions, we will consider the following
simple examples.

Example 11.1.1 We define the hypersurface S by
S = {(X],XZ) € ]R2 L X2 =0}

In the present case the function G, which defines in the theory above the hypersurface
S, is thus, G (x1, x2) = x».
1°. We will take the vector field / in the form /(x) = (0, 1). Then the Cauchy
problem can be written in the form
Lu)(x) = f(x), Vx € Q C R?,
u(x1,0) = uo(x1), Vx; € R,

ou
—(x1,0) = u1(x1), Vx; € R.
3)62

Here, we have no a priori relationship between ug and u;.

2°. Consider the vector field / of the form /(x) = (1, 0). Then the Cauchy problem
can be written in the form

Lu)(x) = f(x), Vx € Q C R?,
u(xy, 0) = up(x1), ¥x; € R,

ou
—(x1,0) = u1(x1), Vx; € R.
8X1
It is clear that in this example we have
ou
8_x1(x1’0) = uy(xy),

and this involves a relation between ug and u;.
We will see that the hypersurface S will play an important role in the proof of the
existence of a solution of the Cauchy problem.

Definition 11.1.1 Let £ be an arbitrary differential operator with partial derivatives
ler|

d
La)) = Y o) S (2).

dax
Jer| <k
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(i) A vector field £ € IR" is called a characteristic vector in the point x for the
operator L, if it satisfies the equation

> au(x)E =0.

la|=k

We will denote with car.(x) the set of all characteristic vectors in the point x for
the differential operator L.

(ii) A hypersurface S is called a characteristic hypersurface for the operator £ in
the point x if the normal vector v(x) to the surface S in the point x is a vector field
from carp(x).

(iii) A hypersurface S is called an uncharacteristic hypersurface if and only if it
is not a characteristic hypersurface at any point x, that is, the normal vector to the
hypersurface S does not belong to the set car, (x) for any point x from S.

For a better understanding of the notions, introduced in Definition 11.2.1, we will
consider some simple examples.

Example 11.1.2 (i) For a differential operator with partial derivatives of the first
order, we find again the notions introduced in Theorem 11.1.1 from this chapter.
Concretely, the notion of uncharacteristic hypersurface is expressed in Theorem
11.1.1 in the following form:

The vector of components (ay, az, ..., a,) is not tangent to the surface S in any
point from S.

In Definition 11.2.1, the assertion above is equivalent to the fact that the normal
vector to the hypersurface § is not a characteristic vector, that is, it does not verify
the equality

> aj(g(s), ulg($))v; (g(s) = 0. (11.1.4)

j=1

Equality (11.1.4) can be interpreted as a scalar product between the vector of compo-
nents (aj, az, . . ., a,) and the normal vector v. Of course, according to (11.1.4) this
scalar product is null. Thus we deduce that the vector of components (a;, as, ..., a,)
is not orthogonal with the normal vector v (x) to the surface S in the point x € S.
(i) For a differential operator of second order, the condition “the vector & is
uncharacteristic for £ in the point x”, can be reformulated, equivalently, in the form

(A(x).£,8) #0,

where we denoted by A(x) the symmetrical matrix of the coefficients of partial
derivatives of second order.
(iii) In the simple case
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we have carg(x) = {§ : & = 0}, that is, the set car,(x) is a hyperplane.
(iv) If £ = A (the laplacian), then car,(x) = {0}.

W) If
Lo
T L
then
carg(x) = {0, 61,....8)  Er=5& =" =4},
that is, the set car,(x) is a straight line.
(vi) If
P - 9
L=-5— ; Pyl
then

carp(x) = {50, &1, ... &) & =&1+--+ &}

The method used to solve the Cauchy problem associated with the linear differential
operator L of second order is suggested in the following theorem, by S. Kovalewskaia.

Theorem 11.1.1 Suppose that the data which characterizes the Cauchy problem
associated with the differential operator L, that is, a;j, aj, ao, f, uo, uo, and uy, are
analytical functions, and S is not a characteristic surface for L, in a neighborhood
of a fixed point x°. Then, there is a unique solution which is an analytic function of
the Cauchy problem in a neighborhood of x°.

Proof First, we want to mention that here an analytic function is a function which
admits a series representation in the whole neighborhood of each point x° and this
series is of the form

Z Ag(x] — x?)“' (X7 — x;’)“z oo (x, — x,?)“".

|| <k

The idea of proof consists in the evaluation of the Cauchy problem above with a
differential system of the first order, whose coefficients and the initial conditions are
just the data which characterize the Cauchy problem, formulated above. |
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11.2 Classification of Partial Differential Equations of
Second Order

Consider again the differential linear operator of second order

L) (x) = Z @ () 5 @)+ Za, (x) (x) + ag (X)u(x).

i,j=1

We can make the convention that the matrix A of the coefficients g;; (x) is assumed to
be a symmetric matrix, based on the considerations from the beginning of Sect. 11.1.
Because A is a symmetric matrix, it can be brought into its diagonal form and
then we can compute its eigenvalues. Let us introduce the following notations
—n4(x) the number of strictly positive eigenvalues;
—n_(x) the number of strictly negative eigenvalues;
— no(x) the number of null eigenvalues.
Then, the following equality is obvious

n(x) =ny(x) +n_(x) +no(x),

where n(x) is number of all eigenvalues.

Definition 11.2.1 We have the following types of differential operators of second
order:

— (1) The operator L is called elliptic in the point xq if n1 (xg) = n(xp). lfn_(xg) =
n(xg), then the operator L is also elliptic.

— (ii) The operator L is called elliptic on an open set €2 if £ is elliptic in any point
xo from Q.

— (iii) The operator £ is called hyperbolic in xq if n4(xg) = n(xg) — 1 and
n_(xg) = 1. If n_(x9) = n(xp) — 1 and ny(xp) = 1, then the operator L is also
hyperbolic.

— (iv) The operator L is called hyperbolic on an open set 2 if it is hyperbolic in
any point xo from €.

— (v) The operator L is called parabolic in xg if n¢(xg) % O.

— (vi) The operator L is called parabolic on an open set 2 if it is parabolic in any
point xo from €.

In the spirit of this definition, we will classify some differential operators of second
order.

Example 11.2.1 (i) The Laplace’s operator A is elliptic in IR”, because the matrix A
of the coefficients is identically equal to the unit matrix and then all its eigenvalues
are equal to 1.
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(i1) The operator of waves, defined by

n

= o

is hyperbolic on R” because the matrix of the coefficients, which has the dimension
(n + 1) x (n + 1)), has on the main diagonal only only elements of —1, in position
(1,1) and 1 otherwise. The other elements of the matrix are null.

(iii) The operator of heat, defined by

is parabolic in the space IR" because the matrix of the coefficients (of dimension
(n 4+ 1) x (n 4 1)) has on the main diagonal only elements of 0, in position (1, 1)
and 1 otherwise. The other elements of the matrix are null.

(iv) If we consider the operator

a2 a2
L=— +x1—,
ax; laxg

then we have an example of a differential operator which has different types in
different areas from IR?.

In all that follows, we will meet some elliptic operators (for which the Lapla-
cian is the most important representative), some parabolic operators (for which the
most important representative is the operator of heat) and, finally, some hyperbolic
operators (for which the operator of waves is the most important representative).

11.3 Linear Elliptic Operators

In this paragraph, we will consider differential operators of the form

L(u)(x)= Z aij ()

i,j=1

‘ ou
A(X)-i‘E aj(x)g(x)jLao(x)u(x), (11.3.1)
./ j=1 J

in which the matrix of the coefficients a;; (x) is assumed to be symmetric and satisfies
the condition

VxeQ Ve eR" : Y a;(0)EE; >0, (11.3.2)
ij=1
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and this is reduced to considering only the case in which the symmetrical matrix of
coefficients g;; has only strictly negative eigenvalues.

Definition 11.3.1 An operator £ of the form (11.3.1) is called coercive and contin-
uous on the open set €2 if there exist two real, strictly positive constants ¢ and C so
that

VieQ VEeR" : clél’ < Y ay(EE < CIEP.  (1133)

ij=1

It is clear that the Laplacian operator is continuous and coercive on any open set
from IR”, because

VxeQ, VEeR" : |57 =) 8k, (11.3.4)

ij=1

that is, the condition (11.3.3) from the definition 3.1 holds true with¢c = C = 1 and
a;j(x) = 6;;, where §;; represents the Kronecker’s symbol, that is, §;; = 1 fori = j
and §;; = 0 fori # j.

We now consider some types of boundary value problems associated with elliptic
operators.

Definition 11.3.2 Let Q2 be a arbitrary open set, 2 C R”".

Assume that €2 is bounded and denote by 9€2 its boundary.

(i) We call the Dirichlet problem associated with the differential operator L, the
boundary value problem defined by

Lw)(x) = f(x), Vx € Q,
u(x) =g(x), Vx € 02,

in which functions f and g are predetermined. If the function g is identical null on
2%2, then we say that we have the homogeneous Dirichlet problem. On the contrary,
the Dirichlet problem is nonhomogeneous.

(ii) We call the Neumann problem associated with the differential operator £ the
boundary value problem defined by

L(u)(x) = f(x), Vx € Q,
a—u()c) = g(x), Vx € 09,
ov

in which the functions f and g are predetermined and v is the normal oriented outside
the surface 0€2. If the function g is identically null on 92 then we say that we have
a Neumann homogeneous problem.

On the contrary, we say that the Neumann problem is nonhomogeneous.
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(iii) We call the mixed boundary value problem associated with the differential
operator £, the boundary value problem in which the boundary condition involve
both the unknown function u and also its derivative in the direction of the normal

Lu)(x) = f(x), Vx € 2,
g—Z(X) +a(x)u(x) = g(x), Vx € 09,

in which the functions f(x), «(x), and g(x) are predetermined.

Observation 11.3.1 Normally, in the case of the mixed boundary value problem,
&e boundary 0S2 is partitioned in two subsets I'y and 'y so that 'y N T', = ) and
I't N T, = 02 and the boundary condition is indicated in the form:

u(x) = gi(x), Vx € Ty,
ou
—— () = ga(x), Vx € In.
av
An edifying example of the boundary value problem is the problem of Poincaré, from

which by convenient particularizations we obtain other types of the boundary value
problem.

Example 11.3.1 Let us consider the real functions p; (x), i = 1, n, g(x) and r(x),
defined on the boundary 9€2 of the domain 2. The problem of Poincaré consists of

Lu(x) = f(x), Vx € Q,

> pi(x)ag)(cX) T+ gux) = r(x), Vx € 9%, (11.3.5)
i=1 i

where by the values of the functions du(x)/dx; and u(x) in the points x € 92, we
understand the limits of these functions computed by points from inside the domain
€2, which tend to points of the boundary 9€2.

In the particular case, in which

pi(x) =0, i =1,nand g(x) #0, Vx € 9%,
the boundary condition (11.3.5), becomes
u(x) = g(x), Vx € 092, (11.3.6)
where

r(x)
g(x) = ——, Vx € 0Q2.
q(x)
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The boundary condition (11.3.6) together with Eq. (11.3.5); constitute the Dirichlet
boundary value problem, which is also known under the name of the first boundary
value problem.

If
q(x) =0, Vx € 092,

then the boundary condition (11.3.5), becomes

. 9
> pi) ;‘(")
i=1 Xi

Then the problem of Poincaré (11.3.5) is reduced to the problem consisting of equa-
tion (11.3.5); and the boundary condition (11.3.7) which is known as the problem
with the boundary condition for the oblique derivative.

If the functions p; (x) have the values

=r(x), Vx € Q2. (11.3.7)

pi(x) =cos (v, x), i = T,n, (11.3.8)

then the boundary condition (11.3.7) is the boundary condition of Neumann. Hence

equation (11.3.5), together with the boundary condition (11.3.7), in which the func-

tions p; (x) have the expressions (11.3.8), is the Neumann boundary value problem.

The problem of Neumann is is also known as the second boundary value problem.
If it satisfies the condition

q(x) #0, on 0€2,

and the functions p; (x) have the expressions from (11.3.8), the problem of Poincaré
is reduced to the mixed boundary value problem, which is also known as the third
boundary value problem.

For the boundary value problems considered above, we now introduce different
types of solutions.

Definition 11.3.3 A classical solution of the boundary value problem associated
with the differential operator £ with one of the boundary conditions indicated in
Definition 3.2, is any function u of class C2() N C%Q) or C2(2) N C' () which
verifies the equation £(u)(x) = f(x) on 2 and a boundary condition on 9<2.

Observation 11.3.2 1°. If u is a classical solution of a boundary value problem
associated with the operator L, then f is continuous on SQ.

2°. If u is a classical solution of a boundary value problem associated with the
operator L, then for any function ¢ € Cé(Q) (therefore, ¢ is twice continuously
differentiable and supp ¢ is a compact set included in 2), we have

/S;K(M)(X)w()C)dx=/Qf(X)€0(X)dx=/QE’(¢)(X)M(X)dx,
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where with L' we denote the following linear differential operator

L= a;(x)

ij=1

Pu_ Z ()2 () ap(yu )
X)— aj(x)—(X ap\xX)u(x).
0x;0x; o I 9x j 0
Other types of the solutions of the boundary value problems associated with the
operator L are contained in the next definition.

Definition 11.3.4 (i) A strong solution of the equation £(u#) = f, in a topological
space X to whom the function f belongs, is any function # which belongs to X for
which £(u) belongs to X and is equal to f.

(i1) A weak solution of the equation L£(u) = f in a topological space X to whom
the function f belongs, is any function # which belongs to X and for which

(L), p) = (f.9),Ype¥ C X',

where with X’ we denote the topological dual of the space X, and with Y we denote
a vector subspace of X’.

Example 11.3.2 1°. Let us consider the space X = C%(R2). Then a strong solution
of the equation £(x) = f in C°(Q) is any function u that is continuous on €, so
that £(u) is continuous on Q and £(u) = f on . In this way, we deduce that any
classical solution is also a strong solution.

2¢. Let us consider the space of functions X = L2%(2). Then a weak solution of the
equation £(u) = f in L*() is any function u € L?*(Q) for which L(u) € L*(RQ)
and L(u)(x) = f(x), almost for all x € €.

From definitions and examples above, we deduce that that any strong solution is
also a weak solution. But not any strong solution is also a classical solution. It is
sufficient to consider a counterexample. If we take

9%u

e]RZ,
0xdy P

X =C°»(Q)) si L(u) =

then we see that a strong solution cannot be a classical solution.

A function u of the form u(x, y) = f(x) + g(y), where the functions f and g are
continuously differentiable on R?, is a strong solution of equation £(u) = 0. But it
is clear that u is not necessarily a twice continuously differentiable function on R?.

In the following, in the study of elliptic equations of second order, we pay attention
to the following three aspects:

— (i) What conditions should be satisfied in order to prove a theorem of existence
of a weak solution. In most cases, the existence will be prove with the help of a
variational formulation of the considered boundary value problem.

— (i1) What conditions should be satisfied in order to prove a theorem of uniqueness
of the weak solution for the considered boundary value problem.

— (iii) Which is the “degree” of regularity of the weak solution.



288 11 Linear Partial Differential Equations of Second Order

We will analyze the hypotheses of regularity that must be imposed on the data that
define the boundary value problem, the coefficients of the differential operator and
the right-hand side function, for which the weak solution can be a strong solution
and also just a classical solution.

The theorem of existence of a weak solution of a boundary value problem associ-
ated with a continuous and coercive elliptic operator will be based on the well-known
Lax—Milgram theorem, which will be approached later.



Chapter 12 ()
Harmonic Functions Check for

12.1 Definitions and Properties

Definition 12.1.1 We call aharmonic function on the open set 2 C IR", any function
u which is twice continuously differentiable on €2 and which verifies the equation
Au(x) =0, Vx € Q, where A is the operator of Laplace

The main properties of harmonic functions are given in the following theorem.

Theorem 12.1.1 If the function u is harmonic on the open set Q whose boundary
02 is regular (that is, it is defined with the help of some continuously differentiable
functions), then we have the identity

/ @(x)do(x) =0,
o0 81/

where v represents the outside normal to the surface 0S2.
(i). Let u be a harmonic function on the open set 2, xq a fixed point in 2, and
B(xg, r) a closed ball having the center in x¢, with the radius r and included in 2.

Then, we have the representation

u(xp) =

1
/ u(y)ydo(y) = —/ u(xo +ry)do(y),
S(x0,r) 5(0,1)

—1
r—w, n

where with w, we denoted the area of the sphere centered in 0 of radius 1, S(0, 1) C
R, that is, as it is known
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(27.‘.)11/2
Wy = .
T(n/2)

We denote by T, as usual, the function of Euler of second species, namely

o0
['(x) = / *le~'ds.
0

(ii). In the same hypotheses as above, we have the representation

n n
u(xo) = -2 f u(y)dy = — u(xo + ry)dy.
B(xo,r) n J B(0,1)

n

Proof (i). This statement can be immediately proven by applying the second Green
formula for the functions u and 1.
(ii). Consider the function vy defined by
lxo — yI>" L ifn > 2,
v = .
o) {—IH(HXO —yl) . ifn =2,
and the corona C.. , = B(xo, ) \ B(xo, €) defined for € > 0, arbitrarily small. Obvi-

ously, C., C Q2. By direct calculations we can easily verify that the function vy is
harmonic on C. , and

dvg, [ @=n)/r""" | Vy e S(xo,r),
W= {—(2 —m)/e" !, Yy € S(xo, e). (12.1)
On the other hand, using the second formula of Green, we have
0 ov
o- [ [vo(wa—”(y) - u(y)—“(y)] do(y)
S(xo,r) v v
Ou v
+f [vo(y)a—(y) - u(y)—”(y)] do(y), (122)
S(x0,€) 14 aV

such that by taking into account (12.1), formula (12.2) becomes

Ou ou
0 =2 / M $)do(y) + / M (yydo(y)
S(xo.r) OV S(or) OV

+Q@=myrt f u()do(y)— 2 —n)e' " / udo(y).  (123)
N S(x0,r)

(x0.r)

The first two integrals from the right-hand side of the relation (12.3) are null because
the function u is harmonic in the ball B(xg, €) and also in the ball B(xg, r). We
deduce then that
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rl_”/ u(y)do(y) = 61_"/ u(y)do(y),
S(xo,r) S(xo,7)

and the equality is equivalent to the equality

1

—1
r—tw,

1
f u(do(y) = —— / u(y)do(y). (12.4)
S(x0.r) ET W Js(xp,0)

Because the equality (12.4) holds true for ¢ > 0 arbitrarily small, we can pass here
to the limit with ¢ — 0 and based on the conditions of regularity of the function u
in xo we deduce that

i 1
lim Tf u(y)do(y) = u(xo),
e—0 ¢ Wn JS(xg,6)

and then the first equality from (ii) is proved. To obtain the second equality from (ii)
we will make an elementary change of variables.
(iii). Based on the equality from (ii) we deduce that for any p < r we have

1
7 / u(y)do(y),
P Wi JS(xo.p)

u(xo) =

and then

r 1 r
/ N u(xo)dp = — / / u(»do(y)dp.
0 Wn Jo JS(x0,p)

From this equality, using the theorem of Fubini, we are led to

—u(xo> f / u(y)do(y)dp
S(x0,p)

= — u(y)dy. (12.5)

Wn J B(xg.,r)

Hence the first equality from (iii) is proven. In order to prove the second equality
from (iii) we must make an elementary change of variables in the equality (12.5). W

Observation 12.1.1 The property stated in point (ii) of Theorem 12.1.1 is called the
mean value property for the surface integrals, and the property stated at point (iii)
of Theorem 12.1.1 is known under the name of the mean value property for volume
integrals.

