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The Discrete Fourier Series
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Discrete Fourier Series (DFS)
Given a periodic sequence X[n]with period N so that

X[n]=X[n+rN]

The Fourier series representation can be written as
o 1 Sl ’
n]:_ X[k]ej(sz) n

i

The Fourier series representation of continuous-time periodic signals
require infinite many complex exponentials

Note that for discrete-time periodic signals we have

ej(Zn/N)(k+mN)n =ej(2n/N)knej( ej(

Due to the periodicity of the complex exponential we only need N exponentials
for discrete time Fourier series

2mmn) _ 27/N )kn

,)\(,[n] )z‘[k]ej(zn/N)kn

o g
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Discrete Fourier Series Pair

A periodic sequence in terms of Fourier series coefficients
1 N-1

X[n]= N X[k g iGNk

k=0

The Fourier series coefficients can be obtained via

n=0
_.2n
For convenience we sometimes use _ N
Analysis equation
N-1
Xlk]= > XInwy"
n=0
Synthesis equation
N -1
Rin)=-- > X[kl
N k=0
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Example 1

DFS of a periodic impulse train

o 1 =rN
=>8n-rN]= n=r _
ol 0 otherwise

Since the period of the signal is N

=

)’Z[k] )~([n j(2m/N )k NZ‘iS ien/Nkn _ e—j(2n/N)k0 —1
n=0

>
Il
(e}

We can represent the signal with the DFS coefficients as

Y[n]:i [n—rN| ﬁNZ i(an/N e
k=0

F=—c0
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Example 2

DFS of a periodic rectangular pulse train

X|[n]

—10

The DFS coefficients
)?[k] i —j(2m/10)k l_e_j
= e T n =
n=0

012345678910 n
-(2n/10)k5 _ e—j(4nk/10) M
1 —e~iCn/10)k Sin(nk /10)

X[k

012345678910 15 20 k

S X[k]

[ ! |4 [
% denotes indeterminate <
— (magnitude = 0)
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e Linearity

« Shift of a Sequence

* Duality

j2nnm/N

Properties of DFS

X[n] B X[k]
X[n-m] BB e izmmNKIK]
X[n] <=5  Xlk-m]
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Properties of DFS

Periodic Sequence (Period N) DFS Coefficients (Period N)
1. x[n] X [k] periodic with period N
2. %[nl, %yn] X1[k], X5[k] periodic with period N
3. aky[n] + bi[n] aX (k] + bX,[k]
4. X|n] Nx[—k]
5. %[n—m WX [k]
6. Wy"z[n] X [k — €]
N-1 ~ ~
7. Z X1[m]xy[n —m] (periodic convolution)  Xq[k]X,[k]
m=0
1 N—-1 ~ ~
8. Xq[nlxz[n] v Z X1[€]X[k — €] (periodic convolution)
£=0
9. *[n] X" [—k]
10.  #*[—n] X"k
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Properties of DFS Cont’d

Periodic Sequence (Period N)

DFS Coefficients (Period N)

11.
12.
13.
14.
Properties 15-17 apply only when x[n] is real.

15.

Re{x[n]}
jIm{x(n])
Teln] = $(X[n] + ¥*[—n])

%oln] = §(Fln] — ¥*[—n))

Symmetry properties for X[n] real.

16, Feln] = 3 ([n] + &[—n))
17. Foln] = 5(*[n] - ¥[-n))

Xelkl = L (X (k] + X" [—k))
Xolk] = 3 (X [k] — X" [—k])
Re(X [k]}

JTm{X [k1}

X [k] = X [—k]
Re{X [k]} = Re{X [—k]}
Im{X [k]} = —Zm{X [—k]}

X (k]| = |X [—k]]
LX k] = —LX [—k]
Re{X [k]}

JIm{X [k]}
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Periodic Convolution

Take two periodic sequences
XIn] «=— X K]
%] == XK

Let’s form the product
X, [k]= X, [k]X, [K]

The periodic sequence with given DFS can be written as
N -1
Ys [n] = Z %1 [m]xz [n -
m=0

Periodic convolution is commutative

NZ Ynm
=0
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Periodic Convolution Cont’d

=2

%,[n]= ‘;ﬂmm[n—m

Substitute periodic convolution into the DFS equation

=3 S mn-m o

Interchange summations

n=0
Substituting
- N-1 N-I ) N-1 ) o
X;|k]= %[m](Zmn—vaN“j= X [mW" X, [k] =X, [k X, [k]
m=0 n=0 m=0
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Graphical Periodic Convolution

y3[n]=§x‘l[ml%[n-m] _Iﬂimul\llmﬁ
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The Fourier Transform of Periodic Signals

Periodic sequences are not absolute or square summable
— = they don’t have a Fourier Transform

We can represent them as sums of complex exponentials: DFS
We can combine DFS and Fourier transform
Fourier transform of periodic sequences

— Periodic impulse train with values proportional to DFS coefficients

Rler)= 3 Xl o225

k:_oo

— This is periodic with 27 since DFS is periodic

The inverse transform can be written as

L 2m— g)z(ejm)ajwnd(l) 2m—¢ Z ( an}mnd
0-¢ K N

27t J0-¢ =

1 & op qp2me 271k 1N
— S X[k Sl -2 pldy=— Xk M
Nk;o[]‘[o_g ( Nje Nkzé[]e
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Example

)= 32 x[k]s( 2“")

k:_oo

Consider the periodic impulse train

= iS[n—rN]

The DFS was calculated previously to be
Plk]=1 forallk

Therefore the Fourier transform 1s
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Relation between Finite-length and Periodic Signals

Consider finite length signal X[n] spanning from 0 to N—1
Convolve with periodic impulse train

X[n]=x[n]* P[n] = X[n]* is[n —rN]= > x[n-rN]

=—c0 f=—c0

The Fourier transform of the periodic sequence is

K)o ) x5 28 -2

K=—oo
2k R
Xer)- S50 o) 53

This implies that

N

%[k]= x[e"zﬁk) SR

DFS coefficients of a periodic signal can be thought as
equally spaced samples of the Fourier transform of one period
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Consider the following
sequence

1 0<n<4
X[n]= .
0 otherwise

The Fourier transform

i sin(5w/2)

X(ej‘”):e sin(w/2)

The DFS coefficients

X|k]=e
k)=e sin(ntk /10)

j(41‘£k/10) Sln(TEk / 2)

Example

X (), 1 X [k]l
ﬁ
0 T 2 RY dar w
0 10 20 k
(a)
I X (efw), < X[k]

o —
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