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Structures for Discrete-Time Systems

Digital Signal Processing



Example

Block diagram representation of

Y[n] = al)’[n - 1]+ azy[n - 2]+ box[n]

-

Y ]
1

i

-« y[n-1]
Y
1

an I

< y[n-2]
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Block Diagram Representation

LTI systems with rational system function
can be represented as constant-coefficient
difference equation

The implementation of difference
equations requires delayed values of the xy[7]

— 1input
— output

— intermediate results » -

x[n] ax[n]

The requirement of delayed elements
implies need for storage

x[n] i x[n-1]

We also need means of
— addition

— multiplication
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Direct Form I

General form of difference equation

Zi:&ky[n —k]= il;kx[n —k]

Alternative equivalent form

x[n]

x[n—

—”;\—I v[n —N]

Digital Signal Processing

v[n] = i bkx[n - k]

k=0

plil=Yasla=l+ola]



Direct Form I

Transfer function can be written as

1-> az" N
V()= (X (:)= fzobkzk]x@)
Y(e)= Hy(e V() =| —— V()

1—Zakz_k
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Alternative Representation

Replace order of cascade LTI systems

W(o) = Hy(x(e)=| — - |x(2)
1- Z a,z "
Y<z>=H1<z>w<z>=[fzobkzkjw<z>

Digital Signal Processing

w[n] = iakw[n — k]+ x[n]



Alternative Block Diagram

* We can change the order of the cascade systems

w [‘r:z]

o

wln —1]

Y

wln-N+1]

Y
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Direct Form 11

No need to store the same data
twice in previous system

So we can collapse the delay
elements into one chain

This 1s called Direct Form II or the 1
Canonical Form

Theoretically no difference

between Direct Form I and 11 @&‘7;‘,]—,@)
y

Implementation wise z

— Less memory in Direct 11 a

,
Ys

jl':_

— Difference when using finite-
precision arithmetic

Digital Signal Processing 9



Signal Flow Graph Representation

Similar to block diagram representation
— Notational differences

A network of directed branches connected at nodes

Examnple representation of a difference equation

w, [n] = x[n]+aw,[n]+bw,[n]

Source Sink w, [n] =W, [n]

node X [”] rwl [nw,‘z [”]r y [n] node y[n] = dx[l’l] + €W2 [I’l]
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Example

* Representation of Direct Form II with signal flow graphs

wln] by

x[n] 4 y[n]
1
- I I
(a)
Source Sink
node 0 1 2 by 3 node 5
)

wy [n] | bo |

Y

3[;;] " _\-‘[;?]
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w, [n] =aw, [n — 1] + x[n]
)’[n] =b,w, [n]+ bw, [n - 1]
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Determination of System Function from Flow Graph

1 wn] 4 wln]

x[n] v[n]

wiln] z - waln]

W(z)=W,(z)-X(z) e -
Wy(2) = () Wo(z)= “XI(_)Ech )
Wy(z)=W,(2)+ X(z) — xR (1-a) —
W)=, (o) K

Y(Z) = Wz(Z>+ W4(Z) Y(Z) =W, (Z)+ W4<Z)

Digital Signal Processing

wln]=w,[n]-xn]

w, n]= ow, ]
wiln]=w, [n]+ x[n]
w, n]= W3[n—l]
yn =W, [”]+W4 [”]
Y(z) '-o
LT AR
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Basic Structures for IIR Systems: Direct Form I

bU l"IHI
O - o~ : 0
x|n] yin|
-1 1
by g
xln-1] > - yin-1j
-1 1
) a .
v[n-214 > l l < y[n-2]
| | | |
| | | |
| | | |
| |
| |
| by -1 ay_1 |
xln—N+1] > ! o - yln-N+1]
7! -
by ay
x|n—N)| - ~ y|n—Nj
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Basic Structures for IIR Systems: Direct Form I1

wn| by
=, o = e - 2
x|n] 4 yin]
Ay
(151 hl
1
£,
ﬂz hg
| ! i
| | |
: : |
| | I
I ay i | by -1
-1
Ay
tIpy h."\"
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Basic Structures for IIR Systems: Cascade Form

* General form for cascade implementation

M

M,

H(:)=%

) __(l_sz_l )1__:(1—8/%‘1 Xl—g,fz‘l)

k=1

N,

N,

k=1

[0-ec [T0-d" Ja-di)

k=1

«  More practical form in 2" order systems

H(z)