In the following theorem, we will prove a reciprocal result for the mean value property
in the case of the integral of the surface.

Theorem 12.1.2 Let u be a continuous function on the open set 2 and which, in
addition, has the property that for any x € Q and for any r > 0 for which the closed
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ball B(x, r) is included in 2, we have the representation

u(x) = — / u(x + ry)do(y).
S(0,1)

wﬂ

Then, the function u is infinitely differentiable and harmonic on €.

Proof Consider @ a function with radial symmetry. Hence, it is of the form ®(x) =
Y (|lx]]). Suppose, in addition, that ® is infinitely differentiable, has compact support
included in the ball B(0, 1) and satisfies the equality

/ O(x)dx = 1.
B(0,1)

Denote by @, the function

®.(x) = gind> (f)

3

We can immediately deduce that ®. € C§°(B(0, )) and

/ O, . (x)dx = 1.
B(0,¢)

Denote by 2. the set
Q. ={xeQ:Bx,e) C Q}.

For any x € €2, the application which associates to y the number ®.(x — y) is a
function with compact support included in 2.
On the other hand, we have the equality

/“ u(y)®.(x — y)dy = / u(x — y)®.(y)dy

1
—wreyw=7 [

b ux —y)® (g) dy.

If we make the change of variable y = ¢z, the equality above becomes

/ u(y)®.(x — y)dy = / u(x —ez)®(z)dz
" B(0,1)

1
:// u(x —ez)®(zx)do(z)dz.
0 Jswo,n

If in this last integral we make the change of variable z = rw, we obtain
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1
(u* ®,) (x) =/ p! / u(x —erw)®(rw)do(w)dr
0 S0,1)

1
=/ "l (r) </ u(x — 5rw)a(w)) dr
0 $(0,1)

=w, u(x) Y (r)dr = u(x).
500,1)

The last equality can be verified by direct calculations

1 1
1=/ & (x)dx =/ / & (2)do(z)dr =wn/ N (r)dr.
B(0,1) 0 JSO,r) 0

Thus, we proved that the function u coincides with the infinitely differentiable func-
tion u x ®. on . (it is clear that the function u * &, is infinitely differentiable
because it is the product of convolution between u and an infinitely differentiable
function). Therefore, we deduce that the function u is infinitely differentiable on
the set €2., for any € > 0, from where we deduce that u is infinitely differentiable
on 2. The proof of the theorem will be complete if we show that the function u is
harmonic on 2. Based on the mean value property for the integral of the surface, we
immediately obtain the mean value property for the integral of volume

VxeQ : ulkx)= l/ u(x +rz)dz.
Wn JB(0,1)

Let us denote by M (x, r) the quantity

M(X,r)=l/ u(x +rz).
B(O,1)

Wn

Based on the hypotheses of the theorem, we deduce that, in fact, M (x, r) = u(x).
If we take into account the fact that u is infinitely differentiable on €2, by direct
calculation we obtain

AMx,r)= l/ Au(x +rz)dz,
Wn JB(0,1)

and if we apply Green’s formula, we are led to

AM(x,r) = 1/ vu(x +rz) z do(2). (12.6)
S5(@0,1)

Wn

On the other hand, we can compute the following partial derivative
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oM n
—(x,r)= — vu(x +rz)zdz
or Wn JB(0,1)
n 1 y—x
=—— vu(y)———dy
Wi '™ JB(x,r) r
n 1 "
=—— / / vu(y)(y —x)do(y)dy (12.7)
Wn I 0 JSx.p)

n

1 r
n_+1_/ Pn/ vu(y)(x + pz)zdo(z)dz.
r 0 $(0,1)

Wn

From the evaluations (12.6) and (12.7), we obtain the equation

AM(x,r)= L (r”"'la—M(x,r)),

rmtl or or

and this equation holds true on the set
{(x,r) : xe€e, dx,0) >r}.

But M (x, r) is in fact, just u (x) which is independently of . Hence, we can deduce
that A, M is null, which is equivalent to the fact that the function u is harmonic in
Q. [ |

Observation 12.1.2 [°. From the proof of Theorem 12.1.2 we deduce that if the
function u is harmonic on the set 2 then u is infinitely differentiable on <.

2°. Let {uy }x be a sequence of harmonic functions which is uniformly convergent
to the function u on any compact set from 2. Then u is a harmonic function on
Q. This statement can be proven using the mean value property for the integrals of
volume.

12.2 The Maximum Principle

A first result on the maximum principle, which has a great theoretical importance, is
shown in the following theorem.

Theorem 12.2.1 Any harmonic function defined on R" which is bounded from above
or from below is constant on IR".

Proof We pay attention to the case when the function u is bounded from below
because if u is a harmonic function and is bounded from above then —u is also
harmonic and bounded from below. Using, eventually, a constant translation, we can
assume that the function u is bounded from below by 0, that is, the values of u are
positive or null. Let x; and x, be two distinct points from IR”. It is clear that we can
choose two numbers r; and r; so that
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r=r+x —xf >rn >0,

and this ensures that the ball B(x;, r1) contains the ball B(x,, r,). We can choose,
for instance,

ri=ry+ |lx; — x2.

Because the function u is harmonic and has positive or null values on IR", we have

n n
m / u(y)dy < — / u(y)dy
TyWn J B(xz.r2) Ty Wn J B(xy,r1)

r! rt
- u(y)dy = —u(xy).
B(x1.r1) s

ulx) =

— N o.n
ry rywy

If in this inequality we pass to the limit with r, — oo, then we can immediately
deduce that u(x,) < u(x;). The contrary inequality, u(x;) < u(x,), is obtained based
on the fact that in all previous considerations , x; and x, play symmetrical roles. W

The maximum principle result which will be proven in the following theorem is due
to Hopf.

Theorem 12.2.2 (Maximum principle). Consider Q2 an open and connected set,
Q C R" and u a harmonic and continuous function on Q2. If there exists a point
Xxo € Q2 so that

Ve Q @ ux) < u(xp),

then u is a constant function on Q2.

Proof Let B(xy, ro) be a closed ball with the center in the point x, and the radius ry
so that B(xg, rg) € €2. Because u is a harmonic function on 2, we deduce that u is
harmonic on B(xy, r9), and then we have the representation

n
u(xo) = —; / u(y)dy < u(xop).
0%n JB(xq.r0)

We deduce then that

/ [u(y) — u(x)ldy = 0,
B(xo,ro)

and, therefore, u(x) = u(xp), for almost all x € B(xy, r¢). But the function u was
assumed to be continuous and therefore

u(x) = u(xg), vx € B(xg, ro).
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Let us consider the set €2 defined by
Qo = {xO e ulx) <u(xy) = maé(u(x), Vx € Q} .
X€

Based on the hypotheses of the theorem, we deduce that €2y is nonempty. €2 is the
closure of the set of those x € 2 for which u(x) = mag)zc u(x).
xe

The result above proves that €2y is an open subset from €2 which was assumed to
be a connected set. Thus, we deduce that Q¢ = Q and, therefore, the function u is
constant on 2. ]

Observation 12.2.1 [°. From the proof of Theorem 12.3.2, we deduce that if 2 is an
open and connected set from R”, and the function u is harmonic and nonconstant
on 2, then u can reach neither the maximum value nor the minimum value in <.

2°.If Q is a bounded set, and the function u is harmonic on Q and u € C°(S2)
then we have the estimate

Vx e Q2 : minu(x) <u(x) < maxu(x).
xeoQ xeoQ

If in addition, the set 2 is connected (since it is bounded) and u is nonconstant on
2, then the estimate above becomes

Vx € Q : minu(x) < u(x) < max u(x).
x€e0Q xX€0Q

12.3 Representation of the Harmonic Functions

Definition 12.3.1 A Newtonian potential (or of a single layer potential) in R" (n >
2), is the function I" defined for x # 0 by

1 2—n
aono Xl it e = 3,

Fer = &0 .
Lin(lxl)  ifn=2.

Observation 12.3.1 It is a simple exercise to prove that the Newtonian potential T’
is a harmonic function in R" \ 0.

Other two important properties of the Newtonian potential are formulated in the
following proposition. Its proof is immediate and for this reason, we leave it to the
reader.

Proposition 12.3.1 For the potential of a single layer, we have the following esti-
mates:

1°.
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‘8[‘
Vx #0 : |—(x)
6xi

[
< —lxlI i=12,..n
n

2°.
2

ax,@xj

Vx;éO:‘ (x)

< —lxI™ i, j=1,2,....n.
n

The theorem of representation which follows is known under the name of the theorem
of the three potentials.

Theorem 12.3.1 Let €2 be an open set from R" (n > 2) having the regular border
O0K2. Then any function f € C*(Q) admits the representation

or
f@) = [oT(x = Of(OAE + [o f© 5, x = 8da(§)

— Joa Z_J;F(X —&do (&), Vx € Q.

Proof Because 2 is an open set we have that for x € €2 and for a sufficiently small €,
the ball centered in x and with radius ¢, B(x, €), is fully included in €2. Consider the
set Q. defined by Q. = Q \ B(x, ¢). If we take into account the fact that AT (x — &)
is equal to O for any x and & distinct, by applying the second Green formula, we
obtain

0
/ AFOT(x — £)dé = / re -0 ©doe
Q. oQ v

0
or 0
—/ f(f)—(x—@da(fH/ ra -2
oQ v S(x,e) v,
or

—/ f(f)a (x = 8do (),
S(x,€) Ve

(©)da(&) (12.8)

where 1. represents the normal to the sphere S(x, ) oriented to the inside of the
sphere S(x, ). We will estimate the last two integrals from the right-hand side of
the relation (12.8), assuming that n > 3. Thus

0
[ re-of @i
NEF) Ve
—cl _] ‘i 1 n—l1 _ Ci
= (n—2)w, e"2 /S(x,s) 70 = (n—2)w, EEE Wn = n—2€’ (12.9)

where the constant ¢; was chosen so that

VEe Sx,e) : [f(OI =Cu,

and this is possible since f € C*(Q).
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From (12.9), by passing to the limit with ¢ — 0, we deduce that

0
/ F'x—¢§ ! (f)do(g)‘ =0. (12.10)
S(x,€) v,

lim
e—0

On the other hand, by taking into account the last integral from (12.8), we have

or or
f FOLc—odo© =1 [ L —odoe©
S(x,€) v, S(x,€) v,
or
+ / (x = OLF©) — F)Ido(©) (12.11)
S(x,€) Ov,
or
- f)+ / [F© ~ FOI5 -~ do®).
S(x,e) Ve

Because f is continuously differentiable on Q we deduce that the function f is
Lipschitz function. Therefore, there is a constant ¢; so that

Ve Sx,e): |f(x) = fO < calx =& < ce,
and then we obtain

O e~ oo = Ce.

ov,

/ [f () — f0]
S(x,e)

Therefore, by passing to the limit with e — 0, we obtain

or
im [ £

=0 J5(x,e) aV&

(x = &da(§) = f(x).

If we pass to the limit in (12.8) with ¢ — 0 and we take into account the estimate
above, we obtain the formula of representation from the statement of the theorem. W

Observation 12.3.2 From Theorem 12.3.1 we deduce that, in particular

Ve C@). Ve et fo = [ ri-03F s

because both f and its normal derivative are null on the boundary of 2. In this way,
the next distributions make sense

AT (x = &) = 0:(§).

As we have already stated, the formula of representation of f givenin Theorem 12.3.1
is called the “Theorem of the three potentials”. We now define the three potentials.
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Definition 12.3.2 1°. A potential of volume with density po, where the function pg
is of class C°(), is the function defined by

u(xo) = fg I — O)po(©)de.

2. A potential of the surface of single layer with density p;, where the function
p1 is of class CY(0), is the function u,, defined by

or
up(x) =/ pl(f)a—(x —&do(8).
oQ 4

3°. A potential of the surface of double layer with the density p,, where the
function ps is of class C°(9%), is the function u, defined by

) = [ (@0t - 0do©.
oQ
The main properties of these three potentials will be proven in the following theorem.

Theorem 12.3.2 (i). The potential of the surface of a single layer and the potential
of the surface of the double layer are harmonic functions in Q.

(ii). If the function py is of class C'(Q) then the potential of volume uy with the
density po is of class C*(Q) N C'(Q) and verifies the equation

Vx € Q : dup(x) = po(x).

Proof (i). We apply the theorem that allows the differentiation under the integral
sign. Let x( be a point from €2 and denote by dj the distance from x to the boundary
0R2. We can verify immediately that for any multi-indices « there is a constant C,,
so that for any x from the ball B(xg, d0/2) and for any £ € 02 we have

ol ror

@| (5) (x =9
Because the functions p; and p; are integrable on 02, we can differentiate under the
integral sign and obtain

o1l olal /ar
Mo = / pl(s)ﬂ< )(x — O)do(©),
oQ X

o
| <C..

axa (.X _5)‘ S Cou

ox® v

a\a\ a|(¥\1"
ot = [ (05 - 0do.
X 09 Ox

So, we proven that the two potentials of the surface (u; of single layer and u, of double
layer) are infinitely differentiable functions on €2. From the previous computations
we deduce, in particular, that
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Suy(x) = fa P(©) < ) (x — O)do(€) = 0,
Sur (x) = /B (T = da(©) =0,

because AT (x — &) = 0, for any distinct x and &, and in the last result we reversed
the order of differentiation under the integral sign.

(ii). We apply again the theorem of differentiation under the integral sign (and
this is allowed based on the hypotheses) and we obtain

6140 . or
6_x,~(x) = /on(f)a—xi(x —&)d¢.

Thus, we deduce that uy € C! (5). On the other hand, by taking into account that

5F or
&= —a—&(x ),

we can immediately deduce that

0 or
T = —/ po(©) 5 — e
Q Xi

0
= / I(x —f)a—m(i)dé—/ po(OT (x — ri(§)do(§), (12.12)
Q Xi oQ

in which we applied the formula of Ostrogradski. The first integral from the right-
hand side of the formula (12.12) is a potential of volume with density 0py/0x;. The
last integral from (12.12) is a potential of the surface of a single layer with the density
poVi, where v; are the cosine directors of the normal.

Because dpg/0x; € C 0(Q2), we can show without difficulty that the potential of
volume with density 0 fy/0x; is a function of class C (). Based on the point (i) of
the theorem we have that the potential of the surface of a single layer with density
pov; 1s an infinitely differentiable function on €.

Let 1o be a function, ¢ € C3(2). Based on Theorem 3.1 we have that for any
x € R, the following representation formula holds true

P(x) = / [(x — O)AY(E)dE
/ w@—(x—odo—(@ / —(@r(x—@da(@ (12.13)

By taking into account that the function v together with its gradient become null on
the boundary 0€2, from (12.13) we deduce that
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D(x) = /Q [(x — OABEE,
and then

/Q/J(x)Auo(x)dx:/uo(x)Ai/)(x)dx—i—O
Q Q

- / AY() ( / r<x—5>po<e>d£) dx.
Q Q

In this formula, we apply the theorem of Fubini and we obtain

/ () Mg (x)dx = / Po(©) / [x — AP dxde
Q Q Q
- fQ POV,

and from this equality we are led to
Vi € C3(9) f () [Aug(x) — po(§)] dx = 0.
Q

If we assume that the density po, which is of class Cé(Q), is also a function from
L?(Q), we obtain the equality Aug = po, almost everywhere on Q. But, by taking
into account that the functions u( and py are continuous we deduce that in fact, the
equality

Aug(x) = p(x),

holds true for any x € 2, and this ends the proof. |

In the following, we will approach the results regarding to classic solutions of the
boundary value problems introduced in Chapter I'V.

Theorem 12.3.3 Let Q2 be an open set from R"(n > 2) having regular boundary
and the function f € L'(IR") which for n = 2 satisfies the condition

‘/ S In(lylhdy| < oo.
llyll>1
Then the function u y defined by
up(x) =(f*x) = /]Rn FOI(x — y)dy, (12.14)

is integrable on any compact set from R" and satisfies the condition
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Vo e IC°(R") / uf(x)ACD(x)dx:/ f(x)®(x)dx.
R” R”

Proof In the proof, we will use the classical results approached in the following
lemma (we will formulate it without proof).

Lemma 12.3.1 Let us consider the function ® having the support in the unit ball
B0, 1) Cc R™

Assume in addition that ® € L' (R"), and that its norm, in the sense of L' (IR"), is
equal to 1. Denote by ®. the function defined by

D.(x) =" (g) .

Then, we have

1°. If the function u is from L°°(IR™) and is uniformly continuous on R", then the
SJunction (®. *x u). is uniformly convergent to u on R".

2°. If the function u is continuous on R", then the function (®. * u). is uniformly
convergent to u, on any compact set from R".

3°. If the function u is from L* (R™), (1 < p < 00), then the function (®, * u).
is uniformly convergent to u, in LT (IR").

We will come back to the proof of Theorem 3.3. Consider the functions I'y and 'y,
defined on IR” by

_ T it x| = 1,
FO(X)_{ 0 ,if x| > 1,

Feo(x) =T'(x) — To(x).

The function Iy is from L' (IR”) and then the product of convolution between f and
Iy is defined almost everywhere. In addition f * 'y € L'(IR"). If n > 3 then the
function ', is from L*°(IR") and consequently the product of convolution between
f and T', exists. Moreover, [ * ', € L*(IR").

In the case n = 2, we have

lim (Inflx — y| —In|[y[) = 0.

yll—o00

Based on the additional assumption imposed on the function f, in the case n = 2,
we deduce that the product of convolution f * 'y is well defined and is bounded
on any compact set from IR”. Then the product of convolution between f and I'
(denoted in the theorem with u ;) exists and is a function from L} .(R"). To prove
the second statement of the theorem, we define the functions f; and u; by
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_ ) o) it lxll = &,
fk(x)—{ 0 . iflx| >k

ukak*F.

