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Generalized Linear Phase
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Linear Phase System
Ideal Delay System
Ho(e™)=e o |oj<n
Magnitude, phase, and group delay
‘Hm@szl
ZH,, (ejw): —o
grd[H,, (ejw)]: o

Impulse response

] Silo-a)

If oo = n, 1s integer
h[n]=8[n—n,]

For integer o linear phase system delays the input

yln]=x[n]> hig [n]=x[n]x8[n- Ny ]=x[n- Ny ]
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Linear Phase Systems

For non-integer o the output is an interpolation of samples

Easiest way of representing is to think of it in continuous
h(t)=8(t-aT) and H (jQ)=e "

This representation can be used even if X[n] was not originally derived from a
continuous-time signal

The output of the system is
y[n]=x(nT —aT)

Samples of a time-shifted, band-limited interpolation of the input sequence x[n]
A linear phase system can be thought as

H(e™ )= H (e""’}e“""“

A zero-phase system output is delayed by o
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Symmetry of Linear Phase Impulse Responses

Linear-phase systems

H (ejm): ‘H (ej“’]e‘j‘”“

If 20 1s integer

— Impulse response symmetric

h[20.—n]=h[n]
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Generalized Linear Phase System

Generalized Linear Phase

H (e Jm)z A(ej“’)e‘j“’“+ iB A(e J-w): Real function of ®

o and 3 constants
Additive constant in addition to linear term

Has constant group delay
1(0) = grd[H (ejw)]: _;_w<arg[H % )])= o

And linear phase of general form

arng(ejw)J:B—u)oc 0<w<m
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Condition for Generalized Linear Phase
* We can write a generalized linear phase system response as

H(e"”) A(e““)e Joar b = A(ej“’)cos(B—u)oc) jA(ej‘”)sin(B—(x)oc)

(e“”) Zhn}) on = Zh cos(mn)— th nJsin(wn)

* The phase angle of this system is

sin(B-w0) - 2 hinlsin(wn)
cos(B-oo) Zh cos(en)

N=—co

tan(arg[H (e o )]) = tan(B -~ wa) =

» Cross multiply to get necessary condition for generalized linear phase

i h[n]cos(wn)sin(B - wot)+ i h[n]sin(wn)cos(B—wa)=0

N=—co N=—o0

Zh cos(wn)sin (B — wat)+ sin(wn)cos(B — wot)] = 0

ih[n]sin([?) — O+ con) = :iwh[n]sin[f) + (o(n _ OC)] -0
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Symmetry of Generalized Linear Phase

* Necessary condition for generalized linear phase

[}

Yo Z h[n]sin[B + (n(n — oc)] =0

N=—co

e Forf=0orm

ih[n]sin[(o(n ~a)]=0——h[2ac—n]=h[n]

 For3=m/2 or 3m/2

S h[n]eoslo(n — )] = 0——h[20.— n] = —h[n]

N=—cc
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Causal Generalized Linear-Phase System

« If the system is causal and generalized linear-phase

h[M —n]=zh[n]
* Since h[n]=0forn<0 we get

hn]=0 n<0 and n>M

An FIR impulse response of length M + 1 is generalized linear phase
if

it is symmetric

* Here M is an even integer
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Type I FIR Linear-Phase System

. . Center of
Type 1 syst;m is defined with L ymmetry
symmetric impulse response | '
h[n]:h[M—n] for0O<n<M . [ I I [ I *——= .
0 M M=4 n
2
— M is an even integer E
[HE™))|
. < =
The frequency response can be written as 'y
: :

H(e )= Zh [npien
:e—ij/2|:MZa COS (Dn :| j \ AH(ej“)

Where

alo]
alk]

h[M /2] ()
2h[M/2-k] fork=12,...,M/2 -
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Type II FIR Linear-Phase System

Type II system is defined with f*':;f".;?.lmfiﬁf-
symmetric impulse response l[ I I I I I
hln]=h[M -n] foro<n<M " Vs T
— M s an odd integer s
g7 [HE™)|
The frequency response can be written as z AVAVANS

- M -
H(e*)=> hlnk
n=0 T
_ (M+1)/2 ZH (")
= e"“’M/z{ Z b[n]cos(w(n —%D} TN |

n=1

Where

blk]=2h[(M +1)/2-K] ()
fork=1,2,....,(M +1)/2
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Type III FIR Linear-Phase System

. . Center of
Type III system is defined with Iy e symmeny
symmetric impulse response V2

h[n]=-h[M —n] for0<n<M

— M is an even integer

The frequency response can be written as
H (e"”)z > h[npe"
n=0
_ M/2
_ je“"“’”{Zc[n]Sin(wn)}

n=1
Where

asuodsay] Aouanbaig

ZH (™)

clk]=2h[M /2 -K]
fork=1,2,..., M/2

(W)

/\/\ HE™)|

............................
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Type IV FIR Linear-Phase System

Type IV system is defined with Center of
yp . y 1 IA/‘S}-'IHIHETI')'
symmetric impulse response |

h[n]=-h[M -n] for0<n<M 0! g
— M s an odd integer
HE")
The frequency response can be written as ) / \
(M+1 /2 1 F Ii_ AH (ejw)
g oM d|n|sin (n——j 3 \
B {Z (- L

dlk]=2h[(M +1)/2 k] ) ()
fork =1,2,...,(M +1)2

asuodsay] Aouanbaig

Where
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Location of Zeros for Symmetric Cases

For type I and IT we have
hn]=h[M -n]——H(z)=z""H (z‘l)
So if 7, 1s a zero 1/z 1s also a zero of the system
If h[n] is real and 7, is a zero z,," is also a zero
So for real and symmetric h[n] zeros come in sets of four

Special cases where zeros come in pairs
— If a zero is on the unit circle reciprocal is equal to conjugate
— If a zero is real conjugate is equal to itself

Special cases where a zero come by itself
— IfZ = %1 both the reciprocal and conjugate is itself
Particular importance of z = -1

H(=1)=(=1)"H(-1)

— If M is odd implies that
H(-1)=0

— Cannot design high-pass filter with symmetric FIR filter and M odd

Digital Signal Processing
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Location of Zeros for Antisymmetric Cases

For type III and IV we have
h[n]=—-h[M —n]—>H(z)=-z"H(z")

All properties of symmetric systems holds
Particular importance of both z=+1 and z = -1
- Ifz=1
H(1)=-H(1)= H(1)=0

« Independent from M: odd or even
— Ifz=-1
H(=1)=(-1)""H(-1)
« If M + 1 is odd implies that

I

(-1)=0

Digital Signal Processing
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Typical Zero Locations
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Relation of FIR Linear Phase to Minimum-Phase

In general a linear-phase FIR system is not minimum-phase
We can always write a linear-phase FIR system as

H(z)=H, (2)H. (2)H,.. (2)
Where
Ho (2)= H, (2 )

And M,; 1s the number of zeros

H..;,(2) covers all zeros inside the unit circle
H,.(2) covers all zeros on the unit circle
H.,..«(2) covers all zeros outside the unit circle
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