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The Discrete Fourier Transform
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Sampling the Fourier Transform

Consider an aperiodic sequence with a Fourier transform

x{n] DTFT X( )
Assume that a sequence is obtained by sampling the DTFT

_ X(ej(ZTt/N)k)

X[k = x (e

" Xw:(Zn/N)k

Since the DTFT is periodic resulting sequence is also periodic

We can also write it in terms of the z-transform

~

Klk]= X(2)_ownn = X(e/C7%)

Jm

The sampling points are shown in figure z-plane
Unit

X|k] could be the DFS of a sequence circle

Write the corresponding sequence

N ~ .
%[n] _ZX[k]e](Zn/N)kn
N &
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Sampling the Fourier Transform Cont’d

The only assumption made on the sequence is that DTFT exists

X(ef‘ﬂ)z ix[m]e‘f‘”m [k] X( j2n/N )k ) X[n]= ZX k]ej (2m/ N Ykn

nm=—oo

Combine equation to get

- z{zu}

k=0 |_m=—

:miwx[m{ 3 ot } > xlmlpln—m]

= k=0 m=—oo

Term in the parenthesis is

N-1 .
l Z ej(Z:T/N)(k—r)n _ 1, k—r= mN, man 1nteger,
N 0, otherwise.

N-
pln—m]|= Nze](zn/zv Zﬁn m—rN|
k=0

— y=—oo

So we get

X[n]=x|n Zf)n rN|= Z [n-rN|

y=—00 y=—00
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Sampling the Fourier Transform Cont’d

{ x[n]
0 g H
(a)

x|[n] =r;_xx|n_r12]

|

n

,,M{xIT===I1N[HN1;==;11‘2”
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Sampling the Fourier Transform Cont’d

« Samples of the DTFT of an aperiodic sequence
— can be thought of as DFS coefficients of a periodic sequence
— obtained through summing periodic replicas of original sequence

 If the original sequence
— 1s of finite length
— and we take sufficient number of samples of its DTFT
— the original sequence can be recovered by

X[n] 0<n<N-1
x[n]= .
0 otherwise

» It is not necessary to know the DTFT at all frequencies
— to recover the discrete-time sequence in time domain
* Discrete Fourier Transform
— Representing a finite length sequence by samples of DTFT
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The Discrete Fourier Transform

Consider a finite length sequence x[n] of length N
x[n]=0 outsideof 0<n<N-1
For given length-N sequence associate a periodic sequence

oo

x|n]= Zx[n—rN]

Jy=—00

The DFS coefficients of the periodic sequence are samples of the DTFT of x[n]
Since x[n] is of length N there is no overlap between terms of x[n—rN] and we
can write the periodic sequence as

%|n]=xl(n mod N)]=x|((n)), ]

To maintain duality between time and frequency

— We choose one period of X [k]as the Fourier transform of x[n]

~

X[k]:{xgk] PERENTL gk mod W)= (),
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The Discrete Fourier Transform Cont’d
The DFS pair
LN 2n/N

N-1
— Z z[n]e—j(Zn/N)kn
n=0 N k=0

The summations involve only one period so we can write:

2

X[k]= 3 le[n]e—f'(“w)k" 0<k<N-1
- 0 otherwise
LS Rkl 0<nsnN-1
x[n]=4 N <
0 otherwise

The Discrete Fourier Transform
Z X —J (27/N )k X[I’l]

The DFT pair can also be written as

15
N &

]2 X[k]
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The Discrete Fourier Transform Cont’d

The Discrete Fourier Transform

< 1x[n —j(2m/N)k x[n] iN_IX[k]e i(2m/N)
N-1 1 N-1 o
x[k]=> [ xn]l=—> X[kW,
n=0 k=0
k=12,...,N—1 n=12,....N—1
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Example

The DFT of a rectangular pulse

e x[n]is of length 5 '[ [ W W W il

»  We can consider x[n] : -
of any length greater than or equal to 5

 Let’'spick N=5 b

* (Calculate the DFS of lH‘HHHHHHHH”HHH

the periodic form of x[n]

4
Y — —j(2nk/5)n e i LX ()] ST s HH
Xlk]=2 e aRe £ /N

n=0 [ AN Y

1_ e—jZTCk _JIII : 1] : IEI‘K/I \{PI\! : l{ : k] : % \gﬂ—l'\{l\‘l‘: : 10 : }I

1} 2= et
- 1_e—j(2nk/5) “
0 otherwise ‘

Digital Signal Processing 10



Example Cont’d

The DFT of a rectangular pulse | i
» If we consider x[n] of length10 W [ [ N N ______
— We get a different set of 4
DFT coefficients N "
«  Still samples of the DTFT H[H [ [ [ H [H |
but in different places
(b)
5 - Xk
l Toael
<X [k]
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Properties of DFT