It is clear that uy, is an integrable function on any compact set from IR”. Suppose that
the function ® € C{°(IR"). We have

/ U () AD () dx = / ( filx —y)r(y>dy> AD(x)dx
n n ]er

- r(y)(/ f,,(x—y)ACD(x)dx>dy= [ rorfsae)may
n ]Rn ]Rll

= / FOA (fox @) 0)dy = (fo % D)),
where we used the notation f,(y) = f,(—y). We deduce then that

/” Uun (X) AP (x)dx = o Fu(=0)®(y)dy = /]R” Ja(Y) P (y)dy.

Now, it is sufficient to pass to the limit with n — oo and then based on a theorem of
convergence, which is due to Lebesque, we have

/ uyp(x) AP (x)dx =[ FP()dy, Vo € C(R"),
n ]Rn

and this ends the proof the theorem. |

Observation 12.3.3 We can easily see that Theorem 3.3 proves that u g, defined in
(12.14), is a solution of the Dirichlet’s problem on the space RR", in the sense of the
distributions.

We intend now to find the sufficient conditions that must be imposed on the function
f so that the function u ; defined in (12.14) is a classical solution of the Dirichlet’s
problem.

To this end, we recall in the beginning the definition of a Holder function. Let
« be a real fixed number, a € (0, 1). We say that u is a Holder function (in other
words, it satisfies the property of Holder) of exponent o on the set € if it satisfies
the equality: there exists a constant C so that

Vx,y e Qi u(x) —u(y)| < Clx —y|%,

where the constant C depends only of the set Q. Denote by C®(2) the set of all
Holder functions on €2, of exponent a.

Observation 12.3.4 1°. It is easy to verify that if the function f € C “Q), then f
is continuous on 2.
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20, If the function f is of class C'(Q), then f € C*(Q), a result which is obtained
without difficulty by applying the theorem of finite increases of Lagrange.

Theorem 12.3.4 Assume that the function f € C*(Q). Then
up=f*Tec’(QncQ)
and it verifies the equation
Auys(x) = f(x),Vx € Q.

Proof Itis easy to prove the first part of the theorem. To prove that the function u s
is a classical solution of the Dirichlet’s problem, we will consider the extension ?
of the function f to the whole space IR", by taking f(x) = 0 if u is outside 2. Then
f € L'(R") and for u ; we have

/]Rn ur(x)A®(x)dx = /]R” fX)P(x)dx, YO € Ci°(R"),
if and only if
/}Rn Aup(x)®(x)dx = N fX)P(x)dx, YO € Ci°(R"),
and the proof of the theorem is complete. |

Definition 12.3.3 The function of Green attached to the set €2, is a function G,
G : Q x Q — R, which verifies the following properties:

12Vx e Q2 : y—— G(x,y) — I'(x — y) is a harmonic function on €2 and con-
tinuous on :

2°.Vx € 2, Vye dQ:G(x,y) =0.

In the following proposition, we prove a result of symmetry regarding the function
of Green.

Proposition 12.3.2 ForVx,y € Q, we have G(x,y) = G(y, x).

Proof Let x, y, z be arbitrary points in €2. On the set

Q;=Q\ (B, r)UB(y,r)), r>0,

we define the functions «# and v by u(y) = G(x, y), v(y) = G(z, y). Itis clear that
the functions u and v are harmonic in €2, because the functions u(y) — I'(x — y)
and v(y) — I'(z — y) are harmonic in €2, and the applications y — I'(x — y) and
y = I'(z — y) are harmonic on the set €2,. Then we can write
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Ov ou
0:[ (uAv—vAu)dy:/ Uu— —v— | do(y)
Q, oQ ov ov

Ov 8u) Ov Ou
u— —v— |do(y) — / (u——v—)da( ),
/;‘(x,r)( al/ 8 Y S(y,r) 8V aV Y

where, by convention, the normal v is assumed to be oriented to the outside of the
respective domain.
On the other hand, we have

ov Ou
/S(M) <u% — va) do(y)

ov ou
=/ [(u—m—y»a——(v—r(z—y»—]da(y)
S(x.r) v ov

ov ou
+/ [F(x—y)— —F(z—y)—}do(y)
S(x,r) V

( _F( ))dv C'(z—y)
- /S(X ) (—(Mv eyt ) Ao

(—T(x — y) e
+ /S(x,r) <—(v —I'(z — ))OF(X ) ) da'(y)

ov
+ /S(N) |:F(X - y)% —I'(z— y)$j| do(y).

If we pass to the limit with » — 0, then the first integral tends to zero because the
functions under the integral sign are at least of class C' on €. In the second integral,

the term
/ [(u P )>M] do(y),
S(x,r)

tends to zero, as r — 0, because the functions which appear here are at least of class
C! on Q. Based on the Theorem 12.3.2 of characterization of the potentials of the
surface, for the other integrals, we have

o' (x —
= /S( ) [(v —T(z— y))M} do(y) = —(v(x) — T'(z — X)),

ov
/ [F B ov . 8uj|d
S (x y))% (z y)g o(y)
ov—T(z— Ou—T(x—
[ reesyPmTEm ) T
S(x,r) v v

' or(z — Ol (x —
+/ [F(x—y»% —F(z—y)M]da(yx
S(xr) v ov



306 12 Harmonic Functions

and therefore
0 0
/ [nx—yngﬂ—r@—y»ﬂ}mmw—»a
S(x.r) v ov

asr — 0.
Let us underline the fact that

Ou Ou
/{m [ua — va} do(y) =0,

because u and v are null on the boundary 0<2.
In conclusion, we have

0=—v(x) +ulx),
and this is equivalent to
G(z,x) = G(x, 2),

and the proof Proposition 12.3.2 is complete. |

The result from Proposition 12.3.2 allows the extension of the function of Green to
the set 2 x €2, by considering that

Vx €0, Vye Q : G(x,y) =0.

We can now give representations for the classic solutions of Dirichlet’s problem both
in the case of the homogeneous problem and in the case of the nonhomogeneous
problem.

Theorem 12.3.5 (i). If the function f verifies the hypotheses of the theorem 3.5,
then the solution u y of the Dirichlet’s homogeneous problem

Auys(x) = f(x), Vx € Q,
up(x) =0, ¥x € 02,

is equal to
u) = [ Gy Fy,
Q

where G is the function of Green attached to Laplace operator on the set Q2.
(ii). Let g be a continuous function on 0, g € C°(0R). The solution v, of the
Dirichlet’s problem
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Avy(x) =0, Vx € Q,
v (x) = g(x), Yx € 9Q

is equal to

oG
Vg (X) =/ 8—(x’y)g(y)d0(y),
o9 Oy

where we denoted by

26
v,

the so-called Poisson kernel of the Laplacian in Q.

Proof (i). We can write

/QG(x,y)f(y)dy=/9F(x—y)f(y)dy+/Q[G(x,y)—F(x—y)]f(y)dy

=(f=T) (x)+/[G(x,y)—F(x—y)]f(y)dy,

Q

where f is the extension of f to the whole space R”, giving to f the null value
outside €2.

The Laplacian of the first quantity is equal to f(x), in virtue of the Theorem 3.4.
Because the application y +— G(x, y) — I'(x — y) is a harmonic function in 2 and
continuous on €2, based on the properties of the function of Green, we deduce that
the Laplacian of the second quantity is null.

If x € 092, based on the properties of the function of Green we deduce that

/ Gx. y) f(y)dy = / 0. (»dy = 0,
Q Q

from where we deduce that the function u y defined by

uy =/ G(x,y) f(y)dy,
Q

is a classical solution of Dirichlet’s problem.
The point (ii) is proved analogously. |

If we take the ball centered in the origin and having radius R, B(0, R), in the set Q2

we obtain the result from the following theorem.

Theorem 12.3.6 If the function f € C'(B(0, R)) and the function g € C°(S(0, R)),
then the solution u 4 of the nonhomogeneous Dirichlet problem



308 12 Harmonic Functions

dure(x) = f(x), Vx € ,
usp(x) =gx), Yx € 0Q

is a function from C*(2) N C*(Q) and is given by the formula
we = [ Pa(r98©do© + [ Gatx. 05,
S5(0,R) 0,R

where we used the relations

o R> — |x|?
x’ = —7
K waR|x — £||"

n—2
R
1 1 (nxu)

O = (== T e, |
() x ¢

forn >3 and x # 0. If n=2 and x # 0 then we have

)¢

Rx =<l

llxl

Gr(x, 8 = Eln

Proof The result is immediately obtained, as a particularization of the results from
the previous theorems. |



Chapter 13 ®)
Weak Solutions of Classical Problems Geda

13.1 The Sobolev Spaces H!(RQ) and H(I,(SZ)

The Sobolev spaces, which will be defined in the following, are spaces on which
weak solutions can be defined (in a sense to be defined later) for classical boundary
value problems.

Definition 13.1.1 Let Q be an open set from IR” whose boundary 02 is supposed
to be a regular surface (at least of class C'). We say that the function u belongs to the
Sobolev space H' () if and only if (by definition) u € L>(Q) andVi € 1,2, ..., n,
Jv; € L*(Q) so that

/ u(x)ai(x)dx = —/ Vi (x)p(x)dx, Yy € C?(Q).
Q Ox; Q

The function v; is called the weak derivative of the function u, with regard to the
variable x;.

Example 13.1.1 Let Q2 be an open and bounded set from R”.

1°. Any function u € C'(Q) is from the Sobolev space H'(2) and its classical
derivatives are equal to the weak derivatives. To prove the statement it is sufficient to
note that, on the one hand, the function u € L2, and on the other hand g—x” e L*(Q).
Then with the first formula of Green, we obtain

/ u(x)aﬁ(x)dx = —/ %(x)gp(x)dx +0,
Q Ox; o Ox;

because ¢ is null on the boundary 9€2. We deduce thus that the integral

f u(x)px)vido(x)
oQ
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is null. In the last integral, we denoted by v; the component of order i of the unit
normal v oriented outside 92 (called also directional cosine of order i of the unit
normal), and do (x) represents the measure on the boundary 0€2. This example allows
us to identify the weak derivative with the strong derivative and in the following we
will use the notation v; = %ﬂ just if the function u (which belongs to the Sobolev
space H'(Q)) is not differentiable in the usual sense.

2. On the interval (—1, 1), we consider the function x —> u(x) = |x]|.

Clearly, we have that u € H I(—1, 1). In fact, we can show without difficulty that

u € L*(—1, 1). In addition, for any function ¢ € Cé((—l, 1)), we have

1

1 0 1
/ u(x)o' (x)dx = —/ xgo’(x)dx+/ x¢' (x)dx

B 0 - 1 ’ 0 1
2@(—1)4‘/190()5)(1)6—90(1)—/(; p(x)dx =/1<,0(x)dx—/0 p(x)dx,

because p(—1) = ¢(1) =0 (p € C&(—l, 1)). Therefore, we deduce that there is
the function v defined by

[—1.ifxe(~1,0).
“(x)—{ 1. ifxe (1)

which obviously belongs to L?(—1, 1), and which satisfies the equality

1 1
/ u(x)o' (x)dx = —f v(x)p(x)dx.
-1 —1

Example 2° allows us to expand the differentiability (in the sense of the weak differ-
entiability) also for functions which are not necessarily differentiable in the classical
sense.

The following result will be formulated without demonstration because we con-
sider it as a known result and the proof can be found in any book of the functional
analysis.

Theorem 13.1.1 The function u is in the Sobolev space H' () if and only if there
exists a sequence {uy}; of functions from the space C5°(R"), which is convergent in
the following sense:

o {(un)|,)n is convergent to u in L*(Q);
e foranyindexi € {1,2,...,n}, we have

814,,' N ou . 12(Q)
3x,~ ¢ n 3)@7 " ’
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In the following theorem, we will prove that the Sobolev space H'(Q) is, in fact, a
Hilbert space with respect to a conveniently chosen scalar product.

Theorem 13.1.2 The Sobolev space H'(R2) is a Hilbert space with respect to the
following scalar product:

< U, v >pg= / u(x)v(x)dx—l—Z/ —(x)—(x)dx
Proof 1Tt is easy to verify that the following application
(, v) —> / u(x)v(x)dx + Z/ —(x)—(x)dx

is a scalar product on H'(€2). Now, we want to prove that the space H'(£2) endowed
with the norm associated with this scalar product is a complete metric space. Let us
consider a sequence {uy }x, which is a Cauchy sequence in the norm

”M”Hl(g) =JJ<u,u>.

In particular, this sequence is Cauchy with respect to the norm from L?(£2), and the
sequences {‘)“k Jk, foreachi = 1,2, ..., n, are also Cauchy sequences with respect
to the norm from L*(Q). Thus, we deduce the existence of a subsequence {uy }; and
of the functions u, vy, v, ..., v, from L*(2) so that

upy — u, fork' — oo,
(9ukr

Viel,2,...,n, — — v;, fork’ — oo,
8x,~

the convergences taking place in the strong topology from L?(S2).
Therefore, we deduce that v; is the weak derivative of u with respect to the variable
X;, by passing to the limit in the equality

0
/ ukr(x)ai(x)dx / (x)ap(x)dx
Q Xi

and this proves the fact that u € H'(Q). We can verify then, without difficulty, that
the sequence {uy }; is convergent to u in H'(2), and the proof of the theorem is
complete. |

Observation 13.1.1 1°. Using the application

(Hl(sz) - (L2@)"" >

u — (I/t ou u du

YO x0T Oxy
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we can show that the Sobolev space H'(Q) is a separable Hilbert space, because
(LZ(Q))nH is a separable Hilbert space.
2°. On the Sobolev space H' (), we have two notions of convergence:

(i) -strong convergence: the sequence {uy i is convergent to u in the strong topology
from H'(Q) if and only if (by definition) we have

/ |V(Mk—u)|2dx+/ (ur —u)>dx — 0, asn — oo.
Q Q

We denote the strong convergence in the form: u; — oo, as k — oo.
(ii) - weak convergence: the sequence {uy}; is convergent to u in the weak topology
from H'(Q) if and only if (by definition) we have

Yve H(Q) : /v(uk—u)vvdx+/(uk—u)vdx—>0, as k — oo.
Q Q

We denote the weak convergence in the form: uy — k, as k — oo.

The necessity of the introduction of the weak topology is certified from the result of
compactness (which is stated without proof) that is valid, in general, for all Hilbert
spaces, therefore it is valid also in the case of the Sobolev space H'(Q).

Theorem 13.1.3 Let H be a Hilbert space, which as we know is a reflexive space.
From any sequence {x;}; which is bounded in H, we can extract a subsequence
which is weakly convergent.

An important subspace of the Sobolev space H'(2), very useful in the following, is
H}(Q).

Definition 13.1.2 We say that the function u belongs to the space H, (€2) if and only
if (by definition), there is a sequence {uy}; of the functions from C§°(£2) which is
convergent to u in the strong topology of H' ().

Observation 13.1.2 1°. The space HOl (R2) is known also under the name of Sobolev
space.

2°. In the definition of the Sobolev space Hj (2), we can substitute the condition
that the sequence {uy}i contains functions from C3°(S2) with the condition that the
terms uy, of the sequence are from Cé (£2).

3°. The Sobolev space HO1 (RQ) is effectively included in the Sobolev space H' ()
because from Theorem 13.1.1 and the Definition 13.1.2 it is certified that in both
cases the support of the functions uy, is included in Q.

4°. We can state that the space H, () contains those functions from the space
H'(Q) which become null on the boundary 0.
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5°. If Q is the whole space R", then H' () coincides with HO1 (2) because the
restrictions regarding the support disappear. It is one of the rare cases when the two
Sobolev spaces coincide.

6°. The space HO1 () is a closed subspace of H' () because it is the closure of
the space C3°(R) (or C}(R2)) in the strong topology from H'(S2). Consequently, we
can consider that HO1 () is a Hilbert space with respect to the norm from H' ().

In the case in which €2 is an open and bounded set from IR", we can define an
equivalent norm on the space HO1 ().

Theorem 13.1.4 (Inequality of Friedrichs). Let Q2 be an open and bounded set from
R"™. Then, we have

(i) There is a constant C, which depends only on , so that
Yu e Hy(Q) : llullze < ClI v ulz@,

where the constant C is called the constant of Poincaré, for the set Q.
(ii) The norm from H' () is equivalent to the semi-norm

ur> || vulrg

on the space HO1 (2).

Proof (i) The fact that the set €2 is bounded ensures the existence of a real number
a so that €2 is included in the cube [—a, a]". Then for any function u € Cé (2)

and for any point x € Q2, x = (x1, x2, .. ., X,,), we have the representation
w(xy, Xo, ..oy Xp) = u(Xy, X2, ..., Xp—1, —@)
- Ou - Ou
+ (X1, X2, .., Xyo1, )ds = (x1, X2, ..., Xy—1, 8)ds,
—a Oxy —a OXn

because the function u becomes null on the boundary 9. Then, we deduce that
then that

Xn

Ou ds

(X1, X2, .., Xu—1, 5)

s s )] 5/
—a n

a

(xl’x29""xn_l7s)|dsf/. |vu(x]?x27""xn—]7s)|ds

—a

n

/“ Ou
<
—J_a|0x

a 1/2
< Za{/ Ivu(xl,Xz,...,xn1,S)|2dS} :

a

where we applied the inequality of Buniakowsky.
We square both members of the previous inequality, then integrate on €2 and we
obtain
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a
/uz(xl,xz,...,xn)deZa// [u (X1, %2, ..., Xp_1,8))> ds
Q QJ—a
§4a2/ |vu (x1, X2, ..., x,) > dx,
Q

where we take into account that the set €2 is included in the cube [—a, a]". If
we impose on the constant C to satisfy the condition C < 2a, the proof of the
statement (i) is complete.

(ii) Itis easy to verify the inequality

Ivull iz < lullar@ < V1+C?Hl v ull2g),

and this proves that the semi-norm u +— | v ullz2(g) is, in fact, a norm on
the space H_ (€2) and this norm defines on H] () a topology equivalent to the
topology given by the norm on the space H'(£2) and with this the proof of the
Theorem 13.1.4 is complete. |

Observation 13.1.3 From the proof of the Theorem 13.1.4 it is certified that it is
sufficient that 2 be bounded only in one direction to ensure the existence of a constant
of Poincaré and the semi-norm u > || 7 ullz2(q) be a norm on the space HO1 (2).

At the end of this paragraph, we want to make a small comment about the known
Helmholtz’s equation, which has the form

Au+kKPu = —f(x), Vx € R>.

Inthe case k = 0, the equation above is reduced to the equation of Poisson. Therefore,
a study of the equation of Helmholtz should be made analogously to that made on
the Poisson’s equation. However, there are some features, in particular with regards
to the uniqueness of the solution, which justify a separate study on the equation of
Helmbholtz. For instance, the weak solution of the Poisson’s equation in the space
IR3 is unique in the set of the distributions which become null at infinity. In the case
of the homogeneous equation, attached to the equation of Helmholtz, we have the
nontrivial solution

sin k|x|

ImE(x) =— R

by knowing that a fundamental solution of the equation of Helmholtz is the distribu-
tion
oikIx|

S o
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However, the uniqueness of the solution can be obtained, for instance, in the case of
the so-called condition of radiation due to Sommerfeld

u(x) = 0 (|x|™"), Ix| > oo,
Ou(x)
O|x|

+iku(x) = o(jx|™Y), |x| = oo.