M,

_ H by, + blkz_l + bZkZ_Z

1_ -1 -2
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Example
1+277' 477 (l-l—z_1 )(1+Z_1)

H(z)= -
&)= 0752 +0.1252 (1-0.527"f1-0.25:7)

(") (g
(1-0.5271)(1-0.25¢7")
Cascade of Direct Form I subsections

o— = = - - S - - "
x[n] yln]
1 1 -

0.5 0.25

Cascade of Direct Form II subsections

- o

0.5 0.25

- i

y[n]

¥
¥

Y
Y
A
S R—
£
|
Y

T T
o =

x[n] ‘
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Basic Structures for IIR Systems: Parallel Form

» Represent system function using partial fraction expansion

Np N, N, _ -1
I FCEN S

— o l—cz o (1_dkz_l XI—dZZ_l)

Cy

N =N, +2N,
N,=M-N (M=N)

Wy [”] £y ¥ [”]
e - -

a) £

* Or by pairing the real poles

i‘[n]‘_

Np Ny -1 N
_ —k Cor T €L o
H(Z) = ZCkZ +Z 1 0 ) 2
k=0 k=1 47 alkZ o aZkZ wilnl ey valnl
N+1 T ‘
N~ L 2 J
¥ - L
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Example

Partial Fraction Expansion

14227 +27 18 25
H - :8 —
) 1207527 4012527~ (1-05z") (1-0252")

Combine poles to get

Yoo

_ -1
H(z)=8+ L
1-0.75z7 +0.1257

i 18

x[n]

¥ oo

X[ ylnl L;—l
0.25

Digital Signal Processing
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Transposed Forms

Linear signal flow graph property:

— Transposing doesn’t change the input-output relation
Transposing:

— Reverse directions of all branches

— Interchange input and output nodes

Example:

y|n]

Digital Signal Processing

yln]
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w|n] b,
- >~ - -
x|n|
A ¥z ! A
iy b|
vz
d, b,
|

Example

b, Voln]

(SR A, S 0, S S, )

al

y[n] xln]

Transpose

v

1

y Az ¥
b a
[n]
|n

Azt

b') s

I " o T—— S—
Va ||

» Both have the same system function or difference equation

y[n] = aly[n - 1]+ azy[n - 2]+ box[n]+ blx[n - 1]+ bzx[n - 2]

Digital Signal Processing
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Basic Structures for FIR Systems: Direct Form

Special cases of IIR direct form structures

h[0] 1] h[2]

Transpose of direct form I gives direct form II
Both forms are equal for FIR systems

y[n]

h[2] (1] R[0]

x[n]
Tapped delay line

Digital Signal Processing
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Basic Structures for FIR Systems: Cascade Form

Obtained by factoring the polynomial system function

M My
- 4 2
H(Z) = Zh[n]z "= H (bOk +b,z2 +byz )
n=0 k=1
by bya bo,
- > - - ——————— ————
x[n] y(n]
7y A 7y A ly A
by by bim,
——————— ———————— ———————
7Y A 7y A 1Y A
by by, o,
e | O———
M+1
M, =
2
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Structures for Linear-Phase FIR Systems
Causal FIR system with generalized linear phase are symmetric:

M -n]l=hln] n=01..M (typelorIll)
M —-n|=-hln] n=01..M (typellorIV)

Symmetry means we can half the number of multiplications

Example:
For even M and type I or type III systems:

M M/2-1

y[n]zgh[k]x[n—k]z Z::h[k] xln—k|+n|M 7 2]x|n—Mm 2]+ Zh
:Mf}l[k]x[n_khh[M/z]x[n_M/z]+Mf}l[M_k]x[n_mH
:M/Zj:_lh[k](x[n—khx[n—M+k])+h[M/2]x[n—M/2]

Digital Signal Processing
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Structures for Linear-Phase FIR Systems

» Structure for even M

1
. )
e o
x|n]
77! z]
Yh[0] Yh[l] Yh[2] h[M/2]
O — — -
y[n]
» Structure for odd M
-1 -1 -1
o— > > 5 )
x|n]
-1
;l ;] T ::l
Yh|0] Yh(l1] Yh(2] Yh[(M —3)/2)Yh[(M - 1)/2]
ylnl B ) )
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