* Linearity

xl[n] PR/ VEEEN Xl[k]
xz[n] AR L NN X2[k]
afnlbeln] 2o axenxl] Ty
Duality
dn] <25 X[y Al

Xln] 27— Nxl((-)),]

Circular Shift of a Sequence

x[n] 2 x[k]
x[((n — m))N] 0<n<N-1 <22 X[k]e—j(2nk/N)m
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Example: Duality

‘l ‘ ‘ { ] 5 Mefxy[n]} = Re{X[n]}
— e - e . 1 1 1 1 1
o 1 2 3 4 5 & 7 8 9 10 o~ 1T 1T .1 1 1.
{a) 0 1 2 3 4 5 7 8 9 10 n
Me{X k1) (d)
5. p Imix|[n]} = Fm{X][n]}
) el X () 108
\ /
1 I f ! 3 1073
N . . . L R— =
T : S N U 78 9 10 m
0 w 2 [ -0.73
(b) -3.08 (e)
3 Fm{X[k]} X, [k] = 10x[((=k))14]
10
Fm )X (e™)) / ™
i
0 : - - .-/-_T\ .fj it .
0}, S SL.74 5~ 7 78 9 10 k 0 1 2 3 4 5 7 9 k
0 |y / T 2w w .
i (f)
/
{c)
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Properties of DFT

Finite-Length Sequence (Length N)

N-point DFT (Length N)

10.

A O i e

x[n]

x1[nl, x3[n]
axy[n] + bxy[n]
X [n]

x[((n —m))N]
Wy x[n]

N—-1
Y xiImlx[((n — m)y]

m=0

x1[n]xp[n]

x*[n]

*[((=m)N]

X [k]

X q[k], X o[k]

aX 1[k] + bX 5[k]
Nx[((=k)N]
WX [k]

X[((k = £)N]
X 1[k]X k]

N-1

1
5 2 X1lXo0(k — )]
£=0

X*[((=k)N]
X*[k]
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Properties of DFT Cont’d

Finite-Length Sequence (Length N) N-point DFT (Length N)

11. Refx[n]) Xeplk] = 2{X [((R)N] + X*[(=k)NT)
12. jZm{x[n) X oplk] = JX [((R))n] = X*[(=k)N1)
13. xepln] = —{X[n] +x*[(—=n) N1} Re{X [k]}

14. xopln] = E{x — x*[((=n)) N1} JIm{X [k}

Properties 15-17 apply only when x[n] is real.

X [k] = X*[(=k) ]
Re{X [k]} = Re{X[((=k)n1}
15. Symmetry properties 3 Im{X [k]} = —Im{X[((=k))n]}

| X [k]] = [X[((=k)N]I
LIX [k} = —L{X[((=k)N ]}

16.  xepln] = —{X[n] +x[((=n)) N1} Re{X [k]}
17. xopln] = E{x [n] — x[((—n)) N 1} JIm{X [k]}
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Circular Convolution

Circular convolution of
two finite length sequences

x3[n] = x1[n] @) x2[n]

Digital Signal Processing

[ xo[m]
[ [1,

U N n

—u

I N m

Xl((0-myl.0=m=N-1

X } 1] [ e

U N m

ol -myl0=m=~N-1

0 N m

x3[n] =y [n] (N) xa ]
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Example

Circular convolution of two rectangular pulses L=N =6

1 0<n<L-1 1 xq[n]
xl[n]=x2[n]= 0 otherwise ‘ ‘ ‘ ‘ ‘ ‘

N n
DFT of each sequence i
(a)
N-1 27 —
—j—kn N k — 0
Xlk|l=X|k[=> e ¥V = 1 %, [n]
1[] 2[] HZ:(; {O otherwise ‘ ‘ ‘ ‘ ‘ ‘
Multiplication of DFTs 0 N "
N k=0 "
X, \k|=X |k|X, |k|= _
x50 i G

J'\"
And the inverse DFT ‘ ‘ ‘ ‘ ‘ ‘

N 0<n<N-1 0 N n
X3 [n] = )
0 otherwise
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We can augment zeros to each
sequence N =2L =12

The DFT of each sequence
2mlk
l—e ¥
Xl[k]:Xz [k]: 2k
_jAmk
l—-e ¥
Multiplication of DFTs
etk \?
l-e ¥
X3 [k] = 27k
_jAmk
l-e ¥

Example

| ]
[ ]
[ ]
| ]
.
;
b
.
;
1
|
;
1
.
=

0 L N
o # 9 9 & 4 xa[n]
====|:] E=====;‘:’=== e
»l((-n))yl.0=n=N-1
—]_]—J_]_]_U—
0 L N n
w[((2-n)yl.0=n=N-1
M
0 L N n

x3[n] =xq¢[n] ® x3[n]
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