13.2 The Lax—-Milgram Theorem and Applications

When solving boundary value problems of Dirichlet type and also of Neumann type,
an important role is played by the following theorem, which is known in the literature
under the name of “the Lax—Milgram theorem”.

Theorem 13.2.1 (Lax—Milgram). Let H be a Hilbert subspace and we will denote
by a a bilinear form, a : H x H — R, having the following two properties:

e there is a constant C so that
Vx,y € H : la(x,y)| < Cllx|lyl,

which will be called “the property of continuity”;
e there is a constant ¢ > 0 so that

Vxe H : a(x,x) > c||x2||,
which will be called “the property of coercivity”.
Then for any continuous linear form L : H — R, there is a point x; € H and it
is unique so that

VyeH :a(xy,y)=L().

Proof Based on the hypotheses of the theorem, we must show that the conditions of
the known theorem of representation due to Riesz are satisfied. For any y € H, the

application
H— R,
y — a(x,y)

is linear and continuous. The theorem of Riesz ensures then the existence and unique-
ness of a element Ax € H so that

a(x,y) =< Ax,y >, Yy e H.
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Because of the uniqueness of the element Ax and by using the linearity of the bilinear
form a with respect to its first variable, we deduce that we obtained an operator
A : H — H. Let us prove that the operator A is surjective. Indeed, let xo be an
element from the kernel of A. Then for any y € H we have

< Axp,y >=0=a (x9, y) = a (xp, x9) =0.

By using the coercivity of the bilinear form, we deduce that xo = 0.
On the other hand, the operator A is continuous because

< Ax,y >| = la(x, y)| < Clx|lllyl, Yy € H,
from where we deduce that
Al 2y < C.

Now, for the linear and continuous form L we apply the theorem of Riesz. Hence,
we deduce the existence and uniqueness of the element / € H so that

L(x)=<Il,x>, Vx € H.
It remains only to prove the existence of an element x;, in H so that
< Axp,y>=<lIl,y>,VyeH,
and this is equivalent with Ax; = [.

For this, we consider the operator T, : H — H defined for a p > 0, which will
be chosen later, by

T,(x)=x—p(Ax =1).

Searching for a point x;, so that Ax; = [ is equivalent to searching for a fixed point
x in H of the operator 7),. Thus, the problem is reduced to prove that the operator
T,, for p conveniently chosen, is a contraction. Using the linearity and the continuity
of the operator A as well as the coercivity of the bilinear form a, we can do the
following calculations

|1T,(x) = T, | = llx = yI> —2p < Ax — y). x —y >
+ Pl Ax — Ayl = |lx — yII* — 2pa(x —y, x—y) + p*l|Ax — Ay||?
< lx = yII* = 2pcllx — ylI* + p*C*lx — y|I*.

It is sufficient to choose p so that

1 —2pc + p?C? < 1,
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and we obtain that the operator T}, is a contraction. For instance, p = 2‘? satisfies
the above condition. The proof is concluded. |

A generalization of the Lax—Milgram theorem was given by Stampacchia.

Theorem 13.2.2 (Stampacchia). Assume that the hypotheses of the Lax—Milgram
theorem are satisfied. Suppose also that the set K is included in H. In addition, we
assume that K is a convex set, that is,

Vx,ye K, Vze[0,1] : (1 —-t)x+ty e K.

Then for any linear and continuous form L : H — R, there is an element x; g € K
and is unique so that we have

VyeK :a (xL,K,y —xL,K) >L ()’ —xL,K)-

Proof We give only a sketch of the proof. Consider the operator A, as in the proof
of the Theorem 13.2.1, and we will build the operator 7, as follows

T,(x) = proig (x — p(Ax —1)).

Furthermore, the proof can be continued analogously, as in the proof of the Lax—
Milgram Theorem. |

We will apply in the following the results above in order to solve the classical bound-
ary value problems of Dirichlet and Neumann type.

Let Q2 be an open set from IR” with regular boundary 92 and consider the homo-
geneous Dirichlet problem

—Au=f, inQ,
u=0, pe 90

where f € L*(Q).

We should note, first that if we multiply both members of the equation —Au = f
by the test function ¢ € Cé (£2) and then integrate by parts the obtained relation on
the domain €2, then we are led to the equality

/vu.vwdx:ffgpdx
Q Q

by taking into account the null boundary conditions on the boundary 02 (called
homogeneous Dirichlet conditions), it is natural to search for the solution u of this
problem in the Sobolev space HO1 (2).

In the following theorem, we prove the existence and the uniqueness of the solution
in this Sobolev space.
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Theorem 13.2.3 For any function f € L*(Q), there is only one function uy so that
ur € HO1 (S2) and which verifies the equality

Yo e H)(Q) : /vufvgodxz/ fodx, (13.2.1)
Q Q

that is, the function u s is a weak solution (unique) of the homogeneous Dirichlet
problem.

Proof We must first note that in formula (13.2.1) we have, in fact, the variational
formulation of the homogeneous Dirichlet problem.

Let vy be an arbitrary function from the Sobolev space H_(€2) which is used to
multiply formally both members of the Poisson’s equation —Au = f. We integrate
on €2 the resulting relation and after application of the formula of Green, we obtain

/vu.vvdx:/fvdx.
Q Q

Thus, it is natural to consider the bilinear form a(u, v) and the linear form L(v),
defined, respectively, by

a(u,v) = / vu. v vdx,
Q

L(v):/fvdx.
Q

It is clear that a(u, v) is a bilinear form defined on H0' () x HO1 (£2). By taking into
account the estimate

la(u, V)| < || v ulle2@ll v vliL2@),

obtained by applying the Cauchy—Buniakovski—Schwartz inequality, we deduce that
the bilinear form a(u, v) is continuous.
We use now the bound from above

ILW)| < I fllezelviizze < 1flez@Cll v vz,

which is obtained by applying the inequality of Friedrichs. Hence,we deduce that
the linear form L (v) is continuous.

With these considerations, we can apply the Lax—Milgram theorem which ensures
the existence and uniqueness of an element u; € H, (), (therefore u ¢ is null on
the boundary 0€2), which verifies the relation

VveHOl(Q) : /vufvvdxszvdx.
Q Q
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We will come back now to the first formulation of the problem and after an integration
by parts in the first integral, we obtain

Vv € Hyj(Q) : / (=Auy — f)vdx =0 (13.2.2)
Q

by taking into account the fact that the relation (13.2.2) holds true for Yv € HO1 (),
we deduce that —Au — f has the value 0 on €2 and the proof of the Theorem 13.2.3
is complete. |

Observation 13.2.1 1°. By using the method presented above, we can solve the
following problem of Dirichlet type

RN

u=0, on 0,

where f and f; are functions from L>(2), and the derivatives af’ are computed in
the sense of the distributions. Using the idea from the proof of the Theorem 13.2.3,
we introduce the linear form L as follows

af;
L) = d—z ——vdx
(v) /vax av

Q OX;

=/ fvdx+f ﬁ@dx, Yv € Hy (Q).
Q o Ox;

Then, the solution is obtained by applying the Lax—Milgram theorem.
2°. Consider the nonhomogeneous Dirichlet problem

—Au=f, in Q,

U =ugy, on 02,
where uy is the restriction to the boundary 02 of a function uj € H' (). We define

the function v by v = u — ug. We can see that this function is a solution of the
problem

ofi .
—Av=f—Aul=f— Za){ nQ,

v=20, onIQ

which is of the same type as the one presented at the first point of the observation.
Here f; are elements from L*>(S2) because
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_ Oug
o 8x,~ '

fi

39, If the set 2 is not bounded, by using the Lax—Milgram theorem we can solve
the following nonhomogeneous Dirichlet problem

—Au+u=f, inQ,
u=0, pe 0.

To this end, we introduce the bilinear form a(u, v) defined by

a(u,v):/ vuvvdx—i—/ uvdx,
Q Q

and the linear form L(v) defined by

— [ v |
L(u)—/gfvdxjtgfgﬁaxidx, Vv € H) ().

Furthermore, we can use the Lax—Milgram theorem because
2 2
a(u,u) = ||lu = ||ju .

In the following, we will address the homogeneous Neumann problem. For the case
in which f € L?(2), we consider the problem

—Au+u=f, in Q,
ou

— =0, pe 022,
ov pe

in which % represents the normal derivative (or, in other words, the derivative in the
direction of the normal) of the function u, computed on the surface 92. As usual,
by the normal derivative we will understand the scalar product between the gradient
of the function u and the unit normal ¥ oriented outside the boundary 0%2.

As afirst result, in the following theorem we give a variational formulation of the
homogeneous Neumann problem.

Theorem 13.2.4 For any function f € L>(R), there is an element u r inthe Sobolev
space H'(Q) and it is unique such that it is a weak solution of the homogeneous
Neumann problem, that is, u ; satisfies the relation

/vufvvdx—i—/ufvdx:/fvdx, Yv e HY(Q),
Q Q Q

which is called the variational formulation of the homogeneous Neumann problem.
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Proof We write formally the fact that u verifies the equation —Au 4+ u = f then
we multiply both members with the function v which is an arbitrary function from

H'(Q). We integrate the resulting equality on  and, after application of the formula
of Green, we obtain

0
/vuvvdx—/ —uvda(x)—i—/ uvdx:/ fuvdx, Vv e H'(Q).
Q oq Ov Q Q

This relation is equivalent to the following one

/vuvvdx—}—/uvdx:/fvdx, Yuv e HY(Q).
Q Q Q

We now introduce the bilinear form a(u, v) by

a(u,v) = / vu. v vdx +/ uvdx. (13.2.3)
Q Q
We apply twice the Cauchy—Buniakovsky—Schwartz inequality and we obtain

la(u, V)| < | Vullrz@ll v vl + lulle@livlizeg <

< 2ullgr @ lvila @)-
This estimate together with the observation that
Nl < llullg@),

leads to the conclusion that the bilinear form a(u, v) is continuous.
On the other hand, from (13.2.3) we deduce that

a(u,v) = / | v ul>dx —l—/ u’dx = ||u||i,1(9),
Q Q

and this allows us to arrive at the conclusion that the bilinear form a (u, v) is coercive.
Using the algorithm from the Lax—Milgram theorem, we introduce the linear form
L(v) defined by

L(v):/ fudx. (13.2.4)
Q

By applying in (13.2.4) the Cauchy—Buniakowski—Schwarz inequality, we find the
estimate

ILW)| < I fllezellviizee < N lezollviia -
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We can take into account this inequality and the observation that

Ivllizz < Ivlla @),

so that we deduce that the linear form L (v) is continuous.
We now can apply the Lax—Milgram theorem and then we deduce that there is a
unique function u ; from the Sobolev space H 1(2) so that

/vufvv—i—/ufvdx:/fvdx, Yv e H(Q).
Q Q Q

We will come back to the initial equation and we multiply both members with the
function v that is arbitrary in the Sobolev space HO1 (€2). The obtained relation will be
integrated, member by member, on the set €2. After that we apply Green’s formula,
and we obtain the relation

/ (=Auy+uy— flvdx =0.
Q

Based on the fact that the function v is arbitrary, from the equality above we deduce
that

—Aus+uy = fin Q.

Now, we multiply again the initial equation in both members by the function v
which is arbitrary, this time in the Sobolev space H'(£2). The obtained relation will
be integrated and in agreement with the application of the formula of Green, based
on the previous result, we deduce that

3uf
/S;Evdx =0.

We will use again the fact that the function v is arbitrary, so that this relation leads
to the conclusion that

0
it A 0, pe 092,
ov

and the proof is completed. |

We now want to give a justification for the formal calculations made in the proofs of
Theorems 13.2.3 and 13.2.4.

Theorem 13.2.5 (i) Consider that the conditions from the Lax—Milgram theorem
are satisfied. In addition, suppose that the bilinear form a(u, v) is symmetric,
that is, it verifies the equality
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a(x,y)=a(y,x), Vx,y € H.
Then the solution xy, of the variational formulation
a(xy,y)=L(y), Vy € H,
is a solution of the problem of minimum

min (a(x, x) — 2L(x)),

and conversely, that is, this problem of minimum admits a solution which verifies
the relation from the variational formulation above.

(ii) Suppose that the hypotheses from the theorem of Stampacchia are satisfied. In
addition, assume that the bilinear form a(u, v) is symmetric. Then the solution
X1k of the variational formulation

a(xp,y—xpx)>=L(y—x.x), Vy €K,
is a solution of the problem of minimum

Ikréi}(l (a(x,x) —2L(x)),

and conversely, that is, the problem of minimum admits a solution, which verifies
the relation

a(xp,y —xp k) =L(y —x. k), Yy € K.
Proof (i) By direct calculation, we obtain these successive relations

a(y,y) —2L(y) =a(xp+y—xp,xL +y —x1)
—2L(xp+y—x1) =a(xp,xp) +2a(xp,y —xL)
ta(y—xp,y—xp) —2L(xp) —2L(y — x)
=a(xp,xy) —2L(xp) +2a(xp,y — xr) (13.2.5)
—2L(y —xp)+a(y —xp,y —x1)
=a(xp,xp) —2L(xp)+a(y —xp,y —xL),

in which we take into account that
a(xp,y—xp) —L(y—x.)=0.
If we consider the obvious inequality

a(y—xg,y—x1) >0,
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then from (13.2.5) we are led to the inequality

a(y,y) —2L(y) = a(xp,xp) —2L(xy),

and this proves that x;, is a solution of the problem of minimum formulated in
the statement of the theorem.

We now prove the reciprocal result. Suppose that the mentioned problem of
minimum admits the solution x*. Then for any # € (0, 1] and forany x € H, we
have

a (x* +tx, x* + tx) — 2L (x* + tx) >a (x*, x*) —2L(x%),
and this inequality is equivalent to the inequality

a(x*, x*) + 2ta(x*, x) + t*a(x, x)
—2L(x*) —2tL(x) > a(x*, x*) — 2L(x™).

We reduce the similar terms and then we divide by the strictly positive number
t and obtain

2a(x*, x) +ta(x, x) — 2L(x) > 0.
In this relation we pass to the limit with # — 07 so that we obtain
2a(x*,x) —2L(x) >0 < a(x*,x) — L(x) > 0.

We can obtain a relation which is analogous with this last relation if we transform
x in —x such that we can deduce that

a(x*,x) = L(x), Vx € H,

that is, x*, which is a solution of the problem of minimum, is a solution of the
variational formulation, and this ends the proof of point (i).
(i1) This point can be proven analogously. |

We can apply the results from Theorem 13.2.5 in the study of the homogeneous
boundary value problems of Dirichlet type and also of Neumann type, formulated
above. Thus, in the case of the homogeneous Dirichlet problem we define the bilinear
form a(u, v) on the space Hy (2) x H} (), by

a(u,v) = / vu v vdx.
Q

Because, obviously, the bilinear form a(u, v) is symmetric according to Theorem
13.2.5, the solution of the homogeneous Dirichlet problem is equal to the solution
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of the problem of minimum

min </ | v v|%dx —2/ fvdx).
veH] () \JQ Q

In the case of the homogeneous Neumann problem, we define the bilinear form
a(u, v) on the space H'(Q) x H'(Q), by

a(u,v):f vuvvdx+/uvdx.
Q Q

It is clear that this bilinear form is symmetric and then the solution of the homoge-
neous Neumann problem coincides with the solution of the problem of minimum

min (/|vu|2dx+/v2dx—2/fvdx>.
ved' () \Jq Q Q

In the next theorem, we will give a new generalization of the Lax—Milgram theorem.

Theorem 13.2.6 Let H be a separable Hilbert space and consider the functional
I : H — R U {+o00} with the following three properties:

1. I is a proper functional (therefore I is not identically equal to +00);
2. I is lower semi-continuous with respect to the weak topology of the space H, that
is,

Vxp — x, fork - 400, = lliminfl (xx) > I(x);
—+00

3. 1 is coercive, that is,

1)

im =
lxll—+oo ||x||
Then the problem of minimum
min 7 (x)
xeH
has at least one solution.
Proof Let {x;}¢>1 be a sequence that minimizes the functional /, that is

1 o0 = i 169

Based on the property of coercivity of the functional / we deduce that the sequence
{xt}x>1 1s bounded on H and then admits a subsequence {x; };» which is convergent
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in the weak topology of the space H to an element x* € H. From the fact that the
functional 7 is lower semi-continuous with respect to the weak topology of H we
deduce that

. s N> oy
1 =jminl 1 0 2 1 ()

This proves that the minimum of the functional / on the space H is x*, and the proof

of the theorem is completed. |

Observation 13.2.2 1°. If I is a convex functional, that is,
I(1—tx+ty) <A —-—tIx)+1tlI(y), Vx,y € H, ¥Vt € [0, 1],

then the continuity of 1 with respect to the strong topology of the space H ensures
that the functional I is lower semi-continuous with respect to the weak topology of
the space H.

2°.If I is a strictly convex functional, that is,

I(1l—t)x+1ty) < (1 —0)Ix)+tI(y), Vx,y € H, Vt € (0, 1),

then the element for which the minimum of the functional I is attained on the space
H is unique.

39, There are several situations which require that the set of values for the func-
tional I is R | J co. We highlight here a situation. Consider the problem of minimum

mi[r{l (a(x,x) —2L(x)),

where K is a closed and convex set from H. This problem is equivalent to the problem
of minimum

min 7 (x),
xeH

where the functional I : H — R U {+00} can be defined by

a(x,x)—2L(x),if xe KCH,
+00 . otherwise.

I(x):{



Chapter 14 ®)
Regularity of the Solutions e

14.1 Some Inequalities

We recall for beginners some very helpful inequalities in the following.

Theorem 14.1.1 Let Q2 an open set from the space R". We have the following clas-
sical inequalities:

1°. The inequality of Cauchy—Buniakovski—Schwartz. If the functions f and g are
from L*(R2), then the product f g is a function from L'(2) and we have

1/2 1/2
< ( / (f(x))zdx) ( f (g(x))zdx> .
Q Q

2°. The inequality of Hélder. If the function f is from the space L (Q) where

1 < p < oo, andthe function g is from the space L1 (2) where q is sothat 1 = % + é,

‘/ J(x)g(x)dx
Q

then the product f g is a function from L' (Q2) and we have

1/p 1/q
< ( / (f(x))”dx) ( / (g(x)de) .
Q Q

39. The inequality of Young. If the function f € LP(2) N L9(2), where p and q
are sothat 1 < p <q < oo, then f € L"(Q), forany r € [p, q] and we have

/ f(x)g(x)dx
Q

1—a
I f e = WANZo @ 1 f I pacays

where o is chosen so that
« 1 —« 1

p q r

The proofs of these inequalities can be found in many books, especially those dedi-
cated to functional analysis.
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In the particular case n = 1, hence R” =R, we have an interesting result
(included in the following proposition) which asserts that any function from H' (a, b)
is equal almost everywhere to a continuous function on [a, b].

