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Absolute and Square Summability

» Absolute summability is sufficient condition for DTFT
« Some sequences may not be absolute summable but only square summable

S xfn]’ <o

n=—co

» To represent square summable sequences with DTFT
— We can relax the uniform convergence condition
— Convergence is in mean-squared sense

X(ej‘”)z ix[n]e‘j‘”" X, (ej“’)z Zx[n]e‘j‘””
— n=—M
fim [ e(e)-x, ()f =0

— Error does not converge to zero for every value of ®
— The mean-squared value of the error over all w does
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Example: Ideal Lowpass Filter

The periodic DTFT of the ideal lowpass filter is
. 1 o<,
H ()= ‘
o(") {O o, <|o[<n

The inverse can be written as

1 T o on | O
hlp [l’l]:% —nHlp (e] )e’ d(D=ﬁ o e’™dm
_ 1 [ejmn :|OJC _ 1 (eju)cn _e—jwcn) _ S1n OJCI’Z
27[]” — . Zn]n mn
Not causal

Not absolute summable but it has a DTFT?
The DTFT converges in the mean-squared sense
Role of Gibbs phenomenon
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Gibbs phenomenon
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The oscillation at w = w, 1s called the Gibbs phenomenon.
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Example: Generalized DTFT

DTFT of x|n]=1
Not absolute summable
Not even square summable
But we define its DTFT as a pulse train
X(ej‘”): 227:8(a)+ 2mr)

y=—0c0

Let’s place into inverse DTFT equation

1 T 0] jon
x[n]zg _nX(e’ )e’ dw
_ L {Z 2md (w+ 271:r)}e"‘””du)
27t i [Pt

- .[_ d(w)e™"dw=e"" =1
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Symmetric Sequence and Functions

Conjugate-symmetric

Conjugate-antisymmetric

Sequence

xnl=x[nl+x, [n]

Function

x(e®)=x, (e )+ x. (")
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Symmetry Properties of DTFT

Sequence x[n] Discrete-Time Fourier Transform X(e®)
x"[n] X (e7®)
x'[-n] X' (e®)
Re{x[n]} X,(¢/®) (conjugate-symmetric part)
JjIim{x[n]} X, (¢'®) (conjugate-antisymmetric part)
x ] Xo(€) = Re{X(e)}
%] JXi(e) = fIm {X ()}
Any real x[n] X(e/®) =X"(e7®) (conjugate symmetric)
Any real x[n] Xp(e®) =Xy (e7®) (real part is even)
Any real x[n] X(¢®) = —X,(e7®) (imaginary part is odd)
Any real x[n] 1X(e/®)| = |X(e7®)| (magnitude is even)
Any real x[n] ZLX(e®) = —£X(e/®) (phase is odd)
x ] Xe(€?)
x 1] jXi(e)

Digital Signal Processing




Example: Symmetry Properties

« DTFT of the real sequence x[n] = a™u|[n]

X(e’m)z ! — if‘a‘<1
l1-ae™
« Some properties are
Xer) =)
Xple®) = 1+;?;(:C(§S(0 = X,le™)
Xe”) =T aeose = 0™
o) == xle)

- \/l+a2 —2acosm

2x(en) =t ) x(en)
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Fourier Transform Theorems

Sequence DTFT
x[n] X(el®)
yln] Y(el®)
ax[n] + by[n] aX(e®)+bY(e®)
x[n — ny) e /X (ej‘”)
x[-n] X(e™ 1)
nx[n] ; dx (e’ ‘”)
dw
x[n]*y[n] X(e”)Y(el)
x[n]y[n] 17

- j X(efe)Y(ef<‘*"9>)de

Parseval's Theorem: i ‘x[n]‘z - J' ‘X(ef“’

Ly )2d(n

27
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1 T

Parseval's Theorem: Z x[n]y [n]=— J. X(ej“))Y* (ej‘”)dm
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Fourier Transform Pairs

Sequence DTFT
d[n—n,] e
1 i 218(w + 27k )
k=—co
uln] <1 :
a"uln] |a|< T
uln] - i‘f‘” + kinéi(co +2mk )
sin(w,n) X(em)= {1 jof < o,
n 0 o, <lw<n
x[n]={1 0<ns<M Sil’l[(l.)(M-I-l)/z]e_jwM/z
0 otherwise sin(w/2)
/0" i 218(w— o, + 27k)
fr=—oo
cos(w,n + ) i [ne 6 (w0, + 2k ) +me 6 (w+ o, + 2k )]

k=—oo
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/ DTFTs of Sums of Complex Exponentials \

Recall CT result: () = elwot X(jw) =27 (w — wo)

What about DT: w[H] = glwon X(ejw) =7

a) We expect an impulse (of area 27) at © =
b) But X(&®) must be periodic with period 21t
In fact o
X (') =2n Z d(w — wp — 2wm)
m=—o0

Note:  The integration in the synthesis equation 1s over 2x period,
only need X(¢/®) in one 2x period. Thus,
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] = ﬂ] 2 § d(w —wp — 2mm) 7" dw = 0" |
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