== I

et J S i 319

Y& ouya
DFT 3l suliil s a8 Julas

Fourier Analysis Using the DFT

4al3 (5.&'2\9.5 ‘a.‘ols
u_.al‘)lj uu:m‘)g ‘u_.wd..\.qdo a.\S..@*'lJ
Oles oKy

http://courses.fouladi.ir/dsp



Fourier Analysis Using the DFT
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Fourier Analysis of Signals Using DFT

* One major application of the DFT: analyze signals

» Let’s analyze frequency content of a continuous-time signal

Anti-aliasing

0 lowpass filter

-
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Continuous-to-
discrete-time
conversion

* Steps to analyze signal with DFT

— Remove high-frequencies to prevent aliasing after sampling

— Sample signal to convert to discrete-time

— Window to limit the duration of the signal

— Take DFT of the resulting signal
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Example

Continuous-time signal

Anti-aliasing filter
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Signal after filter
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Example Cont’d

Sampled discrete-time signal

X(e™)
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Frequency response of window (d)
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Effect of Windowing on Sinusoidal Signals

The effects of anti-aliasing filtering and sampling is known
We will analyze the effect of windowing
Choose a simple signal to analyze this effect: sinusoids

s, (t)= A, cos(Q,t+86,)+ A cos(Q,t+6,)
Assume ideal sampling and no aliasing we get

x[n]= A, cos(m,n+6, )+ A cos(w,n+0,)
And after windowing we have

v[n]= Aw[n]cos(w,n+86,)+ Aw|[n]|cos(ow,n+6,)

Calculate the DTFT of v[n] by writing out the cosines as

v|n]= %w[n]ej%ej“’“” +%w[n]e‘jeoe“"”°” +%w[n]ejele"“’1" +%w[n]e“'ele“""‘”

i AO i0 (- )n AO _ip i(o+ )N DTFT of windowed signal:
V(ej ): —eW (ej( o) )+_e Pow (ej( o) ) consists of the Fourier transform of
2 2 the window, shifted to the frequencies
AI i i ) A1 ” i( ) +m, and o, and scaled by the complex
+LeW (ej @=on )+ —Le PW (eJ wron ) amplitudes of the individual complex
2 2

exponentials that make up the signal.
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Example

» Consider a rectangular window w[n] of length 64

e Assume 1/T =10 kHz, A,=1 and A, = 0.75 and phases to be zero
s, (t)= A, cos(Q,t+0,)+ A cos(Qt+06,) A =1,A=0.750,=6,=0

* Magnitude of the DTFT of the window

W (e@)]
64 [
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Example Cont’d
* Magnitude of the DTFT of the sampled signal

_ V(e"w)=iw(e”‘°’°“°)”)+
IV (e /)] 2
. IW (/)| 3 +%W(ej(mm°)n)
+%W(e"(“""")”)
32 - +%W(ej(‘”*“" )n)
brrrnonn v

—7 0

v[n]= iW[n]e"“’O” + %W[n]e“"”"" —

+2%W[n]ej‘”1“ + ol W«M | W | ﬂﬂw,m.,md\ﬂ w

]

- 2w 2w 0 2|.—. 21 T w
3 6 (b) 6 3
*  We expect to see dirac function at input frequencies ®, = 2n
* Due to windowing we see, instead, the response of the window 6
* Note that both tones will affect each other due to the smearing ®, = 2n
— This is called leakage: pretty small in this example 3
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Example Cont’d

« If'we the input tones are close to each other

IV (e™)l Vie®)
40 -

S

-7

* On the left: the tones are so close that they
have considerable affect on each others magnitude

* On the right: the tones are too close to even separate in this case

— They cannot be resolved using this particular window
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Two factors are determined
by the window function

Resolution:
influenced mainly by
the main lobe width

Leakage:
relative amplitude of side
lobes versus main lobe

We know from filter design

chapter that we can choose

various windows to trade-off i

these two factors

Example:

Kaiser window

Window Functions
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The Effect of Spectral Sampling

DFT samples the DTFT with N equally spaced samples at

2k

W,
Or in terms of continuous-frequency
_ 2mk
©ONT

Example: Signal after windowing

cOS 2_7tn +0.75cos 4—nn 0<n<63
v[n]= 14 15

Amplitude

[y

=

|
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|
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0 otherwise

2~ v[n]
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k=0,1,.,N-1

k=0,1,..,N/2

Il
32} I|
I
wi[n]:

a rectangular window with
64 samples width.

11



Amplitude

Example Cont’d

IV(e™)

| W—

0
Note the peak of the DTFTs are in
between samples of the DFT

o =22y K =45714
14 64

o, =3 _ 2T K =8.5333
15 64

DFT doesn’t necessary reflect real
magnitude of spectral peaks

I w

Amplitude

Radians

32

| —

(d)
V4]

],

[

Digital Signal Processing 12



Amplitude

Example Cont’d

Let’s consider another sequence after windowing we have

cos(f—z nj +0.75 cos(z?n nj 0<n<63

HENT °°

0 otherwise
v|n|
o ==k k=4
16 64
X E 27tk k =
64
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Example Cont’d

In this case N samples cover 2 » VKD
exactly 4 and 8 periods of the
tones i ' '

Amplitude
5]
|

The samples correspond to the
peak of the lobes -

0 L eneslaes susone

The magnitude of the peaks are b4 s S0 60 63 Kk
(b)
accurate 9

- ﬂ [\ IV (el

Note that we don’t see the side
lobes in this case

Amplitude
=
I

T
] ™ 2T w
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Example: DFT Analysis with Kaiser Window

The windowed signal is given as
v[n]=w, [n]cosﬁ—;t nj +0.75wW, [n]cos(?—jsI n)

Where w,[n] is a Kaiser window with 3 = 5.48
for a relative side lobe amplitude of —40 dB

The windowed signal

2 vln|
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Amplitude
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Example Cont’d

DFT with this Kaiser window
VK]l
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Amplitude
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The two tones are clearly resolved with the Kaiser window
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