Proposition 14.1.1 Let (a, b) be an open interval from R. We have the continuous
inclusion

H'(a,b) c C°([a, b))

in the sense that for any function u from the Sobolev space H'(a, b) there exists a
Sfunction u € C%a, b)) so that u(x)=ii(x), for almost all x €[a, b] and there exists
a constant c, independent of the function u, so that we have

laC) lcoqasn < cllullara,s-

In addition, the function u satisfies the relation

i(y) — () = / " (0dx,

X
where we denoted by u' the weak derivative of the function u.

The proof of this proposition can be found in any book of functional analysis. We
return to the general case n > 2 and we take into account the case when the open set
Q2 is the whole space IR".

Theorem 14.1.2 (Gagliardo, Sobolev) We assume n > 2. Then, we have the follow-
ing continuous inclusion
H' C L*(R"),

where s = 1/2 — 1/n and is called the critical exponent of Sobolev.

Proof We will give only a sketch of the proof. First, the following inequality is
proven
Nl s qrry < cllull grareys

by considering the first case in which the function u € C[} (IR™) (this case has been
proven by Gagliardo). Furthermore, the result is extended to the space H'(R") by
using a density argument. |

Corollary 14.1.1 (i). Ifn > 2 we have the continuous inclusion
H'(R") C L”(R")

forany p € [2, s], where we recall that s = 1/2 — 1/n.



14.1 Some Inequalities 329
(ii). If n = 2 we have the continuous inclusion
H'(R") C L"(R"),
forany p € [2, 00).

Proof (i). Since the function u is from the Sobolev space H'(IR"), we deduce that
u € L?(2) N L*(K2). The desired result is obtained by using the inequality of
Young.

(i1). The result is easily obtained by using the inequality of Young. |

We will make now some considerations in the case in which the open set 2 is the
semi-space denoted by IR"* and defined by

R™ = {(x1, %2, ..., %) 1 X, > 0}.

Theorem 14.1.3 For any open set Q with the boundary 02 of class C' (included
in the case Q@ = R"*!', n > 2) we have the following continuous inclusions

HY(Q) C LP(Q), Vp € [2,00), forn =2,
I 1
HY(Q) Cc LP(Q), Vp € [2,s], s = 37 forn > 3.
n
Proof We will give details of the proof in the more simple case when the open set

Q coincides with the semi-space IR"* considered above.
We introduce the operator of extension

(Hl(JRH) - Hl(]R”)>

u > u

where the function # is defined by

~ ) uxx2, .0, x,), VX € R,
u(x) = {u(xl,xz, ey —Xp), Vx € R"-,
We can show, without difficulty, that
di  Ou
—=—,Viel,2,...,n—1,
8x,~ axi

and

Ox; — (X1, X2y ey —Xy), VX € R,

~ 0
au 8_),:"(x17x25"'7-x11)’ V-x EIRn+9
Oxy,

Keeping in mind these derivatives as well as the definition of the norm in the Sobolev
space H'(), we obtain the inequality
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il g1 rry < \/5||14||H1(1R”+)~

To establish this inequality, in the general case, the procedure of extension by density
is used. We will proceed by direct calculations. First, we suppose that n = 2. The
extension # of the function u is a function from H'(Q) and then & € L?(IR") for
any p € [2, 00). We deduce that u € L?(IR") for any p € [2, 0o) and we have, with
regard to the norms, the following estimates

lullLrarey < W”ﬁ”LP(]R") =Clullg @ =

V2C() ull g ey

IA

in which we denoted by C(p) a constant which depends only on p. Thus, forn = 2,
the result is proven. In a similar manner the result for n > 3 is obtained. In the case
in which 2 is an arbitrary open set from the space IR” with regular boundary of class
C', we will consider that  is situated fully in the same part of a part of its boundary.

In this situation, by using a system of local maps we can reduce the considerations
to the case in which €2 is the semi-space IR+, by using a partition of unity suggested
by Brezis in his book [9]. |

In the following theorem, we tackle the case of an open and bounded set, with
regular boundary of class C'.

Theorem 14.1.4 (Rellich—Kondrachov) Let Q be an open and bounded set from
R”, n > 1 with regular boundary of class C'. Then the following inclusions are
compact injections

H'(a,b) c C°(a, b)), forn=1;
HY(Q) C LP(Q),VYp €[1,0), forn =2;

11
HY Q) Cc L?(Q),Vp e[l,s), s = 37 forn > 3.
n

This can be reformulated, equivalently, as follows: any sequence which is weakly
convergent in H'(a, b) and in H' (), respectively, is convergent relative to the
strong topology from the space C°([a, b]) and LP(S2), respectively.

Proof In the book [9] Brezis gave a proof based on the theorem of Ascoli. Here, we
will approach this proof in a different manner. We take into account an operator of
extension from H'(2) to H'(IR"). Then, we choose a function ¥ in Cy°(R™) so
that ¥ = 1 on  and we take into account the open and bounded set ' which has a
regular boundary and contains the support of the function W. Consequently, we can
then take the linear and continuous operator L, L : H'(Q) — H_ ('), obtained by
the composition of the operator of extension above with the application: u + Wu.

For the moment, we take into account that the function v is from the space H L(R")
if and only if
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(1 + [y Fv(y)Pdy < oo,
]RVI

where F is the Fourier transform.
We consider a sequence {u; }; which is weak convergent to O in the space H L(Q).
Based on the Fourier—Plancherel theorem, we have the estimate

I Lugll 2y = / | F(Lug)(y)[* dy
IR/X

=/| |-7:(Luk)(}’)|2dY+/ | F(Lu) () dy. (14.1.1)

[yl>r

The last integral can be written in the following form
/ |F(Lu)(y))*dy =
[yI>r
_ 201 2 2
- / A+ 1y (1 + [y PIF L) () Pdy,
[yl>r
from where we deduce that
| 1Fuwmray
[yI>r
< +r2>—1f (1 + IyPD)IFLu) )y,
[yl>r
This means that for any r — oo we obtain
|y o
[y|>r

We make now an evaluation of the first integral from the right-hand side of the relation
(14.1.1), namely

/ |F(Lu)*dy = / / Luge ™ dx
Iyl=r Iyl=r I/@Q!

The sequence {Luy}y is convergent to 0 in the weak topology of the space H, (")
and hence the sequence is convergent almost everywhere.

In the last integral from (14.1.2), we can consider a function W which has compact
support and which is identically equal to 1 on Q', without changing the result. The
conclusion from the theorem is obtained if we use the theorem of convergence due
to Lebesque. |

2
dy. (14.1.2)
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At the end of the paragraph, we will characterize the functions from H'(IR") with
the help of the Fourier transform.

Proposition 14.1.2 The function u is from the space H'(R"™) if and only if the
function (1 + |.|2)1/2 F,. is from the space L*(IR™).

Proof Let u be a function from the space H'(IR"). Hence, we can consider that
u € L*>(IR"). Then u defines a tempered distribution, which will be denoted also by
u, so that Fu € L>(IR"). Because the weak derivative < 9“ € L*(IR"), for any index
i, we can apply the results from Proposition 8.5.2 Chap 8, which prove that the
application y > y; Fu(y) is from L?(IR") for any index i and the proof of the first
implication is concluded.

To prove the reciprocal result, we use again the results from Proposition8.5.2
Chap. 8. Based on these results, and since F, € L>(IR") we have that u € L>(R").
Also, because the application y r—> y,.?-' (y) is from L?(IR"), for any index i, we
obtain that the weak derlvatlve e L*(R"), for any index i. Thus, we deduce
that the function u is from the space H'(R") and the proof of the proposition is
completed. |

Let €2 be a bounded domain from IR” that satisfies the following condition, called
the hypothesis of the cone, which we recall now.

Let Co(I's, R), s =1,2,...,q, be cones with the peak in the origin 0, in which
Iy are open sets relative to the sphere |x| = 1. There exists an open coverage of
the set Q, with the open sets Iy, I, ..., I,, so that for any x € QN I, the cone
C,(T'y, R) is contained in 2.

Theorem 14.1.5 [f the bounded domain <2 satisfies the hypothesis of the cone, then
the following inequalities hold true:

e the first inequality of Korn

/Z<au, )dx>c1||u||1, Vu € Hl(Q): (14.1.3)
Ox;j

l

e the second inequality of Korn

ou; 0
/ Z( “ “’)dx+/ uPdx > e llul, Yu € H' ().
3)6} Q

l

(14.1.4)

Proof The first inequality of Korn is obtained relatively easy, by applying the Fourier
transform to the functions u; and then by using the theorem of Parseval.

The second inequality of Korn has a demonstration which is much more compli-
cated. We will give only a sketch of the proof, inspired by the book [10] of Fichera,
where we can find the complete proof.
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Consider the set {J} of all open balls with the properties

e the center x of the ball J is in ;
e the radius of the ball J does not exceed %R;
e the ball J is contained in an open set /.

Based on the hypothesis of the cone, we can extract an open covering of the set €,
consisting of balls Jy, J>, ..., J,. Consider a partition of unity

D pix) =1, @ € C%, supp o C Ji. k=1.2,....m,
k=1

and then we have
[t = [ o o o
Q Q
= f Ok, jUi Pk, juidx —2/ ks JPr,juitti jdx.
Q Q
Then it is possible to use the fact that, based on the hypothesis of the cone, we have
H'(Q) = C*(Q),

the closure of C*(Q) is taken in the sense of the topology of the Sobolev space

HY(Q). [ |

We have to mention that the original form of the second inequality of Korn is
/ ui,ju,',jdx < / (l/t,',j + I/tj,,') (I/t,',j + Llj,,') dx, (1415)
Q Q
for any u € H' (), so that

/ (l/t,',j — Ltj’,') dx =0. (1416)
Q

It is not very difficult to prove the equivalence between the form (14.1.4) of the
second inequality of Korn and the form (14.1.5), with the condition (14.1.6).

14.2 Extensions of Sobolev Spaces

By convention, we call the Sobolev spaces H'(2), H{ (), previously introduced
as Sobolev spaces of the first order. In this paragraph we introduce other Sobolev
spaces, namely some extensions of higher order.
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Definition 14.2.1 Let €2 be an open arbitrary set from the space IR”. For any integer
number m > 1, we define the Sobolev space of order m, by

H™(Q) = {u e H" Q) : g—xu e H"'(Q),Vi € (1,2, ...,n}}.

For m = 0 we have H*(Q) = L*(Q).
For any p > 1, we introduce the Sobolev space W7 (R2) by

WP (Q) = {u e LP(Q): % e LP(Q),Vi € {1,2, n}} )

Observation 14.2.1 1°. We can show without difficulty that the Sobolev space
WLP(Q) is a reflexive Banach space for 1 < p < oo.
2. The Sobolev space H™(R2) is a Hilbert space with the norm

(14.2.1)

2 E
||M||H’”(Q) = ||M|| m— I(Q) + H 8)(
1

Hmn-1 (Q)

An analogous result to that of Proposition 14.1.2 is given in the following proposi-
tion.

Proposition 14.2.1 A function u is from the Sobolev space H™ (R™) if and only
if the function (1 + |.|2)"/?F, is from the space L*(R"), where F is the Fourier
transform.

Proof To prove this result we can use analogous ideas to those used in the proof of
Proposition 14.1.2. u

Based on Proposition 14.2.1 we deduce that a norm on the Sobolev space H™ (£2),
equivalent to the basic norm (14.2.1), is defined by

2
z)m/ fu 2 .
L2(Q)

ey = (1 + 1

Consequently, we can introduce a new Sobolev space.

Definition 14.2.2 For any real and positive number s, we introduce the Sobolev
fractional space H*(IR") by

H'(R") = {u e L*(R") : [1 + |.]*|'/F, e L*(R")}
equipped with the norm

2 F, (14.2.2)

Ul gs = +
el asien = | (111 o
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As far as the fractional Sobolev space H*(IR") is concerned, it is natural to approach
similar results to those proven in Propositions 14.1.2 and 14.2.1.

Proposition 14.2.2 We assume that 0 < s < 1/2. Then the function u is from the
space H*(R") if and only if u is from the space L?>(IR") and verifies the following

condition 5
ulx) —u
/ —| *x) ??' dxdy < oo.
RixRe X =yt

A norm on the fractional Sobolev space H*(R™), which is equivalent to the basic
norm (14.2.2), is given by

12
lu(x) —u(y)|?

nwmg=0wﬁ +f ——————dxdy| .
@ HO T Jroge x =yl

Proof The proof is too technical, but it is given in detail by Lions and Magenes in
[13]. |

In the case in which the open set Q2 from IR” is bounded and with the boundary
which is sufficient regular, we introduce another Sobolev space H°(€2) defined by

D¢ — D@ 2
H(Q) = ueHl”(sz):// [DRule) = DO 44 < 0o
o Ja |x _ y|n+2(sf[s])

Ya, |a] = [s], in which [s] is the integer part of the real number s.
This space is endowed with the norm

1/2

. 5 |D“u(x) — Du(y)|?
@y = (Nl + 3 [ [ POy

lal<[s]

An analogous result with that from Theorems 14.3.1 and 14.2.2 is given in the next
theorem.

Theorem 14.2.1 Let Q2 be an open set from R".

1°. If 2m < n, then the inclusion H™ C L™ (Q) is continuous, where m* =
2n/(n — 2m).

20, If2m > n, then the inclusion H" C C°(Q) is continuous.

39, More generally, if m —n/2 ¢ Z, Z is the set of integer numbers, then the
inclusion H" C C*¥(Q) is continuous, where k = [m — n/2).

Proof The results are obtained by a very technical proof, which can be found in
detail in the paper of Dautry and Lions [7]. |

Now, we introduce the notion of the trace of a Sobolev space.
For beginners, will consider the case of the trace on the hyperplane

xe€R":x = (x1,x0,...,%,), %, >0CR".
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Proposition 14.2.3 We suppose that the open set 2 coincides with the semi-space
R ={x e R": x = (x1, X2, ..., Xp), Xy > 0},

or Q is an open and bounded set from R" with regular boundary (of class C'). Then
the space Cy°(IR") is dense in H™ (2).

Proof (Sketch). In the case 2 = IR"™, we consider the canonical inclusion and we
make its convolution with a regularizing sequence. In the case in which €2 is an open
and bounded set, we use the procedure with the system of local maps (see also the
proof of the Theorem 14.1.3).

Theorem 14.2.2 The following statements hold true:

(i). Let 7o : Co°(R") |+ — C(‘]’O(]R”*l) be the application which associates to a
function u € C°(IR") the element u(x',0), where we used the notation x’ =
(X1, X2, ..., Xnu—1). Then y is extended to a linear and continuous application
from the space H L(R™) to the space H 12(R-1,

(ii). The application ~y is surjective, and its kernel is HO1 (IR"™+).

Proof We choose the function u from Cy*°(IR")|r»+ and write
el sy = f (1 + y)IF;1(»)dy
R+
+oo
- / / (14 yPIFL Gy dy,
0 R"-!
—+00
_ / / (14 Iy P)IF 2 )dydy,
0 R
—+o00
4 / / e PIF P )y dy,
0 R"-!
+00
_ / / (14 1y P)IF 2 ()dy'dy,
0 ]Rn—l

+/+w/ ‘8]_—” 2
0 R | OYn

(»)dy'dy,.
Let v(y,) = Fu(y', y,). It is not difficult to verify that the function v is continuous
and v € H'(IR"). In addition, we want to remark that

+00
lv(0)]* = —2/ v'(Ov@)dr < 20|l 2w IVl 22r -
0

Then

O0Fu
Oyn

+00 1/2
\Ful (¢, 0) < 2 (1FP ydy)”? (/ ’ o yn)dyn>
0
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and this implies that

o0
VI Y RIFLFOL0) < (1+ Iy/lz)f |Fu > , ya)dyn
0
too | 9F, |2
+f ‘ -
0 ayn

Then, we have the inequality

', yn)dy,.

o0
/ l(1+|y’|2>|fu|2<y’,0)dy/s(l+|y’|2) / / ]|fu|2(yﬁyn>dy’dyn
R 0 JR-

< 07,
+/ / |a—|2(y/, yn)dy/dyw
0 R-! Yn

In conclusion, we have

2 2
”70“ ”H'(]R"*') = C||u||H1(R”+)a

so that by the application of the usual procedure of the density and by using Propo-
sition 14.2.1, the first part of the proof is concluded.

(i1). To show that the application -y is surjective, we must prove that for any u €
H'72(R™"1), there exists the function # € H'(IR") so that yoit = u. We choose
the function W € C{°(R)/r+ so that W(0) = 1 and we define the function i as
a solution of the equation

/ 12\ 1/2
Fu (y s yn) = F,V ((1 +ly |2) le) .
In this last equality we apply the reciprocal Fourier transform and we obtain
U=us*v,

where

Fo(yov) = ((1+17)" ).

Now, we can verify that
F(v,u) = Fu,

from where we deduce that yyii = u, because i € H'(IR"+). For the proof of
the fact that the kernel of the application 7y is HO1 (IR"+) the reader can use the
book [7]. |

We should mention, at the end of this paragraph, that there exist some general-
izations of the results from Theorem 14.2.2 to the space H” (IR"*") and only to the
space H™(£2), where €2 is an open set with regular boundary from IR".
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14.3 Regularity of the Weak Solutions

In this paragraph, we will prove that in certain hypotheses of regularity imposed on
the open set Q2 from IR”, which is assumed anyway to have the regular boundary,
as well as in certain hypotheses imposed on the function the right-hand side f, the
weak solution of the homogeneous Dirichlet problem

—Au(+u) = f, in Q,
u=0, pe IS, (14.3.1)

becomes a classical solution of this problem. We recall that the function u is a weak
solution of the problem (14.3.1) if the solution u of the variational formulation

/vuvvdx (—i—/ uvdx) = / fuvdx, Vv € HOI(Q), (14.3.2)
Q Q Q

is from the space H, (£2).

The term +u which appears in the brackets in the equation from problem (14.3.1)
or the term + o #vdx from the variational formulation (14.3.2) allow us to approach
the problem in the formulation (14.3.1) and (14.3.2), respectively, in the case in which
the open set 2 is not bounded.

The main result of the paragraph is included in the following theorem.

Theorem 14.3.1 Let k be an integer number and Q2 an open and bounded set from
IR", with the boundary of class C*** or @ = R" or Q = R"+. If the function f from
the right-hand side is from the space H*(Q), then the solution u of the homogeneous
Dirichlet problem belongs to the space H*t2(Q).

