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Changing the Sampling Rate

Digital Signal Processing



Changing the Sampling Rate
A continuous-time signal can be represented by its samples as

x[n]= X, (nT)

We can use bandlimited interpolation to go back to the continuous-time signal
from its samples

Some applications require us to change the sampling rate

— Or to obtain a new discrete-time representation of the same continuous-time signal
of the form

x'[n]=x_(nT") whereT # T

The problem is to get x'[n] given x[n]
One way of accomplishing this is to
— Reconstruct the continuous-time signal from x[7]

— Resample the continuous-time signal using new rate to get x'[#]
— This requires analog processing which is often undesired
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Sampling Rate Reduction by an Integer Factor: Downsampling

We reduce the sampling rate of a sequence by “sampling” it
X, [n] = x[nM] =X, (nMT)

This 1s accomplished with a sampling rate compressor

Lowpass filter
—_—] Gain=1 - J,M —
x|n] Cutoff = /M | X[n] X,ln| =x[nM]
Sampling Sampling Sampling
period T period T period T'=MT

We obtain x,[n] that is identical to what we would get by reconstructing the
signal and resampling it with 7' = MT

There will be no aliasing if

oI ¢
Z=_5Q,

" MT
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Frequency Domain Representation of Downsampling
Recall the DTFT of x[n]=x(nT)

e o)

The DTFT of the downsampled signal can similarly written as

w1~ (o 2nr))_ 1 { © 21 '
X,le )_T'ZXC(J[T' T D MTZXC(](MT MTD e

y=—00 y=—00

Let’s represent the summation index as

r=i+kM where -oo<k<oo and 0<i<M

- 1 &L ® 2mk 2mi
Jo )\ _— _ ; _ _
Xl )_M;{Tk;XC[J(MT T MTm

X(ej(w—Zni)/M )

And finally o o am
Xd ( e’® ) _ 1 X[ eJ(M_MjJ M shifted replicates of

= H - X(ejw)
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Frequency Domain Representation of Downsampling: No Aliasing
X.(jQ)

1
Oy Qu O
X, (j() = X(e/07T)
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X(el®)
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27 —r —wy on=0O\T o 2m w=0QT
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Frequency Domain Representation of Downsampling w/ Prefilter

X (j&)
1
Oy Qy Q
X (e
1
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-2 -7 —wy wy=T T 2w w=0T
Xy(e™) 1 M j(ﬁ,ﬂ)
1 M=3 XJ(E"“’)=*ZX e M
MT (M=3) M <
| | | | | | ’
27 _3m -7 ™ 3z 2« w=QT 0=QT
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Increasing the Sampling Rate by an Integer Factor: Upsampling

We increase the sampling rate of a sequence interpolating it
X, [n] = x[n/L] =X, (nT/L)

This 1s accomplished with a sampling rate expander

Lowpass filter
— TL > Gain =L  |r—
x[n] x.[n] | Cutoft=a/L | x,ln]
Sampling Sampling Sampling
period T period T' = T/L period T'= T/L

We obtain x,[n] that is identical to what we would get by reconstructing the
signal and resampling it with 7' = T/L

Upsampling consists of two steps

— Expanding
xln/L| n=0FL,F72L,.. &
xe[n]: [ ] - + Z n kL
0 otherwise =
— Interpolating
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Frequency Domain Representation of Expander

* The DTFT of x.[n] can be written as

oo

Xe<ejm): i ix[k]@[ kL oI — Zx —j(uLk :X(eij)

n=—oo \ k=—o0 k=—o0

* The output of the expander is frequency-scaled

X7

D —a T 27 w=0T
X,(e™) = X(eh)
1
T (L=2)
| | | |
_dw m = x = dm_y,  e=0T
L L L L L
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Frequency Domain Representation of Interpolator

The DTFT of the desired interpolated signals is

X,(e®)
1_L
™ T
| I I |
2T —T o T T 2 w=0T"
L L

The extrapolator output is given as
X, (e™) = X(e/)

1
T (L=2)
| | | |
dm 2« z 2z dm_,.  w=0T
L L L L L L
To get interpolated signal we apply the following LPF
Hi(e™)
L
| | | |
2w -7 o s T 2m w=0T
L L
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Interpolator in Time Domain

x;[n] in a low-pass filtered version of x[n]
The low-pass filter impulse response is
' L
h[n]= sin(nn/ L)
min/ L
Hence the interpolated signal is written as

clnl= 3 afi Sl =AL) L)

k=—oo TC(”l — kL)/ L

Note that

Therefore the filter output can be written as
X, [n] = x[n/L] =X, (nT/L) =X, (nT')

Digital Signal Processing
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Changing the Sampling Rate by Non-Integer Factor

Combine decimation and interpolation for non-integer factors

Decimator

Lowpass filter
Gain=1
Cutoff = /M

Interpolator
r—————————————————— 1 r—————————————————— 1
| | |
| | |
| Lowpass filter | | |
]} L Gain=L | :
x[n] | v [r] Cutoff = /L I x;[n] |
| | |
| | |
- -
Sampling
period: T T T
L L

The two low-pass filters can be combined into a single one

x[n]

Sampling
period: T

tL

x.[n]

Lowpass filter
Gain = L
Cutoff =

min(w/L, /M)

M

X;[n]

=~ I~

il
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