Proof We will proceed recursively with regards to k. We suppose first that k = 0
and then f € L*(R), in which € = IR". Let us consider the real and strictly positive
number & and the vector & from R” with the components & = (4, 0,0, ..., 0).
Define the function v; € H'(R") = H} (R"), by
vp(x) = — (7‘75 - I) (77, - I) u(x),
where 7, is the operator of translation of vector h , thus defined by
Tu(x) =u (x + E) .

We can immediate verify that v;; can be written in the form

v (x) = —2u(x) +u(x + ﬁ) +ulx — ﬁ).
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In the variational formulation (14.3.2), for which u is a solution, we take as test
function v = vj; and we obtain

/vu(x)vu(x+fz)dx+/ wvu(x) v u(x — h)dx

n

-2 | v u(x)|2dx+/ u(x)u(x—i—h)dx—l—f u(x)u(x—h)dx

IRn
—2/ u?(x)dx = / Sfupdx,
n Q

and after application of the inequality of Cauchy—Buniakowski—Schwartz, we deduce
that

[ 19 @ = Dubwar + [ 1 = Duleods
= /s; Sfopdx < |\ fllzan vl 2@ - (14.3.3)
Let us assume, for the moment, that the inequality
| = Dl oy < Rl R, (143.4)

is true for any function v € H'(IR"). Then from the inequality (14.3.3), in which we
recall that
v (x) = —(7_j; — D(75; — Du(x),

we are led to the inequality

[ | v (17 — Dul*(x)dx +/ (7 — Du|*(x)dx
]er n

< hll fll2any (7 = Duell g1 ey
This inequality proves that the sequence

1

i (=0,

is bounded in the space H'(IR") and, consequently, admits a subsequence which is
convergent to an element uy € H'(IR"), which will be determined in the following.
If we suppose that the function ¢ € CJ(IR"), we have

1 1
W (1; — Du(x)p(x)dx = Z/ u(x)(r_; — Dpx)dx —
R” R
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o
> — | ue) L (x)dx, forh — 0.
R” 8)(1

Therefore, we have the equality
0
/ o (x)p(x)dx = —/ w(x) =2 (x)dx,
n n 8x1

which proves that uy = axl .

Because uo € H'(IR"), we obtain that € H'(R"). As far as other partial
derivatives are concerned, the calculations are analogous. Hence, we proved that
u € H*(R") and the statement of the theorem is verified for k = 0.

Let us suppose now that k > 1, and f € H*(IR"). In particular, we deduce that
f € H'(R") and then u € H*(R").

Consider the function p e C0 (IR™). We take in the variational formulation as test
function v = ¢; = a . We have the possibility of this choice by taking into account

that % € C0 (IR™). Then we are led to the equality

/ vu v pidu +/ up;dx = feidx,
n n ]R)l

which is equivalent with

/ v(a—u)vgpdx—i—/ —<pdx —/ —gpdx (14.3.5)
n axl‘ i n 8){:1

and all calculations being justified in the sense of the distributions.
From (14.3.5) we deduce that the function 7" is the solution from the space

H'(IR") of a variational formulation associated with a homogeneous Dirichlet prob-
lem because we have that H! (R") = Ho (IR™), and the right-hand side of the problem
is dx Based on recurrence, in the case in which the open set €2 is the whole space
R”, the proof is concluded, except for the demonstration of the inequality (14.3.4).

In the case in which the open set €2 is just the semi-gpace R"*, we can use the
reasoning from the first part of the proof, with the vector / in which the real constant
h is placed in one of the first n — 1 components.

So, we deduce that the partial derivatives of the form % are from the space
L*(R"+), fora € {1,2,...,n—1}andi € {1,2,...,n}.

It is sufficient to show that the equation

—Au+u=f,

leads to
&%u

n—1
0%u
o T L
n i=1 i
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and from this we deduce that u € H2(IR"™+). We do not write the proof of the case
in which €2 is an arbitrary open set. We recall however that, essentially, in the proof
we use the argument of the system of local maps. Details can be found in the book
of Brezis [9]. It remains to prove the inequality (14.3.4), namely for any function
v e H'(R") and any vector i from IR”, we have

| (7= D) o] e < )|l ey - (14.3.6)

We take the function v, for beginners, from C(} (IR™). For any real number ¢ we
construct the function g(t) by

g(t) = v(x + th)

and then o
g(t) = wu(x + th).h.

By direct calculations we obtain the relation
- 1 - -
v(x +th) —v(x) = / vvu(x + th)hdt,

0

from which we deduce that
- - 1 -
[v(x +th) —v(x)| < |h|/ | v v(x + th)|dt,
0

and this implies that

1 1/2
lo(x + th) — v(x)| < |i£|</ |vv(x+ri£)|2dt) .
0

We use the square in this inequality and after that we integrate on IR”. We obtain the
inequality

1
/ lv(x + th) —v(x)|* < |h|2/ [ | v v(x + th)|>drdx.
R" R" JO
Then we are led to
- 1 -
/ [v(x + th) — v(x)|* < / f | v v(x + th)|*dtdx = / | v v(x)|%dx,
R” 0 R” R”

so that the inequality (14.3.6) is proven for v € C}(IR").
The result for the case v € H'!(IR") is obtained, as usual, by density. The inequality
(14.3.6) is proven, which concludes the proof of the theorem. |
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Corollary 14.3.1 We suppose that the hypotheses of the Theorem 14.3.1 are sat-
isfied. If k >n/2 then the weak solution of the homogeneous Dirichlet problem is
equal, almost everywhere, to a twice continuously differentiable function in Q.

Proof Theorem 14.3.1 shows that if the function f € H* () then the function u, the
weak solution of the homogeneous Dirichlet problem is from H*+2(2). Based on the
result of regularity from Theorem 14.2.1, point 3°, we deduce that u € C*+27/21(Q)
which concludes the proof. |

We can also show, without difficulty, that in the hypotheses of the Theorem 14.3.1
the function u is a classical solution of the homogeneous Dirichlet problem.

Observation 14.3.1 The readers can derive themselves some regularity results, sim-
ilar to those shown above, but in the case of the homogeneous Neumann problem.



Chapter 15 ®)
Weak Solutions for Parabolic Equations oo

15.1 Formulation of Problems
In this chapter, we will deal with the study of the following problem:

%(r,x) — Au(t,x) = f(t,x),¥V(t,x) e Qr =(0,T) x Q,

u(0, x) = up(x), Vx € Q, (15.1.1)
u(t,x) =0, V(,x) € (0, T) x 022,

where € is an open set from R" whose boundary 0€2, if it exists, is assumed to be a
regular surface. Here, we denoted by 7 a strictly positive real number. The problem
(15.1.1) is the problem of the heat propagation and is a prototype for parabolic
differential equations of second order.

The function u, which is the solution of this problem, represents the temperature
of a body which occupies the domain €2, which is subject to a heat source whose
density of volume is represented by the function f.

In the formulation above, we assumed that the initial distribution of the tempera-
ture in the body is u, and the temperature on the boundary of the body is maintained
constant to zero.

In order to study the problem (15.1.1), we will begin with solving the following
nonlinear system:

W' (t) + F(u(t)) =0, Vi > 0, (15.1.2)

where F is a function F : X — X, and X is a Banach space. We will attach to this
system the initial condition

u(0) = uo, (15.1.3)

in which uy € X and X is the Banach space above.
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Theorem 15.1.1 We suppose that the function F is Lipschitz on the space X with
Lipschitz constant L, that is,

Vx,y € X |F(x) = F(y)| = Llx — yl.
Then, for any uy € X, there exists a unique solution u of the problem that consists of

the system (15.1.2) and the initial condition (15.1.3) and this solution is a function
from the space C([0, +00); X).

Proof We start with proving the existence of the solution for this problem. We want
to remark that if the solution u exists, then it verifies the following integral equation:

u(t) = uy —/ F(u(s))ds, vVt > 0. (15.1.4)
0

It is not difficult to prove this statement.
Define the operator ® by

D(u)(t) = ug —/ F(u(s))ds, Yu € X. (15.1.5)
0

Then, the existence of a solution of the problem (15.1.2), (15.1.3) or, equivalently
of Eq.(15.1.4), is reduced to the existence of a fixed point for the operator ®. Let
k > 0 be a real number. Define the vector space X; by

X = {u € C°([0,); X)) : supe M[lu(r)|| < +00}.
120

Therefore, we can endow the space X with the norm,

—k
lullx, = supe ™ lu(®)],
>0

in which [Ju || is the basic norm of the Banach space. Let {u,, },, be a Cauchy sequence
of elements from the space X;. We want to demonstrate that the sequence {u,}, is
convergent. For any ¢ > 0, the sequence {u,,(t)},, is a sequence of elements from the
space X, which is a Banach space. Then, there exists an element u(¢) € X so that
Vi >0: lim u, () =u(), in X.
m—00
Since the sequence {u,,},, is a Cauchy sequence of elements from X, we can write

Ve > 0, 3my, sothat Vimm > mg, Vi > 0: e |ju,, (1) —u@)| <e.

Hence, we deduce that
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Ve > 0, Imyg, so that Vm > my, : supe

t>0

lum (@) —u@)| < e.

Consequently, the function u(#) is continuous, u : [0, c0) — X and we have

Ve > 0, Imy, sothat Vim > myg, : ||uy () —u(t)|x, <e,

which means that the sequence {u,,},, is convergent to u, in the space X. By taking
into account (15.1.5), we obtain the following successive inequalities:

WMWOMSHMH+/IWW@DMS
0
sWﬂ+/Hﬂwm—F®+F©Ms (15.1.6)
0
5Wﬂ+LAHMmm+MF©W

in which we take into account that F is a Lipschitz function.
On the other hand, because u € X, we have

k
Vi >0 lu®)ll < llullx, — €,

and then, from (15.1.6) we deduce that
L kt
PO < lluoll + ;Ilullxk(e =D +1|FO)],
so that
—kt L —kt
e [P = lluoll + Ellullxk(e ) FO)]]. (15.1.7)

Based on the relation (15.1.7), we deduce that & (u) € Xj. Also, for any two elements
u, v € X, by taking into account (15.1.5), we find the estimate

|@wxn—¢wams/ﬂwwu»—memm
0
stnmw—MSM&
0
and this implies that

P u(t)) — ®(v)(t)|| < Lilu — v”Xk/ M ds,
0
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and, finally,
L kt
D) — 2@ < ;Ilu —vllx.e",

which proves that @ is a Lipschitz function in X, with Lipschitz constant L/k. In
particular, if we choose k > L, we obtain that & is a strictly contracting function on
the Banach space X and hence admits a fixed point # which is unique and which is
from the space C°([0, c0); X). In addition, u verifies the following equation:

u(t) = uo —/ F(u(s))ds, ¥t > 0. (15.1.8)
0

Since the functions u : [0, c0) — X and F : X — X are continuous, from (15.1.8)
we deduce that u is differentiable on (0, 00) and its derivative is

u'(t) = —Fu()) vVt > 0.
Then, we deduce immediately that u is a differentiable function on the right-hand
side of point # = 0 and then we conclude that u € C' ([0, 00); X). The proof of the
existence is concluded. Let us demonstrate now the uniqueness of the solution of the
problem given in Egs. (15.1.2) and (15.1.3). We suppose by reduction to the absurd

that the problem (15.1.2), (15.1.3) admits two solutions which will be denoted by u
and u,. Define the function u3 by us = u; — u,. It is easy to verify that

t
uz(t) = —f [F(ui(s)) — F(ux(s)lds, V& > 0 u3(0) =0,
0
from where we deduce that
t
lus @)l < L / luts(5)lds Ve > 0.
0

Now, define the function W by
V(1) = [lus(t)ll, Vi = 0. (15.1.9)
It is easy to see that W is a continuous function on the internal [0, co) and its values

are not negative.
Also, ¥ becomes null for + = 0 and it verifies the inequality

() < Lf W(s)ds V¢ > 0.
0

If we now define the function ¢ by
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t

() = e*L’/ W(s)ds, Vt >0, (15.1.10)
0

then we find that ¢ € C'([0, c0); R) and it verifies the inequality
©'(t) <0, vVt >0.

In this way, we deduce that the function ¢ is decreasing on the interval [0, oo) and
©(0) = 0 which means that ¢ is identical null on [0, co). Then from (15.1.10) it
can be concluded that the function W is identical null on the interval [0, oo) and
finally, from (15.1.9), u3 is identical null on [0, c0), that is, u; and u, coincide on
this interval. This concludes the proof of the uniqueness of the solution and hence
the proof of Theorem 15.1.1 is concluded. |

We now approach the problem of the heat conduction, in a particular case. Namely,
we take into account the rectangle D = [0, T'] x [0, /] and consider the following
mixed initial boundary value problem:

O*u  Ou
oo v D
u(t,0) = u(t,1) = 0, Vt € [0, 1), (15.1.11)

u(0,x) = o), Vx €[0,1],

where the function ¢ is assumed to be continuously differentiable on the segment
[0, []. Tt is known that the function ¢ can be expanded in a Fourier series in the form

o0
k
p(0) = aysin wa, (15.1.12)
k=1

in which the Fourier coefficients a; have the expressions

2 ! k
ak:7/ cp(x)sinTﬂxdx, k=1,2,...
0

By using the well-known Bernoulli-Fourier method, applied in the case of
Eq.(15.1.11);, we obtain the solutions

22, km
2 sin —x,

up(t,x) =e ;

which satisfy the conditions

k
(£, 0) = ug (1, 1) = 0, ug(0, x) = sin Tﬂ-x.
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It is not difficult to prove that the function u(¢, x), defined by
e x2k? k'ﬂ—
u(t,x) = are” 2 'sin —ux, (15.1.13)

is a solution of the problem (15.1.11).

For t > 0, the uniform convergence and the absolute convergence of the series
from (15.1.13), in the neighborhood of a point (¢, x) from the rectangle D, can be
obtained from the fact that

k m 252
lim (1) P =0, m=0,1,...

k—o00 l

Also, for the same reason, we obtain the uniform convergence and the absolute
convergence of the series obtained from the series (15.1.13), by twice differentiating
with respect to the spatial variable x and with respect to ¢, respectively.

If the initial condition (15.1.11)3 is given on a line segment t = f;, and the
boundary condition (15.1.11), is given for #g < ¢ < T, then the solution of the mixed
initial boundary value problem, considered for the rectangle 0 < x <1, to <t < T,
can be expressed, also, by the formula (15.1.13), in which ¢ is replaced with ¢ — .

However, we must mention that the series from (15.1.13) may not make sense for
Vvt < 1.

The considerations above remain valid also in the more general case when we
have more spatial variables. The only difference consists in the fact that the series
from (15.1.12) and (15.1.13) is replaced by multiple series.

15.2 The Problem of Heat Conduction in R”

We take into account the problem

%(z‘, x) — Au(t,x) =0, Y(t,x) € (0,00) x R",
u(0, x) = up(x), Vx € R".

A first approach of this problem is to use the Fourier transform which, as is well
known, has the form

u(t, §) :/ e 2Ly (¢, x)dx.

Then, formally, the problem of heat conduction becomes
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on

o + 4 €NI*act, &) = 0, V(t, €) € (0, 00) x R,
ﬁ(ov 5) = I'[O(g)v Vf € ]an

whose solution is
at, €) = o (©)e ¥kl wr > 0. (15.2.1)

Starting from this formal solution of the problem of heat conduction, we introduce
the kernel of the heat.

Definition 15.2.1 For V¢ > 0, we define the kernel of Gauss or the kernel of the
heat by

1 _u?
K(t,x) = W@ 4,

We can prove, without difficulty, the following properties of the kernel of the heat,
contained in the next proposition.

Proposition 15.2.1 The following relations hold true:

K(t,&) = e 1P vt > 0,

K K
%—t(t,x) - %,w > 0, ¥x € R".

By taking into account the expression of the formal solution established in the form
(15.2.1) and by taking into account the properties of the product of convolution and
of the Fourier transform, we are led to the idea of writing the solution of the problem
of the heat in the form

u(t,x) = (f * K(t, ) (x). (15.2.2)

The following theorem offers an additional argument of necessity of representation
of the solution in the form (15.2.2).

Theorem 15.2.1 (i) We suppose that uy € LP?(IR") with 1 < p < oo. Then the
function u defined by

u(t,x) = (uox K(t,.))(x), (15.2.3)

satisfies the equation

%(r,x) — Au(t,x) =0, Y(t,x) € (0,00) x R".
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(ii) We assume that ug € CO(R")NL®(IR"). Then the function u defined in (15.2.3)
is from the space C 9([0, 0o) x R"™) and verifies the condition

u(0, x) = up(x).

(iii) We suppose that uy € LP(IR") with p < oo. Then the function u defined in
(15.2.3) has the property

lir% u(t,.) = ug, in LP(R").
t—

Proof (Sketch)Ifuy € L?(IR"),where 1 < p < oo, then we can deduce the existence
of the function u(¢, x) defined by

u(t,x) = (ug + K(t,.))(x), vVt >0, Vx € R",

by using the rapid decrease of the kernel of Gauss K, with regard to x. It is easy to
justify that we can differentiate under the integral sign and then from Theorem 15.2.1,
point (i) we deduce that u is a solution of the heat conduction equation.

After that, we have to verify the initial conditions in each of the cases (i), (ii), and
(iii) to complete the proof of the theorem. |

In the following theorem, we have a result of uniqueness for solution of the heat
conduction problem.

Theorem 15.2.2 We suppose that the solution u of the heat conduction problem
previously considered is continuous on [0, 00) x R" and u € C*((0, 00) x R™).
In addition, we suppose that the function u verifies the conditions
Ve > 0,3C > 0 so that

L2
lu(t, x)| < Ce"l;

| v ult, x)| < Ce™r.

Then u is identical null on [0, 00) x IR".

Proof Let x( be a fixed point in IR” and a real number fy > 0. Define the function g
by

g(t,x) = K(ty —t,x — xq).
By direct calculations, we can find that the function g verifies the equation
ag n
E(Z,x) + Ag(t,x) =0, Vit <ty, Vx € R".

Therefore, we deduce that
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ou 0
0= g(— —Ou) + u(—g +0g)

= Z 3_x,[ a_x, - ga—] - —(ug) div(F),

in which we denoted by F the following vector field:

dg du  Jg du dg du
U—" — G\ . Ul -
Ox, ox;’ " Oxs g Oxs Ox, g Ox,

).
Let us consider the domain Q defined by
O={t,x):0<a<t<b<ty|x|<r}
and we apply the Ostrogradsky formula so that we are led to the calculations
0= /()Q FVda:/l u(b, x)K(ty — b, x — xp)dx

—f u(a, x)K(tg —a, x — xg)dx
[x|<r
+Z[ /;|<ru(t x)—(to —xo)%da(x)dt
_ Z/ / P OK (to— 1, x — x0) do(x)dr.
|x|<r Ox; r

If in the last relation, we pass to the limit with » — oo and use the hypothesis of
growth which was imposed in the statement on the function u#, we obtain that the last
two terms tend to zero. So, we obtain the relation

0= (u,.)* K(to— b, ))(x0) = (u(a,.) * Ko —a, .))(xo).
If we pass to the limit with b — ¢y, then the first term tends to u(7y, xp). If we pass

to the limit with a — 0, then the second term tends to zero.
In conclusion, u(fy, xo) = 0 and the proof is completed. [ |

15.3 The Problem of Heat for an Open Set

In this paragraph, we will denote by €2 an arbitrary set from IR"” which is open,
bounded and with regular boundary.
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The result from the following theorem is a principle of maximum for the classical
solution of the heat conduction problem.

Theorem 15.3.1 We suppose that the function u € C°([0, T x Q) is continuously
differentiable with respect to t on (0, T) x Q2 and twice continuously differentiable
with respect to x on [0, T') x . In addition, we suppose that u satisfies the equation

%(r,x) —Au(t,x)=0, Y(t,x) € Qr = (0,T) x Q.

Then

max u(t,x) = max u(t, x),
(t,x)€Qr (t,x)eP

where O = (0, T) x 2, and P = {0} x QU [0, T] x 0.

Proof First, we want to mention that P is called the parabolic boundary of the
cylinder Q7 = (0, T) x Q. Define the function v by

v(t,x) =u(t,x)+ z—:|x|2, e>0.

It is clear that v is continuous on Q7 and verifies the equation
v
V(t,x) e (0, T) x Q: E(I,x) — Av(t,x) = —2en < 0. (15.3.1)

We suppose that there exists a point (xo,%) € Qr \ P in which v reaches its
maximum. Then, it is easy to verify that

Av(ty, x0) <0,
ov (t ) =0
R , X =0,
3y (o X0

ov
E(T’ x0) > 0,

for ty < T, from where we deduce that

v

o (to, x0) — Av(fo, x0) > 0,

which is in contradiction with (15.3.1). In conclusion, we have

max v = max v < max u + & sup |x|?,
Or p P Q

and because u < v we conclude that
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max u < maxu < maxv < maxu + esup |x|?, Ve > 0.
p Or Or p Q

The desired result is obtained by passing to the limit with e — 0. |

In the following, we will approach the problem of heat conduction in the form

Z—I;(t,x) — Au(t,x) =0, V(t,x) € (0,T) x 2,
u(t,x) =0, V(t,x) € (0,T) x 09,
u(0, x) = ug(x), Vx € Q.

In compliance with the Lax—Milgram theorem (Theorem 15.2.1, Chap. 6), we have
that if the function f e L?(), then there exists only one function u 7, from the space
H} (Q) N H?*(Q) so that

—Aus(x)+uspx) =0, ae x €,
uy =0, on 0.

By using the reasoning from the Lax—Milgram theorem, it is easy to prove the
following proposition.

Proposition 15.3.1 We suppose that the function f € L*(Q) and we take into
account a real number \ > 0. Then, there is only one weak solution uy ; € HO1 (2)
of the problem

—Muy r(x) +uyr(x) =0, a.pt.x €Q
uyr =0, on 0Q.

In addition, uy ; € L*(R).

Definition 15.3.1 The weak solution u ; defined above will be denoted by J\(f)
and it is called the resolvent of the Laplace’s operator, computed for the function f.
The quantity

1
X(f — L, A>0,

will be denoted by A ; and it is called the Yosida approximation of the Laplacian
computed for the function f.

Observation 15.3.1 If we take into account the operator

1
—)\A+I=)\(XI—A>,
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as a linear operator defined (not necessarily everywhere) on the space L*(Q), then
the resolvent J) of the Laplacian can be interpreted as the reverse of this operator.

Proposition 15.3.2 The following statements hold true:

(i) The resolvent of the Laplacian is a linear operator
Jy: LA(Q) — D(A),

in which D(A) = HO1 () N H2(Q) and D(A) is the domain of the Laplacian.
(ii) The Yosida approximation A is a linear operator

Ay LA(Q) = LX(Q).

Proof The proof for both these results is immediate, by taking into account the
definition of the two operators. |

The main properties of the resolvent Jy and of the Yosida approximation A) are
given in following theorem.

Theorem 15.3.2 The resolvent and approximate Yosida have the following main
properties:

1°. Jy is defined everywhere on L*(Q), Y\ > a;

2°.Vf € L2(R), YA > 0: Ax(f) = —AL(f));

3°.Vf € D(A), VA > 0: A\(f) = —(IA(Af));

4°.Vf € D(A), YA> 0 : [[AN(N) ez < 1Al 2@)s

5°.Vf e L¥(RQ) : /1\12}) IN(AF) in the strong topology of L*(2);

6°.Vf e D(A): llir}) A\(f) =—=Af;

70V f € LX) (M), Niz@ = 0
8°.Vf € LX), YA > 0: ANz < 511 f 2
9.

Vi ge LA : fQ Ar(f)gdx = fg Ar(g) fdx
Y /Q An(f) Ax(g)dx + A /Q IA(f) Va (9)dx.

Proof 1°. J\(f) is from the space HO1 () N H?*(R) and verifies the following vari-
ational formulation:

e i@ A [ v - vudx
Q

+/ JA(f)vdxszvdx.
Q Q
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In particular, if we take the test function v even Jy(f), this variational formulation
becomes

Y RISy REATRI
= /;2 f-DM)dx = [ fllez@ (D lez@)
from where we deduce that
/Q(Jx(f))zdx < Nz IO ez ) -
29, Tt is easy to verify that

—AU(f)) = —%(f(x)) — Jh(f)(x)), almost everywhere on €2,

so that

—AULUNE) = =Ax(fH(x).

3% If f is an arbitrary element in the domain of the Laplacian, D(A), we have
(I = AN = T,
and then
1 1
—Af = X{(I — A () - fi= X(I =AM (f = (),
from where we deduce that
1
N(=Af) = X(f — () = A().

4°. This point can be easily proven by using the points 3? and 1°.
5°. First, we assume that f is from the domain of the Laplacian. Then, we have

ILf = I(OIFR) < MANHIT ) < MA) 2@

from where we deduce that

lim {.f = (Pl =0.
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Now, we assume that [ € L%(Q). Then, there exists a sequence { f; }x of the functions
from C§°(£2) which is convergent to fp in LX(Q).

But C3°(2) C D(A). Moreover, C;°(R2) is even dense in D(A). Then, for each
k, the sequence {J)(fx)}x is convergent to f; in the topology of L?(£2). On the other
hand, because J) is a contraction, we have

If = IOIER) < If — fill2(Q)
11 = ISOIRQ) + 12 (f) = IO ()
<20f = Hl2Q) + L fi — I (fOll2 ().

The final result is obtained by the procedure of passing to the limit.
6°. The result is obtained without difficulty if we observe that

AN(f) = —In(Af),

and by using the point 5°.
7°. By direct calculations, we have

(AN Ol =AU, f = ()2 + (AN, () e
=M AN ) = (AUN), I 2@

= MAA Pagy + f v In(Pdx,
Q
and then it is clear that

(AN e = 0.

8°. Based on the inequality from the point 7?, we have
MAXO T2y < IAAD 2@ f 2 @)
from where we deduce that
1
AN 2@ = X”f”LZ(Q)-

This inequality proves that A) is a Lipschitz application defined everywhere on
L*(Q), with Lipschitz constant 1/\.
9¢. It is not difficult to observe that

/Q Ax(f)gdx = /Q AN (g — Tr(9)dx + /Q Ar(F)Ia(g)dx,

so that by using the point 2° we obtain
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fg Ax(f)gdx = A /Q A(F)Br(g)dx — /Q A In(g)dx

Y fﬂ AN Ar(g)dx + /Q YA ¥ (Ja(@)dx.

The last integral from the equality above is computed by parts and we obtain the
desired result of symmetry. |

As far as the solution of the heat conduction problem is concerned, the main result
is proven in the following theorem.

Theorem 15.3.3 We suppose that u, € L*>(2). Then, there exists only one solution,
u, of the problem

Au
E(t’ x)—Au(t,x) =0, VY(t,x) € (0,T) x 2,
u(t,x) =0, V(#,x) € (0,T) x 092, (15.3.2)

u(0, x) = up(x), Vx € Q.

In addition, as far as the regularity of the solution u is concerned, we have
1°.

u € C°([0, 00); L3(Q)) & Vig > 0, Y{tx}x, klim =19 =

= lim [u(t, x) — u(to, x)|l 12 = 0;
k—o0

20,
u € C°((0,00); D(A)) & Vig 2 0, Vitgh, Jim 1 =1 =
= lim Jlu(t, ) — uto, )l pca) = 0;
3.

u e C'(0, 00); LX(Q)) <

A
o 36—;’ € C1(0, 00): LX), Yto > 0, V{hi, Jim hy =0 =
—00

=0.
LX(9)

0
u(to + he, x) — uto, x) — hka—”t‘(ro, x)

= lim
k—o00
Proof For beginners, we approach the auxiliary problem

0
%(n X) + Ayur(t,x) =0, Y(t,x) € (0,T) x .,
uy(0,x) =0, Vx € Q, (15.3.3)
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where, as we mentioned before, A) is the Yosida approximation of the Laplacian.
The existence and the uniqueness of u), as a solution of the problem above, is
obtained with Theorem 15.1.1, in which we take X = L?(Q) and F = A,. Itis clear
that F, F : X — X is a linear application and a Lipschitz function with Lipschitz
constant 1/\.

Thus, we deduce that uy € C'([0, 00); L?>(£2)). Furthermore, we pass to the limit
with A — 0. We want to remark the fact that the solution u verifies the relation

8u)\

<E7

ux) 2@ + (Axuy, uy) 2@ =0,

from where, by integration on [0, 7], we obtain

1 T
Ellu,\lliz(g)-F/ (Axuy, uy)p2gde
0

2 2
= 5””)\(0’ ')HLZ(Q) = §||u0||L2(Q)'

We deduce that the sequence {u (T, -)}, is bounded in L%(Q). We multiply, in both
members of Eq.(15.3.3), by ¢ - % and we integrate the obtained relation on the
interval [0, T']. We are led to

r (914)\
dr + t{Axuy, _>L2(Q)dt =0. (15.3.4)
0

814)\
ot

L2(Q)

On the other hand, by using point 9° from Theorem 15.3.2, we have

O (Asur, ) <A <a””> >
— Uy, u 2y = — ., u
o AN, UN))12(Q) o A o
0 0
+ <A,\u,\, ﬂ> = 2<A,\u,\, ﬂ> ,
3t LZ(Q) 3t LZ(Q)
so that, by using the relation (15.3.4) we obtain
r Ou)y,
HANUN, —— ) 12dt = A,\M,\, uy)r2(q)dt
0 ot
T
= E < A)\M)\(T ) M/\(T ) > —E/ < A/\M/\, U\ >12(Q) dr.

0

Since u) is differentiable with respect to #, we can differentiate in Eq.(15.3.3); so
that the following equation is deduced:

0 81@ 8)\ _
8t(8 )(t x)—i-AA(at)(t,x)—O.
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We multiply in this equality by du ) /0t

(] ) e () ), =
2at L2@) ot ot [

Therefore, we obtain that the function # + ||Qu,/0t|> 72( 1S, also, decreasing on

()
the interval [0, T']. Thus, we have the estimate
Au du :
H A ey it ’
L2(§Z) L2(Q)

so that the previous inequalities lead to the inequality

1
znuA(T, ->||iz(9) + T(Aux(T, ), ux(T, ) 2@

81/!)\ 2 1 2
T, = ;lluollyz(q)-
2 L@ 2 @
Finally, we have
Ou, 1
H_(T ) = ﬁ”uOHiZ(Q)'
LX)

To continue the proof of the theorem, we need the result from the following propo-
sition.

Proposition 15.3.3 The following two statements are true:

(i) We suppose that uy € D(A). Then for any two real numbers A\ and i, with
A, > 0, we have

lux(t, ) —u,(t, Nz < 2v 20+ Wil Augll, 12y, Yt > 0.

(ii) We suppose that uy € D(A?), that is, ug € D(A) and Aug € D(A), then for
any two real numbers \ and p, with A\, p > 0, we have

ou ou,,
||—/\( D)= 8; (t, Mg < 2vV20 + Wil A%ugll 12 -

Proof (i) We will write the fact that u y and u,, verify the equation of heat conduction
(15.3.3); and subtract member by member the obtained relations

%(L x) + Ajuy(t, x) — ﬁaut“ (t, x) — Au,(t, x) = 0.
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In this equality, we multiply with u —u,,, and the obtained relation is integrated
on €2. We obtain the equation

10
55(” (un(t, ) —uyu(t, ) IIiz(Q))+ (Axr) = Ay, uy—uy) 2o =%06.3.5)
On the other hand,

(Ax(y) — Ap(uy), uy —uy) 2@
= (A=A (), ux—I\ @)+ () —=J, (u )+, () =) 12 @)
= (Ax(un) — Ap(up), AAN(uN) — pA (U)o
—(AUn(up) — Ju(up), In(uy) — Ju(up)) 2@
> (Ax(uy) — Ap(uy), AAN(uy) — A, (U)o

Then from (15.3.5), we can obtain

10
537 e, ) —uu(, N7

< —(AUny) = T (), AAN(uy) — pd (1)) @)
S A= (A — Au(u) 2@
S A+ WIAN@) 2@ 1AL ) 22 @)

in which we used the fact that the application t > || Ay (u,)|l12(q) is decreasing.
It is clear that from the last inequality we can write the inequality

19
EE(HM(I’ ) —uy(t, ')||2Lz(9)) < A=Wl Augll2 ).
and then the proof of the point (i) is concluded.

(i) By performing some calculations which are similar to those from above, we can
provide the inequality

8u>\ Ouy,
12 (90,

which concludes the proof.

) <2\ — M)”AZMOHLZ(Q)
L% ()

Proposition 15.3.4 We suppose that uy € D(A?). Then

(i) The sequence {u\}, is convergent in the strong topology of the space L*() to
u, uniformly with respect tot € [0, T].

(i) The sequence {Ou)/0t}) is convergent in the strong topology of L*() to u,
uniformly with respect to t € [0, T].
Also, u is a solution of the equation
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Ou
E(t,x) —Au(t,x) =0, V(t,x) € Qr =1[0,T] x Q.

Proof (i) The proof of this point is immediately obtained from the point (i) of

Proposition 15.3.3.
(i) We will use the point (ii) from Proposition 15.3.3. First, we have

@)@, ) —ut, Iz < 1@, ) — @), )l
+ @), ) —ul, )z,

from where we deduce that

2@, ) —ut, )l < ), ) —ul, )@
+ @) (@, ) —ut, )l e)-

This estimate together with the point 5° of Theorem 15.3.2 leads to the conclu-
sion that

lim J\(up)(2, -) = u(t, ).
A—0
Also, because
15]
R0 = AL x) =0,

we deduce that

. 8”)\ 8u .
Im 5 =V =g am ) =u,
0
(—gj, JA(uA)> € G(A),

in which we denoted by G (A) the graph of the Laplacian.
Let us demonstrate that the graph of the Laplacian is included in the set L?(£2) x
L?(2). Let {x;, y}x be a sequence of elements from G(A), convergent to (x, y),
in the strong topology of the product space L>(2) x L*(£2). Then

xi € HX(Q) N HY(Q) 5y = Axy
and thus

X — Axk = Xk — Yk-

In particular, the operator R(1, A) exists and if we apply this operator in the
equality above, we obtain
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R(1, A)(xx — Axg) = R(1, A)(xx — yr) = X

We pass to the limit with k — o0, in this equality (which is allowed because the
operator R(1, A) is continuous). We obtain

R, A)(x —y) =x,
from where we deduce that
x € H*(Q) N Hy(Q).
In the last equality, we apply the operator / — A and we obtain the equation
x —y=x—Ax,
so that y = Ax and the proof of Proposition 15.3.4 is concluded. |

The Proof of the Theorem 15.3.1 (continuation) First, let us remark the fact that
D(A?) is dense in L*(R2). By using the inequalities from Proposition 15.3.3 (the
inequalities are applied uniformly with respect to ¢), and the fact that the graph of
A is included in L2(2) x L?(2), we ensure the existence of a weak solution of the
problem of heat in the case in which the the right-hand side is null.

The uniqueness will be proven by reduction to the absurd. We assume that the
problem of heat conduction admits two weak solutions #; and u,, If we use the
notation u3 = u, — u, we obtain

3o (st M) + /Q |9 w3t ) gydx =0,

from where we deduce that the function # — || u3(¢, -) ||i2 @ is decreasing.
At the moment r+ = 0, we have u3; = 0 and then we deduce that u3 is identical
null and the proof is concluded. |

In the following proposition, we have a demonstration of an energetic relation
attached to a solution of the heat conduction problem.

Proposition 15.3.5 We suppose that the conditions of Theorem 15.3.3 are satisfied.
Then, the following equality holds true

1 2 ! 2 1 2
EHM(T’ ')”LZ(Q) + | v ut, x)”LZ(Q)dt = EHM()”LZ(Q)'
0

This relation is known as the equality of energy.
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Proof 1t is easy to find that the function ¢ defined by

1 2
pil §||M(ts ')”LZ(Q)v

is differentiable on (0, 00). By using the heat conduction equation, it is immediately
deduced that

Q) = —f | 7 u(t, x)|*dx,
Q

from where, by integration on the interval [e, T'], with respect to 7, we find

T
o(T) = p(e) = — / / | 7 u(t, x)*dxdt,
5 Q
and the desired result is obtained by passing to the limit with e — 0, which is allowed

based on the continuity of the two members of the equality. This ends the proof. W

In the following theorem, we will show, without proof, a result of regularity of the
solution of the heat conduction problem.

Theorem 15.3.4 The following two statements are true:
(i) If the initial data uy € HO1 (R2), then the solution u of the problem of the heat
belongs to the space
C([0, 00); Hy () U L*(0, 003 H* ().
Furthermore, the derivative of u with respect to t is from the space L*(0, oo;

L*()) and satisfies the relation

2
1

1 5 T
z” \V4 M(T, ')||L2(Q) +A E

LX(R)

(ii) If the initial data ug € H*(Q) N HO1 (R2), then the solution u of the problem of
heat belongs to the space

C°([0, 00); H*(Q) U Hy (2)) N L*(0, 003 H*(Q)),

and its derivative with respect to time is from the space L*(0, oo; H'(RQ)).

For details of the prof, the reader can consult the book of Brezis [9].

Observation 15.3.2 Based on the properties of regularity from Theorem 15.3.4, we
can prove that the solution u of the heat conduction problem is a regular function
also with respect to x, even if the initial data uy is not very regular.
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In the following proposition, we formulate the principle of maximum for the weak
solutions of the heat conduction problem.

Proposition 15.3.6 We suppose that the initial data ug from the heat conduction
problem is from the space L*°(2). Then for ¥(t,x) € [0, 00) x Q, we have the
estimate

min (O, inf u0> <u(t,x) < max <O, sup u0> .
xeR

xeQ

In the proof, itis used the method of truncation proposed by Stampacchia. For details,
the reader can consult the book of Brezis [9].

At the end of the chapter, we want to recall a method of solving (sketch) the heat
conduction problem in the case in which the equation of the heat is nonhomogeneous
(that is, the right-hand side f is not identically null).

Theorem 15.3.5 We assume that f € L>(Qr) and uy € L*(2). Then, the nonho-
mogeneous heat conduction problem

g—b;(t,x) — Au(t,x) = f(t,x), V(t,x) € Or,
u,x) =0, ¥(,x) € (0,T) x AQ,
u(0, x) =up(x),vVx € Q,

admits only one weak solution, given by the formula

T
u(t, x) = S(t)(uo)(x) +/O St —s)(f (s, x))ds,

in which S is the operator of truncation proposed by Stampacchia.

In the proof made in detail in the book of Brezis [9], it is used a method which
is similar to the method of variation of constants used in the theory of ordinary
differential equations.



Chapter 16 ®)
Weak Solutions for Hyperbolic Equations | ¢

16.1 The Problem of the Infinite Vibrant Chord

In principle, in this chapter we will study the wave equation, which constitutes the
prototype of the hyperbolic equations.

Let 2 be an open set from R” and T a real number T > 0. Then, the Cauchy
problem, associated with the wave equation, consists of

O%u
W(I,x) — Au(t,x) =0, Y(t,x) € Or,

u(0, x) = ug(x), Vx € Q,

ou
E(O,x) =u(x), ¥x € Q,

where Q7 is the notation for the cylinder Qr = (0, T') x Q.

If the set €2 is bounded having the boundary 02, the problem above is completed
with the boundary conditions of Dirichlet type.

The operator

82
or?

called the operator of D‘Alembert is a hyperbolic operator, and will be studied in the
following.

We will approach, for beginners, the particular case n = 1 and we take 2 = IR.
Then, the wave equation becomes

= T80, Vi 0 € 0r = 0,7) xR

-5 U, X)=——=U,Xx), , X) € T — ) X .

or? Ox?
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366 16 Weak Solutions for Hyperbolic Equations
Theorem 16.1.1 The classical solutions of the waves equation are of the form
u(t,x) =dx+1)+¥vx —1),

where ® and WV are arbitrary functions and are assumed be twice continuously
differentiable on R.

Proof We will use a non-singular transform of coordinates
(t, x) — (&, ), given by

§=x+1,
n=x—t,
which satisfies the condition
D,
(& n 20
D(z, x)

Then, the operator of D‘Alembert, which in this particular case is

Pu  u
o2 ox?’
becomes
u  Ou &*u

— - — =4 .
ot 0Ox? 0&0n
Hence, if we use the notation u(z, x) = U (&, n), the wave equation becomes

O*U
&

& mn =0,
in which £ > nbecause t > 0. We integrate the equation with respect to £ and obtain
ou
B—(E, n = g().
n

Now, we integrate again, but this time with respect to 7 and we are led to the relation

u(€,m =G + F(©),

where we denoted by G a primitive of the function g.
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If we return to the initial variables, from the system £ = x + ¢, = x — ¢, and use
the substitution G = ¥, F = ®, we obtain the formula of the solution mentioned
above.

The hypotheses of regularity imposed on the functions & and W allow us to
perform the partial derivatives above. |

Corollary 16.1.1 Assume thatug € C>(R)andu, € C'(R). Then, the Cauchy prob-
lem associated with the wave equation in the case n = 1 and Q = R receives the
form

2 2

u 0“u
m(f,x) - @(I,X) =0, Y(,x) € Or,
u(0, x) = up(x), Vx € R,

0
a—l:(O,x) —u,(x), Vx € R.

This problem admits the following classical solution:

X+t

1 1
u(t,x) = E[uo(x+t)+u0(x—t)]+§/ ui(s)ds. (16.1.1)

x—t

Proof Based on Theorem 16.1.1, the solution of the wave equation has the represen-
tation

u(t,x) =d(x+1)+vx —1).
We impose the initial conditions
u(x,0) = up(x) = ®(x) + ¥(x),

8—u(0, x) =up(x) = &/(x) + Wr(x),
ot
and obtain

l X

O() =+ [uo(x) 4 f ul(S)dS} ,
2 0

W(x) = ! [Mo(x) - /X Ml(s)ds:| ,
2 0

from where the following form of the solution is obtained:

1 1 X+t
u(t,x) = E[Mo(x+l)+uo()€—l)]+§/ ui(s)ds + Cy + C,. (16.1.2)

x—t
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With the help of initial conditions deduce that C; 4+ C, = 0, so that the relation
(16.1.2) receives the desired form (16.1.1) of the solution. [ |

We approach now the general case R”, n > 2 and we take into account that the
open set €2 is the whole space IR".

For any function F which is integrable on any compact set from R* x IR", we
define the function M by

1
Me(t,x,r) = —/ F(t.x.ry)do(y). (16.13)
S(0,1)

wﬂ

where w;, is the area of the unit sphere S(0, 1) C IR”".

In the following proposition, the Cauchy problem associated with the wave equa-
tion in the n-dimensional case will be transformed into a Cauchy problem associated
with the wave equation in the 1-dimensional case.

Proposition 16.1.1 Let u be a classical solution of the Cauchy problem associated
with the wave equation. Then, M, is the solution of the following Cauchy problem

M, o*M,
W(I,Mﬂ’) = 52 (t,x,r)
n—10M,
S (x.r), V(. x,r) € (0.7) x R" xR, (16.1.4)
-
M,0,x,r) =M, (x,r), V(x,r) e R" xR,
oM,

8[ O, x,r) =M, (x,r)V(x,r) e R" x R.

Proof Taking into account definition (16.1.3), we have

1
M, (t,x,r) = — / u(t,x +ryydo(y).
Wn Js,1)

Based on property of u, we can differentiate this integral so that we have

u 1 0
t,x,r)=——— u(t, x +ry)do(y)
8}’ Wy 81" $(0,1)
1 1 ou
=— vu(t, x+ry)ydo(y)=— —(t, x+ry)do(y) (16.1.5)
Wn Js(0,1) Wn Js0,1) oy

r
=— Au(t, x +ry)ydo(y),
Wn JB(0,1)

in which the last integral is obtained with the help of Green’s formula.
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Using the change of variable x + ry = z, we obtain

1
My vy = / Au(t, 2)dz
or r"wy S

: / O oz = // (1. 2)do()d
— - s — ) 0- 9
rn=ly, B(x,r) or? N r"w, Jo S(x,p) : e

in which we take into account that u satisfies the wave equation. Also, we used the
Theorem of Fubini which allows us to reverse the order of integration.

We will use again (16.1.3) and if we take into account relation (16.1.5), we are
led to the equation

() e =— [ AT
ar \/ or T —wn Jsen O0f2 A

ril 0%u M
= — (., x +ry)do(y) =r"""'—Z"(t, x,7),
o /s<o,1> 3t2( x+ry)do(y)=r 2 (t,x,1)

from which we immediately obtain Eq. (16.1.4);.

The boundary conditions (16.1.4), and (16.1.4)3 are obtained without difficulty,
by taking into account (16.1.3) and the boundary conditions which are satisfied by
the function u. |

In the following theorem, we expose the form of the classical solution of the Cauchy
problem associated with the wave equation, in the case when n is an odd integer
number.

Theorem 16.1.2 We suppose that the following hypotheses are satisfied.:

e n is an odd integer number;
= C(n+3)/2(]Rn)’.
o U € C(n+l)/2(]Rn)_

Then, the classical solution of the Cauchy problem associated with the wave equation
is given by the formula

1 o (10\\" 2
SR e Y Sy <E (?E)) x
x (r“ f up(x +t, y)da(y))
S(0,1)

+ (__> <t"2/ ui(x +t, y)dcr(y)> .
t Ot 5(0,1)

Proof Because n is an odd number, we will write n = 2k + 1.
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In the following, we will use the functions v(t, x, r), ®(x, r)and ¥V (x, r), defined
as follows:

k-1
v(t,x,r) = <12> (r2"_]Mu(t, X, r)) ,

ror
19 2%k—1
O(x,r) = (r 8r> ( M, (x, r)), (16.1.6)
k—1
V(x,r)= <;%) (er_lMul(x, r)) ,

in which the definition of M,, is analogous to that of (16.1.3).
We can verify, by recurrence after values of k, the relations

@)
P 1o L 19\ ( 40F 1\
5(?5) Y Fm)2(?5> (’ 5(”)’

k—1

10 . O F
<rar> (#F0) = 2 a5 o)

i=

(ii)

in which we denoted by F, an arbitrary function, assumed to be integrable on
any compact set from IR”. Also, ¢; are real coefficients and ¢y has the value
co=135...2k—1).

By taking into account (16.1.6);, we have

82v 1 a 2k8ML¢
W(z‘o,x r)= (r8r> (r W(i,x,r))
(1o r1o Lk OM,
o rar r or or
10 i1 OM,, 5 0P M,
<r8r> <2kr gy ) Tt xr)

_ 12 o r2k—182M (t,x,r) 62 —(t,x,r).
" \ror or? 82

Now, we want to find the initial conditions satisfied by the function v. From (16.1.6),
for t = 0, we perform the following calculations:
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13 k—1
v(0, x, 1) = (?E) (r* ' M, 0, x, 7))

k—1
= (%%) (r* "M,y (x, 7)) = D (x, 1),

v 10N [ . 0M,
E(O,X,t) = (?E) <" 7(@%"))

_L(y (r* "My, (x, 1)) = W(x, r)
r \Or SRR T

From these relations, we deduce that the function v (¢, x, r) verifies the wave equation

from Theorem 16.1.1 and the same initial conditions as in Corollary 16.1.1. Thus, v

receives the expression

r+t

v(t,x,r) = %[Cb(x,r—i—t)—i-d)(x,r—t)]—i—%/ W (x, s)ds.

r—t

We will obtain the expression of the solution u, starting from this formula of v. First,
let us observe that

1
u(t,x) =lim M, (t,x,r) = lim —uv(¢, x,r).
r—0 r—>0 cor

If we take into account the expressions for M,,, and M,,,, as well as the fact thatn — 1
is an even number, we deduce that the functions M,,, and M, are even functions, as
functions of variable r. Consequently, ® and W are odd functions of variable r, and
we have

1 1
u(t,x) = P 1irr(1) ;[CID(x, r+1)+ o, t—r)l+ ¥, x).
or r—

Therefore, if we substitute the functions ® and W by their expressions from the

definition (16.1.6), we obtain the expression of the solution from the statement of
the theorem. [ |

At the end of the paragraph, we will find the form of the solution of the Cauchy
problem, associated with the wave equation, in the case in which z is an even number.

Theorem 16.1.3 We suppose that n is an even number, n = 2k. Also, we assume that
ug € CF2(R*) and u; € C*T'(IR?**). Then, the classical solution of the Cauchy
problem associated with the wave equation is given by the following formula:
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2
1-3-5...(2k — Doery

X <2 (12>>k1 k-1 uo(x +1, y)dy
ot \ 't Ot By 1 — |y
1 k—1
+ <_2) e Mt Ny,
1 0t BO.y /1 — [y

Proof We grow the dimension of the space with 1 and we consider that the functions
uo and u| are defined on the space R”*!, but they depend only on the first n variables.
Therefore, we can use Theorem 16.1.2, and then the solution has the form

u(t,x) =

1
X
1-3-5...2n — Dwy1q

9 19 ! 2k—1
EATEY) R A

10 k—1
+ (__> <t2k—1 / ul(x +1, y)dU(y’, yn+1)> s
t Ot 50,1

where S(0, 1) is the unit sphere from the space R"*!.

The desired result is obtained if we consider that the functions uy and u; are
independent of the variable y,;; and we use the theorem of Fubini regarding the
inversion of the integration order.

Also, for each half of a sphere, we have

M(t, X, xil+1) =

dy' = (14 1Y) do (¥, yus1)

by using the known elementary theorem of Pitagora. |

16.2 Weak Solutions of the Wave Equation

Let 2 be an arbitrary open set from IR” whose boundary will be denoted by 2. We
are looking for weak solutions of the problem

0u
W(ts x) - Au(tsx) = Oa V(tv M) € QTs

u(0, x) = up(x) Vx € Q,

Ou

E(O’x) =uy(x), Vx € Q, (16.2.1)
u(t,x) =0, Vx € 02, Vit > 0,
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where Q7 is the notation for the cylinder Qr = (0, T) x .
The main result of this paragraph, regarding the existence and the uniqueness of
the solution of the problem (16.2.1), is included in the following theorem.

Theorem 16.2.1 We suppose that ug € H>(Q) U HO1 () and u, € HO1 (2). Then,
there exists only one weak solution of the wave equation with initial data uy and u,
and this weak solution is from the space

C([0, 00); H*(2)) N C'([0, 00); Hy (2)) N C*([0, 00); LA(Q)).

In addition, for any t > 0, u satisfies the equation
0
[ 15 e+ [ 15t na
o Ot Q
= / Juy [* (x)dx +/ | 7 uol*(x)dx.
Q Q

Proof We will use the notations

Thus, the problem (16.2.1) can be written in matrix form

ou
E(I’ x)+ AWU)(, x) =0,

where the matrix operator A is given by

0 -1
A= (59
By taking into account the boundary conditions and the initial conditions, we will
look for a weak solution U which belongs to the space HOl (Q) x L*(Q).
Furthermore, we can proceed analogously as in the proof of the theorem of exis-

tence of a weak solution of the heat conduction problem.
For this purpose, we introduce the operator 5 defined by

_ Uu —U,
B= (—AUl +U2)'

The operator 5 will replace the operator —A in the heat conduction problem.
To complete the proof of Theorem 16.2.1, we need the results from the following
two lemmas. |
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Lemma 16.2.1 For any \ > 0 and any two functions fi, f» € L*(RQ), there exists
only one solution U) r in the space HO1 () x L*2(Q) of the equation

AB(Uxr)+Uyr=F, (16.2.2)

where

In addition, if fi € H} (), then
Uy r € Hy (Q) N H*(Q) x Hy (Q).

Proof We will write the matrix equation (16.2.2), by taking into account the matrix
expressions of B and F, in the form of the following system:

Ay g — Aoy p+urr = fi,
—Muy p+Avyr+orr = fo.

This system can be rewritten in the form

1
VAP = [N+ Duxr — f1],

A+ 1
— Muy g+ % [N+ Durr — fi] = fo. (16.2.3)

Equation (16.2.3), is equivalent to the equation

A2 A A et 1
————=Auyr=a
S G WEN | ER O W I

fi. (16.2.4)

Itis clear that for any f;, f> € L?(2), there exists only one function u) r € HO1 (2)
which is a solution of the equation (16.2.4).
After determining the function u_r, the function v, r will receive the expression

1
VAF = [N+ Duxr — f1],

and we have that vy r € L*(2). Itis clear that uy r € Hy (2) N H*(Q).
Finally, if the function f; € HO1 (£2), then the function vy r € HO1 (£2) and the proof
of the lemma is concluded. [ |

In the following, we use the operator
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JP L HJ(Q) x LA(Q) — Hy () N H*(Q) x Hy (Q) = D(B),
defined by
I (F) = Uy r.

Also, we will denote by H the product space H = HO1 () x L%(Q), which will be
endowed with the scalar product

(U, V)H Z/ VU] ‘VUQdX—F/ U]V]d)C‘i‘/ Uszdx. (1625)
Q Q Q

Here, we take into account that the open set, €2, is not necessarily bounded.
The second result, necessary to finish the proof of Theorem 16.2.1, is included in
the following lemma.

Lemma 16.2.2 The operator J AB is a contraction defined everywhere on the space
H.

Proof We multiply Eq.(16.2.2) with U) ¢
MBWUAF), Usr)u + (Uxr, Uxrda = (F,UxF)n,
which is equivalent to
/\/ VuyF - Vi pdx — /\/ VUAF - VU Fdx — /\/ Auy pvy pdx
Q Q Q
+)\/ v,\,pv,\,pdx—i—)\/ uy puy pdx —)\/ vy FUy pdx
Q Q Q
+ / | v plPdx + / (u p)dx + / (va.r)7dx
Q Q Q
= / Vf]. \v4 ux,pdx —l—/ f]l/t)\,pdx +/ fzv)\,Fdx.
Q Q Q

This equivalence is natural if we take into account (16.2.5).
We should remark the fact that

A
/\f v pity pdx < —/(uu)zdx _/(U/\.F)zdx~
Q 2 Jo Q

On the other hand, if we integrate by parts the integral A fQ uy rvy rpdx, we are led
to the equality

f | Py + / () dx + / (rr)2dx < [F U rlla
Q Q Q
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and from here we deduce the result of the lemma. |
The Proof of the Theorem 16.2.1 (Continuation) We define the Yosida approxi-
mation B) of the operator B

1
By(F) = L (F - JE(F)).

We can indicate some estimates on the Yosida approximation B>, similar to those
proved in Theorem 8.3.2 from Chap. 8.

Also, we can reassume the proof of Theorem8.3.3 from Chap. 8, to prove the
existence of a weak solution for the following problem:

aa—ltj(t,x) +BU)(t,x) =0, V(t,x) € (0,T) x Q,

U,x) = F(x), Vx € Q.
This solution can belong to the spaces C([0, 00): L2(2)) or C°(0, co0); D(B)) or
C'([0, 00); L*()), if the necessary and sufficient conditions from Theorem 8.3.3,
Chap. 8 are satisfied.

But the heat conduction equation, in the matrix form, which is verified by U can
be written, equivalently, in the form of the system

%(r, x)+u(t,x)—v(@,x) =0, V(t,x) € (0,T) x 2,
%(t,x) — Au(t,x)+v(t,x) =0, V(t,x) € (0,T) x Q.

Also, the initial condition, satisfied by U, can be written in the form

U0, x) = Up(x) = (Z?EX) VxeQ.

If we introduce the functions ¢ and ) by

o(t, x) = e'u(t, x),
P(t, x) = e'v(t, x),

which then will be re-denoted by u (x) and by v(x), respectively, then we will obtain
the following problem:
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Z—L:(t,x) —v(t,x) =0, Y(,x) € (0, T) x €,

%(r,x) —Au(t,x) =0, VY(t,x) € (0,T) x 2,
u(0, x) =up(x), Vx € 2,

0
8—1:(0, x) =u(x), Vx € Q.

Therefore, we obtained that u is a (unique) weak solution of the Cauchy problem
associated with the wave equation.

It is not so difficult to verify that the solution # belongs to the space indicated in
the statement of the theorem. |

Finally, we want to remark that there are more results regarding the regularity of
the weak solution for the Cauchy problem, associated with the wave equation. For
example, many of them are demonstrated in the book [9].
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